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MG PAU

Téi uu t6 hop 12 mot cong cu co ban duge ting dung trong nhiéu linh vuc khoa hoc, ky thuat, y hoc,
kinh té..., dic biét 1a khoa hoc mady tinh.

Trong cic bai toan t6i wu t& hop, c6 nhiéu bai todn c6 ham muc tiéu 12 mot dang ham thu thap va
xt 1y thong tin. Khi d6, yéu ciu dit ra 1a can phai thu thap dudgc cang nhiéu thong tin phong phu, da dang
cang tot. Nhitng bai toan nhu vay thudng din dén tim 16i gidi cho bai todn toi wu té hop véi ham muc tiéu
dang submodular, chang han, cic bai todn tém tit tai liéu ty dong, bai toan trich chon dic trung, phan tich
va tién xit ly dit liéu, t6i da anh hudng trén mang xa hoi, dit cac cam bién... Do vay, chli d& nghién citu vé
tdi da ham submodular va cdc bién thé ctia n6 12 mot chii d& néng, thu huit rat nhiéu cic nha khoa hoc quan
tam nghién ctiu va cong bd tai cac Hoi nghi hang diu vé tri tué nhan tao va hoc mdy nhu IJCAI, AAAI,
NEURIPS, ICML, SODA, STOC... ciing nhu tai cic tap chi ndi tiéng vé hoc thuat vé téi uu hod, van trii hoc
va tdi uu t8 hop...

Bai todn téi da ham submodular yéu cau tim 18i giai S C V sao cho ham f(-) submodular di cho dat
gia tri cuc dai. Trong d6, viéc xem xét tim 15i giai sao cho tdi da ham muc tiéu trong diéu kién c6 rang budc
dugc quan tim hon ca. Ly do vi céc rang budc dudc dua vao khién cho bai todn gan giii v6i cac yéu cau thuc
té nhu ngudn nhan luc, tién cia, thdi gian... ludn bi han ché. Tt d6, hinh thanh mot 16p cac bai toan nhu toi
da ham submodular véi rang budc luc lugng, véi rang budc matroid, hodc véi rang budc chi phi...

Hién nay, giai cdc bai todn tdi uu ham submodular can céc thuét toan nhanh, hiéu qua tré nén vo ciing
cAp thiét. Vi dit liéu dAu vao can xi ly ngay cang ting nhanh, lam cho khong gian tim kiém 15i giai trd nén
khdng 16. Do vay, viéc tim 18i gidi chinh x4c trd nén bat kha thi. Vi thé, xu hudng dé xudt cdc thudt todn xdp
xi cho 1oi gidi canh tranh véi cac dam bao ly thuyét vé do phic tap thdi gian, do phiic tap bd nhd... dang
chiém wu thé. Thuit toan x4p xi cho thiy uu thé khi chi ra dugc ti 1& x4p xi clia 1i gidi so véi 16 giai tdi uu
12 bao nhiéu, dong thdi phan tich so sanh dudc cic dam bao ly thuyét khac giita cic cong bd c6 lién quan.

Mot ly do quan trong nita khi dé xuit c4c thuat toan x4p xi gidi quyét bai todn tdi da hAm submodular
12 c4ch tiép cAn nay c6 tinh téng quat. Céc thuit toan dé xuit c6 thé 4p dung trén nhiéu bd dif liéu khéc nhau.
Bai toan di c6 mo hinh tinh todn, thuit toan xay dung tif nd, cic phép suy dan... déu da dugc ching minh
tinh chit ché, diing dan bing cac bd d&, dinh 1y va hé qua.

Xuét phét tir bdi canh phét trién, cling v6i cdc nhu ciu vé phan tich dif liéu cia ky nguyén s6, NCS va
cong su da tap trung nghién citu dé tai: “Mot s6 thudt todn xdp xi cho bai todn t6i wu ham dang submodular
vdi rang budc”. T cac vin d& nghién ciiu trén day, c6 thé thiy ring c6 nhiéu bai toan t6i uu ham submodular
dudc quan tim nghién ctiu hién nay. Trong d6, c6 ba bai todn t6i wu ham submodular c¢6 rang budc quan
trong va c6 gi4 tri ting dung trong thuc tién, con goi 13 cc bai toan bién thé cla tdi da ham submodular,
dudgc luan an tap trung nghién ciu:

1. Bai todn t6i da ham k-submodular véi rang budéc chi phi (k-Submodular Maximization under Knap-
sack constraint - KSMK). Su chuyén huéng da dang nghién ctiu v6i k-submodular dugc quan tim vi phit hop
v6i nhiéu 16p bai toan ma ham submodular chua di d€ gidi quyét, nhu tip cac phan tit dugc phan loai
thanh cdc tap con khac nhau, hodc dudc chon tif nhiéu ngudn tai nguyén khac nhau... Céc nha nghién ciu
da mé rong ham submodular thanh k-submodular (K > 2). Khi d6, ham muc tiéu s€ dugc mé rong thanh
f:(k+1)V — R,. Céc ting dung ctia bai toan t6i da ham k-submodular c6 thé dp dung vao téi da anh

hudng clia k chi dé, tdi da thong tin lan truyén clia k chd dé, dit k loai cam bién... Pugc md rong tir bai



toan toi da ham submodular véi rang budc chi phi (SMK), bai toan KSMK xem xét tdi da ham muc tiéu
k-submodular v6i rang budc chi phi cho trude.

2. Bai todn t6i da ham submodular vdi rang buéc chi phi cé nhiéu (Submodular Maximization subject
to Knapsack constraint under Noises -SMKN). Bai toan t6i da ham submodular véi rang budc chi phi, SMK,
dugc xem 1a tdng quat hon so véi rang budc luc luong. Rang budc nay yéu cau mdi mot phan tii e trong tip
dit liéu dau vao V sé c6 mot chi phi duong c(e) > 0 dé hoat dong, do viy, can phai tim 13i giai sao cho gid
tri 1¢i ich f(-) thu dugc 12 16n nht ma téng chi phi ctia tap 10i gidi c¢(S) khdng vudt qua ngan sich cho trudc.
Nghién ctu gidi bai toan SMK c6 khd niing 4p dung vao nhiéu trudng hop trong thuc t& khi kinh phi, thoi
gian hay con ngudi bi gi6i han. Tuy nhién, viéc tinh todn chinh xdc ham muc tiéu f 1a bat kha thi, nén can
udc lugng xap xi F véi sai s6 € € (0,1) cho né. F con goi 1a uée lugng nhiéu cda f. Tuy nhién, cdc nghién
ctiu hién nay chua xd ly nhiéu khi tinh todn v6i F'. Cho nén luan 4n dit van dé giai bai toan SMK nhung c6
Xt 1y nhi€u qua bai toan SMKN.

3. Bai todan Phu Submodular trén ludi nguyén (DR-Submodular Cover over integer lattice - DRSC).
Trong khoa hoc mdy tinh, bai toan d6i ngiu ctia tdi da ham submodular 12 Phi Submodular (Submodular
Cover - SC) ciing c6 nhiéu dng dung c6 gid tri. Néu nhu tdi da hAim submodular tuong duong vé6i tim pha
cuc dai, thi SC 1a bai toén tim tap ph t6i thiéu sao cho gid tri ham f(-) khong thap hon mot ngudng a > 0.
Gi tri ctia bai toan SC thé hién khi n6 tdng quét héa céc trudng hop khong doi hoi 10i ich thu vé cao nhét
ma chi cin dat mifc nao d6, nhung phai dam bao tbi vu vé chi phi con ngudi, ngan sach, thai gian... Tuy
nhién, SC xét ham f 1a ham tap hop chua gidi quyét dudc tinh hudng mot phdn tit tot c6 thé duge chon di
chon lai nhiéu lan. Vi du dai ly ban chay thi nha phan phdi sé chon di chon lai d& phan phdi san pham. Cic
truong hop tuong tu nhu vay can dua bai todn 1én 1u6i nguyén (integer lattice) dé€ giai. Ham submodular mé
rong trén ludi nguyén véi f : 2V — R, tr§ thanh f : ZV — R,. Submodular da dugc md rong thanh
DR-submodular va lattice submodular trén 1udi nguyén v6i mot sd khac biét vé tinh chét. Bai toan SC ldc
nay dudc tong quat thanh Phii DR-submodular (DR-Submodular Cover - DRSC).

Theo xu thé, luan 4n lua chon hudng nghién cdu cdc thuit todn xip xi gidi bai toan t6i da ham
submodular cé rang budc. Tuy nhién, thach thic chung ctia huéng nghién citu nay la:

- Céc thuat toan phai phai d6i miit v6i vin dé thoi gian chay khi dit liéu dau vao ting 1én.

- Céc bai todn tdi da ham submodular thudng 13 cc bai toan NP-kh6, NP-day du, tham chi viéc tinh
toan ham muc tiéu con la #P-Khé (bai toan tbi da anh hudng). Cac bai todn nay déu khé tim 15i giai trong
thdi gian da thiec.

- Nhiéu ting dung trong thuc tién can md rong hoic bién thé bai todn tdi tu ham submodular va can cic
phuong phap giai phu hgp.

Dic biét, khi lua chon ba bai toan nghién ciiu kSMK, SMKN va DRSC, mbi bai toén lai ¢6 nhiing thach
thuc riéng:

1. Doi véi bai todn kSMK: Su khic nhau vé ban chit ctia ham submodular va ham k-submodular din
t6i 4p dung phucng phap di cé véi submodular sang k-submodular chwa chic da kha thi hodc hiéu qué bi
giam xudng; Rang budc chi phi 1am cho c6 nhiéu 18i giai du tuyén v6i nhiéu chi phi khic nhau, viéc chon
giai phdp tot nhit giita rat nhiéu gidi phap 1am anh hudng dén thdi gian chay ctia thuat toan; Vin dé giam do
phtic tap truy vén, gép phan gidi quyét vin dé thoi gian chay can nhiéu déng gép méi; 4n d& ham muc tiéu
khong don diéu tré nén thich thic hon do phai nhanh chéng loai bé cic phan ti 1am gidm chit lugng ham

muc tiéu.



2. Doi vdi bai toan SMKN: Bai toan SMKN 14 mot bai todn mdéi, chua c6 cong bd nio vé bai toan nay;
Théch thic clia rang budc chi phi (giéng bai toan KSMK) va udc lugng nhiéu F ctia hAm muc tiéu f; Van
dé thoi gian chay va khong gian luu tri.

3. Péi vdi bai todan DRSC: Ham submodular trén 1uéi nguyén cé su bién ddi vé tinh chit. Day 1a mot
véan dé con rit méi, cac nghién ctiu vé né chua nhiéu; DRSC yéu cau tim kiém 15i giai trong khong gian Z
chiéu, 16n hon rat nhiéu so véi khong gian 2 chiéu ctia hAm tip hdp submodular. Do vay, viéc dé xuét thuat
to4n xap xi canh tranh v6i d6 phiic tap truy van tuyén tinh rit khé trién khai trén ludi nguyén.

Nhu viy, ba bai toan néu trén déu 1a cac bai toan c6 gia tri nghién cifu va con ton tai nhiéu thach
thiic. Vi thé, luan 4n da chon chi dé nghién ctu: “Mat sé thudt todn xdp xi cho bai todn toi wu ham dang
submodular vdi rang budc”. Muc tiéu cu thé la:

1. Nghién ctiu bai todn 1 - KSMK véi cac muc tiéu: D xuit cdc thuét todn xap xi gidi quyét bai todn
kSMK; Giai bai todn tong quat. Cac thuit toan dé xuit cho 15i gidi véi ti 1é x4p xi hiang s6 canh tranh, va
giam dd phic tap truy vin xudng con tuyén tinh hodc gia tuyén tinh; Thuc nghiém trén mot vai kich ban cho
thiy su tiém cin gitta ly thuyét v6i thuc nghiém.

2. Nghién citu bai todn 2 - SMKN véi cic muc tiéu: Xay dung md hinh bai toan tdi da hAm submodular
v6i rang budc chi phi dudi su tac dong clia 2 loai nhiéu: nhifu cong va nhiéu nhan; Pé xuit cdc thuit toan
Ludng x4p xi hiéu qua gidi quyét bai toan SMKN. Thuét to4n cai tién can cho ti 1& xap xi canh tranh nhung
giam thoi gian chay va dung lugng luu trit cic phan ti so vdi thut toan tham lam; Uéc lugng xip xi ham
muc tiéu trong moi trudng nhiéu; Thuc nghiém trén mot vai kich ban cho thiy su tiém can gitta ly thuyét véi
thuc nghiém.

3. Nghién ctiu bai todn 3 - DRSC véi cac muc tiéu: Nghién citu tinh chat DR-submodular va mé hinh
héa bai toan DRSC; Dé xuit thuit toan xAp xi hiéu qua gidi quyét bai toan DRSC. Véi bai todn niy, huéng
thuat toan dé xuét dua trén thiét ké song song v6i do phic tap truy van va do phic tap song song thap.
Lun 4n da thé hién nhiing déng gép sau:

1. D& xuét cic thuat todn xap xi giai quyét bai toin KSMK trong hai trudng hop ham muc tiéu k-
submodular don diéu va khong don diéu. V6i ham don diéu, luan 4n d& xuit 03 thuit toan xip xi v6i do phiic
tap truy van tuyén tinh. Trong d6, thuit todn t6t nhit ning dudc ti 1& xAp xi so v6i thuat todn tot nhit hién
nay ma van giam do phic tap truy vin xudng mot hé s6. Vi ham muc tiéu khong don diéu, luin an dua ra
dugc mot thuat toan cai tién cho ti 1& x4p xi tot tuong duong thuat toan xip xi t6t nhit hién nay nhung giam
do phtc tap truy van xudng mot hé sb.

Cic thuc nghiém cho thiy céc thuit toan ctia luan 4n cho chét lugng 18i gidi canh tranh, gidm thdi gian
chay dang ké, dic biét khi dif liéu dau vao va ngan sich ting 1én. Cac két qua nghién cifu da dugc cong bb tai:
hdi thao qudc té the 9th IEEE International Conference on Data Science and Advanced Analytics (DSAA),
2022 (RANK A), tap chi Computers & Operations Research (ISI/Q1), va hoi thao qubc té the 15th IEEE
International Conference on Knowledge and Systems Engineering (KSE), 2023.

2. P& xuét cdc thuat todn xAp xi gidi quyét bai toan SMKN véi ham muc tiéu submodular don diéu.
Lu4n 4n dé xuit 02 thuit todn: (1) thuat toan tham lam; (2) thuat toan ludng ci tién thuat toan tham lam véi
cac dam bao ly thuyét tuong duong va giai quyét van dé thoi gian chay, khong gian luu trit. Vi nghién ctiu
nay, luin 4n cling trinh bay phan thuc nghiém cho thiy thuat todn cai tién cho gid tri hAm muc tiéu t6t gan
bing tham lam, trong khi thdi gian chay va b nhd tiét kiém hon. Cac két qua nghién citu da dudc cong bd
& tap chi Asia-Pacific Journal of Operational Research, tap 39, s6 6, 2022 (ISI/Q3).



3. Pé xuit mot thuat todn xap xi tiéu chi kép dugc thiét ké song song hod gidi quyét hai 16p bai toan,
DRSC va SC. Thuat toan cho chit lugng 15i gidi tot tuong duong vé6i thuit todn tiéu chi kép t6t nhit hién
nay cho DRSC, song giam dudc dang k& s6 lugng truy van, s lugng vong tuan tu, qua d6 giam dugc thoi
gian chay. Cac két qua nghién ctiu da dudc cong bd tai tap chi Information Processing Letters, tap 182, 2023
(ISI/Q3).

Ngoai phan md dau va két luan, luan 4n chia thanh 04 chuong:

Chuong 1 trinh bay c4c nghién ctiu khdi quat vé bai todn t6i wu ham dang submodular. Chuong 2
trinh bay cac két qua nghién ctiu dbi véi bai todn t6i da ham k-submodular véi rang budc chi phi (Bai toan
kSMK). Chuong 3 trinh bay cac két qua nghién ctiu ddi v6i bai todn tdi da ham submodular véi rang budc
chi phi trong méi trudng c6 nhiéu (Bai toan SMKN). Chuong 4 trinh bay céc két qua nghién citu dbi v6i bai
toan Phu Submodular trén lugi nguyén (DRSC).

CHUONG 1
BAI TOAN TOI UU TO HOP HAM DANG SUBMODULAR

Ldp bai todn quan trong trong khoa hoc may tinh 13 Tdi wu t6 hgp (Combinatorial Optimization -
CO). Tuy nhién, cdc bai toan CO hau hét 1a NP-kh6, NP-ddy dii nén céc k§ thuat gii chinh xdc khé tim
dugc 15i giai trong thdi gian da thiic, cAn phai tim 16i gidi gan ding, nhu céc thuat todn dya trén kinh nghiém
(heuristic vd metaheuristic) va cic thuat toan xp xi. Nhugc diém ctia cac phuong phdp tim kiém dua trén
kinh nghiém 12 khong chi ra ddm bao 1y thuyét so véi 16i giai tot nhét thi 15i gidi ndy diing dudgc bao nhiéu %.
Doi khi, thiét k& mot thuat todn c6 thé dan t6i két qua toi, anh hudng t6i thdi gian kiém nghiém, tinh chinh
cdc tham sd ctia thuét toan. Thudt todn xdp xi (approximation algorithm) véi cac ddm bao 1y thuyét dugc chi
10 khic phuc dudc cic nhuge diém néi trén.

Luén 4n nghién citu giai bai toan CO ham dang submodular bing cic thudt todn xap xi. Ham sub-
modular méi dudc nghién ciiu trong vong 20 nim va trd nén thu huit trong thoi gian gan day do tinh chat doc
d4o ctia hAm muc tiéu submodular 1am cho né c6 thé dudc ting dung vao nhiéu bai toan khac nhau trong
thuc tién. Trong do, bai todn 16i da ham submodular, SM, dugc danh gid 12 mot trong céc bai todn dic biét
nhét khi c¢6 thé nhanh chéng thu thp va xi ly thong tin ma khong tao ra su du thita, ling phi hay 1Am mét

mat thong tin.
1.1. Bai toan CO ti da ham submodular
1.1.1. Phat biéu bai toan
Bai toan SM phat bi€u dusi dang mot bai toan CO nhu sau:

Pinh nghia 1.1 (Bai toan SM). Cho tip cd sd V va ham f : 2V — R, 1a ham tip hop submodular (vé6i
f(0) = 0), bai toan can tim:

max f(S5)
stSCV,

v6i C 1a rang budc cho trudc cia bai toan.
Mot sb trudng hop phd bién ctia C la:

- C = {: bai todn khong rang budc;



- C = {|S] < k}: rang budc luc lugng;
-C={VAC BCYV,f(A) < f(B)}: polymatroid (ham f c6 tinh don diéu)};
- C = {c(S) < B} v6i ¢(S) 1a chi phi cta tap S, B 1a ngan sach cho trudc, day 1a rang budc chi phi.
Mot lwu y khi giai cdc bai toan SM, d6 1a ngudi ta ludn gia si da cho trude cach tinh ham f. No6i cach
khdc, ton tai mot hop den sao cho v6i moi dau vao S C V' qua hop den nay déu tinh duge f(S). Gid tri f(S)
Iic nay dudc goi la gia tri udc lugng (oracle) cia ham muc tiéu, hodc néi ngén gon la gia tri cia ham muc
tiéu. Hién nay, ngudi ta rat quan tim dén s6 15i goi cdc udc luong nay va dua ra mot phép do quan trong dé
danh gia do phuc tap ctia thudt toan 12 s6 lugng truy vin (query) dudc thé hién bang do phiic tap truy vin
(query complexity).
Piéu 1am nén su dic biét ctia bai toan SM 1 tinh chit submodular ctia ham muc tiéu. Phan tiép theo

s& nghién cifu sau hon vé ham nay.
1.1.2. Ham muc tiéu submodular
Mot s6 phat biéu tinh chit thudng dung ctia ham submodular:

Dinh nghia 1.2 (Ham submodular). Cho V' 1a mdt tdp hitu han khong rong dudc goi 1a tdp cd s&, ham

: 2V 5 R, 1a mdt ham submodular khi va chi khi né thoa man bat dang thic sau:
f + 0 g
VX, Y CV:f(X)+ f(Y)> f(XNY)+ f(XUY).

Khong giam tng quat, ham f : 2V — R, tic 1a f(S) > 0,¥S C V. Thém vao d6, ludn c6 gia sit
f(0) = 0 biéu thi dbi v6i tap rong, ham khong thu duge mot 1gi ich nao.

Khi nghién cttu, ham submodular dudc chi ra c6 su phit hop Vi tinh chdt lgi nhudn hiéu sudt gidm
ddn, mot tinh chat rat ndi tiéng thudng dung trong kinh t€ hoc. Gid st tap A C V 1a mdt tap cdc ngudi dung
hoiic hoat dong dau tu nao d6 cho 1¢i ich 1a f(A). Ham submodular f mang y nghia sau khi thuc hién mot
loat cac hanh dong cta tap A, loi nhudn bién (marginal gain) ctia bat ki mot phan ti e ndo d6 sé khong ting
khi thuc hién cic hoat dong trong tap V' \ A. Do d6, ham submodular trén tip hop 1a ham c6 tinh chat lgi

nhudin hiéu sudt gidm dan (diminishing returns property) tu nhién dugc phat bi€u nhu sau:

Pinh nghia 1.3. (Tinh chét 1¢i nhuan hiéu suét giam dan ctia ham submodular) Ham tap hop f : 2V — R,
la ham submodular va cac tdip A C B C V, v6i moi e ¢ B ta c6 1¢i nhuén bién cia e khi dong gop vao tap

nhd hon, A, sé it nhit bang 1i nhuén bién khi déng gdp e vao tap 16n hon, B:

f(AU{e}) = f(A) = f(BU{e}) — f(B).

Mot 16p bai todn con quan trong khi nghién ctiu vé ham submodular d6 12 ham c¢6 tinh chdt don diéu
tdng, n6i ngan gon la tinh chit don diéu (monotone). Ham don diéu néi rang khi ting kich c¢d cia tap dbi sb
thi gid tri ctia ham khong bi giam di.

Pinh nghia 1.4. (Tinh chét don diéu) Ham f : 2" — R, 1a ham submodular don diéu néu v6i moi tap
ACBCVtaco f(A) < f(B).
1.2. Lgi ich va iing dung ciia t6i da ham submodular
Bai todn t6i da ham submodular, SM, thudng dudc 4p dung khi cin thu thap thong tin nhiéu nhit c6

thé, hay khi ai d6 muén khuyén khich tinh da dang, tinh ddc 1ap, c6 su lan truyén hodc phén tan thong tin 2.
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Su linh hoat ctia ham submodular lam cho thong tin c6 thé dudc thu thap va xu ly hiéu qua. Tém lai, bai todn
SM mang lai cac 1gi ich trong ting dung nhu sau:

- Ham submodular c6 thé hoat dong gidng nhu mot dang ham thong tin. Vi du: ham thong tin phu thudc
1an nhau... Vi thé, bai toan SM c6 thé mo hinh héa cho cdc bai todn can thu thap thong tin hd trg cong tic
du bdo va ra quyét dinh nhu dit cam bién, xay dung cac hé thdng gdi ¥, lan truyén thong tin...;

- Cyc dai ham submodular tao ra su da dang cda thong tin. Xu hudng ciia ham submodular khi chon
mot phan ti mdi thém vao tap 18i gidi 12 n6 sé chon phan tif nao khac biét nhét so véi cic phan tir da chon.
Hé qua 1a bai todn SM sé chon ra tdp con khong du thita va vi vdy khong lang phi,

- Bai toan SM sé han ché sy mét mat thong tin, gidp gidm dudc kich thude dif liéu khi ¢ thé tim ra mot
tap S C V ¢6 thé dai dién cho toan bo tap V.

Tut céc 1gi ich néi trén, cho thiy ting dung bai toan SM c6 y nghia thiét thuc. Dong thdi, bai toan nay
dudc van dung vao rat nhiéu bai todn cé gid tri thuc tién nhu: Tém tat dit liéu, toi da anh hudng trén mang

x4 hoi, toi da hod doanh thu; dit cAm bién t6i da thong tin thu dudc...
1.3. Cic vAn dé nghién citu c6 lién quan
1.3.1. Bai toan t8i vu ham submodular c6 rang budc

Céc nghién ctiu vé SM theo nhiéu huéng khac nhau. Mot sb cong bd nghién ciiu bai toan SM khong
c6 rang budc (C = 0)... Cac nghién ciu chi ra thut todn x4p xi cho ti 1¢ tot nhét hién nay 1a tra lai tp S sao

Tuy nhién, nghién ctiu vé SM dugc tap trung nhiéu hon khi xét bai todn véi rang budc. Viéc dua thém
rang budc vao ciing thda man nhiéu kich ban thuc té nhu thdi gian, chi phi, s6 lugng... hiu hét sé bi gi6i han.
Déi v6i SM c6 rang budc, ddy van 1 bai todn NP-kho, kha ning md rong clia Bai toénbi han ché béi do
kho cia né.

Vi viy, cic nha nghién thudng tip trung vao dé xuét cc thuat toan x4p xi hiéu qua véi cidc dam bao
ly thuyét vé ti 1& xAp xi dé gidi quyét bai toan nay. Mot s6 rang budc tiéu biéu:

- Bai todn SM véi rang buoc luc Iugng - SMC. Bai todn yéu cau tim tap 16i giai S C V,|S| < k.
Nemhauser va cong su la nhiing ngudi dau tién dé xuét thuét todn tham lam xap xi cho bai toan SMC c6
ham muc tiéu don diéu. Thuat todn ctia ho dudc chi ra ti 1& xip xi 1a 1 — 1/e 15i giai t6i vu. Ho ciing chiing
minh dudc ring tinh toan ham f v6i khong gian tip hop 1a da thic sé khong thé cho ti 1& xap xi t6t hon
(1 — 1/e). Sau nay, cac nha khoa hoc tip trung giai bai toan SMC bing cdc thuit toan cai tién giam thoi
gian chay hodc giam dung lugng luu tri...

- Bai todn SM véi rang budc chi phi - SMK. Bai toan cho mot ngan sach B, yéu cau tim 13i gidi S
sao cho t6i da ham submodular f(.S) vé6i rang budc chi phi 18i gidi ¢(S) < B. Khi c¢(e) = 1,Ve € V, bai
toan trd thanh tdi da ham submodular vé6i rang budc luc lugng. Do d6, rang budc nay téng quat hon rang
budc luc lugng. Wolsey va cdng su khdi xudng nghién ciu bai toan SMK, ho chiing minh dugc bai toan nay
1a NP-kh6 nhung c6 thé xap xi 18i gidi vdi ti 1& (1 — 1/e). Céc thuat todn dugc dé xuét gidi cdc bai todn
trén thudng dugc xay dung dua trén gidi thuat tham lam. Tuy nhién tbi tu ham submodular 13 cic bai todn
NP-kho, nén cic nghién ciiu sau nay cai tién tham lam biang céc thuit toan khac nhu thuat toan ludng hoic
thudt toan song song...

- Bai toan Phii Submodular - SC. Cho mdt ham submodular don diéu khong am f : 2V — R va mot

ngudng o > 0, bai todn can tim mot tip S C V véi luc lugng nhé nhét sao cho f(S) > «. Bai toan SC



cling da dudc chiing minh 12 bai toidn NP-kh6 bdi Wolsey. Ong ciing dong thdi dua ra mot thuat todn tham
lam cho ti 1& xap xi 1a 1 — In(max.cy f(e)/B) véi B 1a1gi ich nhd nhit khéc 0 ctia mot phan tif nao d6 duge
thém vao tap 10i giai bdi thuat todn. Sau nay, mot sd tac gia da dua cic cai tién vao trong thuit toan dé giam

s6 luong truy vin xudng...
1.3.2. Su mé rong cha bai toan téi wu ham submodular
1.3.2.1. M6 rong ham muc tiéu thanh k-submodular

Cic ting dung cu thé ctia bai toan t6i da ham k-submodular nhu t&i da anh hudng k chd dé, phan 16p,
dit k loai cam bién... cho thiy viéc nghién cifu vé t6i uu ham k-submodular khong chi c¢6 gia tri ly thuyét
ma con c6 gid tri thuc tién.

Bai todn t6i da ham submodular dugc md rong bai todn t6i da ham k-submodular véi nhiéu diéu
kién khac nhau nhu t6i da ham bi-submoudlar, k-submodular khong c6 rang budc, va c¢é rang budc... Him

k-submodular dugc dinh nghia nhu sau:

Dinh nghia 1.5 (k-submodular). Cho mdt tap co s6 V va mot s6 nguyén duong k, quy udc [k] = {1,2,...,k}
va (k+ 1)V = {(V1,Va,...,Vi)|V; C V,Vi € [k], ;N V; = 0,Vi # j} 1a ho k tap khong giao nhau
dugc goi 1a k-tdp (k-set). Ham f : (k 4+ 1)V — R 1a k-submodular khi va chi khi v6i cac bién x, y bat ki
x=(X1,Xo,..., Xp)vay = (Y1,Ys,...,Y3) € (k+ 1)V, taco:

fx)+ fly) = f(xNy) + f(xUy),

trong do: x My = (X1 NYy, ..., XpNYy), vaxUy = (Z1,...,Zk), VéiZZ-:XiUYZ-\(U#inUYj).

1.3.2.2. M6 rong ham muc tiéu trén ludi nguyén

Céc ing dung dudc trién khai trén ham tap hdp submodular chua xét dén mot tinh hudng thuc té, mot
phan i tot c6 thé dugc lua chon nhiéu 14n vao tap 10i giai. Tinh hudng nhu vy thiic diy cic nha nghién ctiu
tim hiéu cac phién ban tdng quat héa cia tinh submodular va 16i nhuan hiéu suét giam dan dudc dinh nghia
trén ludi nguyén (Integer lattice). Soma va Yoshida 1an dau tién mé rong ham f trén ludi nguyén ZK. Céc
tac gid da chi ra tinh chdt lgi nhudn hiéu sudt giam dan trén luéi nguyén thudng goi 1a DR-submodular) tr&
thanh phién béan tdng quét ciia ham submodular trén ludi nguyén. Ham DR-submodular dugc dinh nghia nhu

sau:

Dinh nghia 1.6 (DR-submodular). Cho mét s6 nguyén duong k € N, ky hiéu [k] dai dién cho tap {1, ..., k}.
Chotapcosd V = {e1,...,en}, ky hiéu x(e) la gia tri toa do ctia vec-td x € ZK ting v6i phan tii e nao do.
Ta ciing ky hiéu vec-to don vi thd e 12 . V6i x(t) = 1 néut = e va x.(t) = 0 néu t # e. V6i moi vec-to
x,y € ZY, néi ring x < y néu va chi néu x(e) < y(e),Ve € V.

Ham f : ZY ~ R, thda man tinh chit DR-submodular khi va chi khi, véi x,y € ZY,x < y:

fx+xe) = f(x) > f(y +xe) — f(y)



1.4. Thuét toan xap xi giai quyét bai toan t6i vu ham submodular
1.4.1. Khai niém thuat toan xap xi

Gia st c6 ham muc tiéu f : 2V +— R v6i V 1a tap co s6 kich thude n. Goi S* C V 1a loi gidi t6i
uu ciia bai todn (optimal solution), gia tri f(S*) tuong dng 1 gid tri toi wu ciia bai todn (optimal value), ky

hiéu 1a opt. Khi d6, dinh nghia thut toan xAp xi ctia bai todan CO nhu sau:

Dinh nghia 1.7 (Thuit todn x4p xi). Gia st can tim 15i giai S C V vé6i V 1a tap co s6 kich thude n sao cho
ham f dat gid tri cuc dai. Ta néi thuét toan xap xi A cho 16i gidgila S C V co tilé xap xilap, p € (0,1), néu

n6 thuc hién trong thdi gian da thic theo kich ¢d ctia dif liéu dau vao va thda min

f(S) > p-opt. (1.1)

Vi bai toan tim gia tri cyc ti€u ctia ham f, mot cach tuong tu sé c6: f(S) < p.opt, p > 1. p dugc goi la #

1é xap xi hodic hé so xdp xi.

1.4.2. Céac dam bao Iy thuyét ctia thuat toan

Céc tiéu chi thudng gidp d€ danh gia mot thuat todn va so sanh gitia cdc thuat toan:

- Ti 1& x4p xi dam bao chét lugng 15i gidi. Ti 1é xap xi p c6 y nghia rang trong trudng hop x4u nhit,
thuat toan ciing ddm béo dat ti 1& p 1an 15i gidi toi wu.

- Khi gidi c4c bai toan can tbi uu chi phi, nhiéu nghién ctu xay dung cac thuit toan xap xi tiéu chi kép.
Mot thudt todn goi 1a x4p xi tiéu chi kép (o1, 02) 12 thudt todn cho 2 i 1& xap xi o1, o9 1an ludt 1a cic ti 1&
xap xi clia gid tri chi phi va gid tri muc tiéu clia 10i giai c6 dugc tii thuat todn so vdi 16i giai tbi uu.

- Do phiic tap thdi gian. Thong thudng, dd phiic tap xAu nhit (hodc tdi nhit) dudc st dung thudng xuyén
hon ca dé danh gid do phic tap thuit toan, vi n6 danh gia kha ning xiu nhit sé xay ra ctia mot thuat todn,
dé ngudi st dung c6 thé udc lugng dugc thdi gian hoic chi phi can thiét d€ thuc hién thut toan.

DPé& 1am ciin cif danh gid mot cach tdng quét cac thuat toan, ngudi ta thudng xdp xi thoi gian chay ciia thudt
todn. Trong d6, ham O, con goi 1a O-16n (Big-oh) cho mot xAp xi cla thdi gian chay cda thuét todn trong
trudng hop xiu nhit.

- Do phic tap truy van. Gia sit bai toan da cho mot cach udc lugng ham muc tiéu f, coi mot 18i goi ham
1a mot phép tinh da thiic theo thdi gian, mot truy van 1a mot 10i goi ham f. Po phiic tap truy van Ia s6 lugng
truy van nhiéu nhit ma thuit toan can thuc hién.

Véi céc bai todan CO néi chung va cac bai ton tdi uu ham submodular néi riéng, viéc goi ham f 1a thudng
xuyén, nén s6 lugng 15i goi ham dnh hudng truc tiép dén thai gian chay cla thuit toan. Do vy diy 13 mot
phép do quan trong dé€ xac dinh hiéu qua ctia mot thuat toan. Céc thudt toan thiét ké theo hudng giam do

phtic tap truy van dang 13 xu hudng chung khi gidi bai toan t6i uu ham submodular.
1.4.3. Thuét toan tham lam x4p xi

Thuét todn tham lam xAp xi 12 mot thuit todn hiéu qua d€ giai quyét cic bai toan tdi wu ham
submodular. Nemhauser va Wolsey ciing da chi ra su phu hgp cta thuét toan tham lam véi bai toan SM khi
cho ti 1& xAp xi tot nhit.

Nhugc diém ctia gidi thuat tham lam d6 14 sb phép tinh can thuc hién rat 16n. Thuit toan chay tuin

tu, tai mdi budc 1dp can tén O(n) truy van ham f. Nhu vay, Thuat todn tham lam gidi quyét bai toan SMC



chéng han c6 do phic tap thoi gian 1a O(nk), do phiic tap truy van 1a O(nk), d6 phic tap bo nhé 1a O(n).
Diéu nay 1am thudt todn tré nén bat kha thi v6i bo dit liéu c6 kich cd 16n.

D€ khic phuc van dé thoi gian chay ctia thuat toan tham lam, cdc nha khoa hoc thudng dua ra cac
giai phap cai tién theo huéng giam do phiic tap thoi gian, gidm do phic tap truy vén, hoic gidm do phic tap
bd nhé nhung van dam bao ti 1& x4p xi chip nhin dudc. Mot s6 phuong phap cai tién phd bién c6 thé ké dén
1a: Thiét ké ngudng tham lam; Thiét ké thut toan ludng; Thiét ké thuit todn song song...

CHUONG 2
BAI TOAN TOI DA HAM k-SUBMODULAR VGI RANG BUOC CHI PHI

Véc st dung mo hinh t6i uu ham submodular chua di d€ dap ting cho mot vai tinh hudng xdy ra khi
cin tim gidi phap d€ phan 16p cic phan ti vao nhiéu tip khac nhau nham thu thap thong tin véi nhidu chii dé
khéc nhau. Khi d6, mot tap dif liéu duge phan hoach thanh k tip khong giao nhau, mbi mot phan tit clia tip
dit liéu can lua chon dua vao tip i ndo d6 trong k tip con sao cho lugng thong tin thu thap dudc c6 10i nhat.
Submodular dugc mé rong thanh ham k-submodular. Céc bai todn t6i wu ham k-submodular da trd thanh
mot chi dé nghién ciiu thu hit duge nhiéu sy quan tim gan day.

Tiép can v6i xu hudng nghién ctiu ndy, luin 4n gidi bai toan t6i da ham k-submodular vdi rang budc
chi phi (k-Submodular Maximization under Knapsack constraint - KSMK) biang cac thuat toan xap xi. Bai
toan kKSMK c6 thé dugc van dung d€ gidi quyét nhiéu kich ban trong thuc tién nhu t6i da anh hudng ctia k
chii dé, dit k cdm bién, phan 16p... v6i gi6i han chi phi vé nhan luc, ngan sach, thoi gian... Tuy nhién, cic
nghién ctiu cho kSMK con chua nhiéu, boc 16 mot s6 han ché véi vin dé thoi gian chay va ti 1& x4p xi ctia
thuat toan.

Trong chuong nay, lun 4n trinh bay cdc thuat toan xap xi tit dinh cho bai toan kKSMK vdi hai trudng
hdp, ham muc tiéu don di€u va khéng don diéu.

2.1. Phat biéu bai toan, ing dung ctia bai toan va cac thach thitc
2.1.1. Phat bi€u bai toin

Ta c6 phat biéu vé bai toan ti da ham k-submodular véi rang budc chi phi tuong ing nhu sau:

Dinh nghia 2.1 (Bai toan kSMK). Véi ngan sich gidi han B > 0 cho truéc, mdi phan ti e € V' c6 mot
chi phi duong c(e) < B. Bai todan kSMK yéu cau tim mot k-tap s = (S1,.52,...,Sk) V6i tong chi phi
c(s) = D ek 2oees; ¢(e) < Bsao cho f(s) la cuc dai.

Trong d6, V' 1a tap co s6, k 1a mot s nguyén duong, quy uée [k] = {1,2,...,k} va (k + 1)V =
{(V, Vo, ..., V)|V CV, Vi€ [k], VNV, = 0,Vi # j} laho k tap khong giao nhau dudc goi la k-tdp
(k-set).

2.1.2. Ung dung cha bai toan va cac thach thitc

Téi da ham k-submodular gidi quyét nhiéu kich ban ma tdi da ham submodular chua thé giai quyét
dugc. C6 thé chi ra mot vai vi du nhu cc trudng hdp bén duéi. Khi cac ing dung nay bi rang budc bdi thoi
gian, nhan luc hay ngan séch, cic ting dung trd thanh cic thé hién cu thé cia KSMK. Mat s6 ting dung tiéu
bi€u clia bai toan nay:

- Bai todn t6i da anh hudng theo k chi dé.

- Bai toan t6i da hda do phi clia thong tin theo k chi dé.
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- Bai todn dit k loai cam bién.

- Mot s6 ing dung khac: Max-k cut; Lua chon dic trung cho & 16p.

Tuy nhién, khi gidi cac bai todn can phai giai quyét mot sb van dé con thach thic:

- Vi ti da héa ham submodular 13 bai todn NP-khé, nén tdi da héa ham k-submodular néi chung va
bai toan KSMK noi riéng ciing 1a mdt bai toan NP-kho.

- Khong gian tim kiém 16i giai ting theo ham mii khi kich ¢& n ctia tap dif lidu ting 1én.

- Théch thidc dén tit tinh chét k-submodular ctia ham muc tiéu khac vé ban chét v6i ham submodular;

- Théch thic tif rang budc chi phi.

- Cé4c nghién cifu vé KSMK hién nay con chua nhiéu.

- Van d& ham muc tiéu khong con don diéu

- Thach thic tif gidm do6 phic tap truy vAn xudng con tuyén tinh.
2.2. Céc thuat toan xp xi cho bai toan kSMK don diéu ting
2.2.1. Két qua méi ctia luan an

Téng thé, nhitng d6ng gbp clia luan an db6i v6i bai todn KSMK don diéu ting bao gdm:

- Pé xuit thuat toan xip xi nhanh, FA (Fast Approximation), cho ti 1& x4p xi 1a 1/10, can 1 lan quét
tap co s6 véi do phiic tap truy van 1a O(kn). Thuat toan dugc xay dung dua trén ¥ tudng chia ddi tap co s&
V thanh 2 tdp nham tim giai phap tdi vu trén tip thit nhét va tim giai phap gin t6i vu trén tap thi hai. Pay 1a
thuat todn don gian dau tién nhung quan trong bdi vi né gidi han khoang ctia gid tri tdi uu va cung cAp mot
chién thuat chia tap dit liéu d€ giam do phiic tap truy vin con O(nk).

- Pé xuét thuit toan x4p xi nhanh cai tién, IFA (Improved Fast Approximation), cho ti 1& x4p xi la
1/4 — €, yéu cau do phiic tap truy van 1a O(kn/e) véi € € (0,1) 1a tham s6 chinh xéc. Thuat toan dugc xay
dung dua trén ngudng mat do (density gain threshold) clia cdc phan ti. Thuat todn nay cho ti 18 x4p xi tt
tuong duong thuit toan DS 12 mot thudt toan tit dinh t6t nhat hién nay.

- Chit lugng ctia IFA dudc cai tién bang thuat todn x4p xi céi tién ting cudng, IFA+ (Improved Fast
Approximation Plus). Thuét todn nay cin O(kn log(1/€)/€) truy vin nhung c6 thé cung cip ti 1& x4p xi 1én
t6i (1/3 — €). Thuat toan dugc xay dung dua trén ngudng mat do va ting cudng chit lugng cla 15i gidi du
tuyén bing cach phan hoach lai 15i giai du tuyén va b3 sung thém céc phan ti tét con trong tap cd sé. Pay la
thuat todn cho ti 1¢ xép xi tot hon so v4i thuat toan cho ti 1& xép xi t6t nhét hién nay la thuat toan Greedy dé
xuét bdi Tang va cong su.

- D€ kiém nghiém cac dong gép vé mit ly thuyét, luan 4n thuc hién mot s6 thuc nghiém tdng quat véi
ba ting dung ctia KSMK, bao gdm: Téi da anh hudng theo k chi dé véi rang budc chi phi - KIMK, téi da héa
mtc do bao phii thong tin k chi dé& - KCMK va dit vi tri k loai cdm bién - KSPK. Két qua thit nghiém da
chi ra ring céc thuit toan néu trong lun 4n khong chi yéu cau sb lugng truy van thap hon 1én t6i hang trim
1an so v6i Greedy, thip hon t6i 15-20 14n so vé6i cic thudt todn ludng ma con cho chit lugng 16i gidi tot hon
khoang 1.5 1an so céc thuat toan ludng tot nhat hién nay.

Ngoai ra, cac thuit toan néu trong luin 4n c6 wu thé vuct trdi hon cic thuét todn con lai khi B ting va n
ting. Gid tri déng gop nay cho thiy cic thuit toan cta luin dn c6 thé 1am viéc dudc véi cac tap dif liéu c6

kich thudc 16n.
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2.2.2. Thuét toan xap xi ting cuong: IFA +

Y tudng ctia thuit todn nay dua trén gidm dan ngudng nhim bd sung thém céc phan ti tot tir tap V'
vao 10i gidi du tuyén s. Sau d6, phan hoach lai s d€ lay thém c4c phan tit tot hon tif V' dua vao cic phan
hoach ciia s trong khi tdng chi phi van con nhd hon ngan sach. Y tudng nay xudt phat tit nhan xét khi ta chon
dugc mot tap 16i gidi du tuyén thi cdc phan i t6t vin con nidm & trong tap V. Do vy, ta c6 thé ting cudng

chét luong 13i giai cua s.

Algorithm 1 ITFA+
Imput: V, f,k, B >0,e> 0.
Output: Output: A solution s.

1: \\ Phase 1

2: Spax — FA(V, f,k,B),s + 0;

3: T' < f(Smax), 0 < 10I'/(3eB)

4: while§ > (1 —¢)I'/(3B) do

5. foralle € V \ supp(s) do

6: ie +— arg max;e(y Aei) f(8)

7: if c(s) +c(e) < Band A(.;,)f(s)/c(e) > 0 then
8: s+ sl(e,ie)

9: end if

10:  end for

1: 0+ (1—¢)f

12: end while

13: \\ Phase 2: Boosting quality of solutions

14: | < €eB

15: while ! < B do

16:  Find ¢ < max{i : i < |supp(s)|,c(s’) <1}
17 s} < s?

18: if S; #* S(1/(1+¢€)) then

19: (€1, 11) 4 Arg MaXie k] ceV\supp(s)):c(s))+c(e)<B D(e.i) f(5])
20: Sw) < S; (] (6[, il)
21:  end if
22 1+ (1+e)l
23: end while

24: S 4 AIGMAXS (81100 5,50 S (e B (140 S (D) JICH!
25: return s

Pinh ly phat biéu vé dam bao ly thuyét ctia thuat todn.
Dinh Iy 2.1. Vdi e € (0,1/3) bdt ky, thudt todn IFA+ c6 dé phiic tap truy vdn la O(knlog(1/€)/€) va trd
Vé loi gidi voi 1 1é xdp xi la 1/3 — e.
2.3. Cac thuat toan cho truong hgp ham muc tiéu khong don diéu
2.3.1. Két qua méi ctia luén 4n
Céc bai todn ting dung cla tdi da ham submodular, ham muc tiéu dudc chi ra I1a c¢6 thé khong don
diéu. Hé qua tat yéu bai toan t6i da ham k-submodular ciing c6 thé khong don diéu. Pham va cong su ciing
da gidi quyét bai todn téng quat tdi da ham muc tiéu k-submodular v6i ngan sach gidi han, ham muc tiéu c6
thé khong don diéu. Trong nghién ciiu clia ho, céc tic gia dua ra 16i giai xAp xi v6i do phiic tap truy vin gan
tuyén tinh. Ludn 4n tip trung giai quyét bai toan v6i ham khong don diéu bang mot thuat toan xip xi canh

tranh, RL A, va giam dd phc tap truy vén.
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Phan thuc nghiém so sdnh gitta c4c thut todn dudc dé xuét, LAA va RLA, ctia luin 4n véi cdc thuat
toan t6t nhat hién nay, thuat to4n ludng tit dinh (DS) va thuat todn ludng ngau nhién (RS) di dé cap dén &
phan trude, theo ba khia canh: i 1 x4p xi, d6 phiic tap ctia truy van va tinh tit dinh hay khong. Thuit toan
LA A 13 phién ban don gidn, c6 tic dung dua sd truy van vé tuyén tinh va gi6i han lai khoang gia tri ctia opt
d€ RLA st dung. Cac két qua cho thiy thuit todn dudc dé xuét c6 sd luong truy van thap hon va ty 1& xip

xi hing s6 c6 gia tri tot tuong duong cic thuat toan hién dai.
2.3.2. Thut toan tuyén tinh cai tién: RLA

RLA giit y tuéng ctia IFA bing cach st dung lai giai phap cia LA A d€ gi6i han pham vi ctia opt
va diéu chinh ngudng tham lam d€ cai thién ty 1& xAp xi bang cach tién hanh O(1/¢€) 1an quét qua tap co sé.
Chi tiét thuat todn dugc trinh bay dy du trong Thuét toan

Algorithm 2 RLA
Imput: V, f,k, B > 0,e¢> 0.
Output: A solution s

1: sy < LAA(V, f,k,B)

2: '« f(Sb)

3 A {(14+e:ieN,T <(1+¢€) <197}
4: foralle € V do

5. forallv e Ado

6: iy < arg max;e(x Ae,q) f(Sv)

7: T, = 2v/(5B)

8: if c(sy) +c(e) < Band A ;,)f(sy)/c(e)) > 7, then
9: Sy < Sy U (e,1y)

10: end if

11:  end for

12: end for

13: Sfinal <— arg MAXs/ € (5,1,00,51,52,-,5| 5|} f(S/)
14: return syipq

Dinh Iy 2.2. Vi 0 < € < 1/5, thudt todn RLA trd vé ti I¢ xdp xi la 1/5 — €, trong vdi do phiic tap truy vdn
la O(nk/e).

Ngoai ra, luan 4n cling tién hanh thuc nghiém trén mot s bai toan ting dung ctia KSMK. Cac bai toan
ting dung nay 12 cdc trudng hop ctia KSMK thé hién cu thé n6 dudc dp dung vao dau. Day déu la cic bai toan
phd bién va c6 tinh thuc tién, bao gom :

- Tbi da 4nh hudng ctia k chii dé trong gidi han chi phi (k-topic Influence Maximization under Knapsack
constraint - KIMK);

- Tbi da do phi thong tin clia k& chii dé trong gidi han chi phi (k-topic information Coverage Maximiza-
tion under Knapsack constraint - KCMK);

- T6i wu vi tri dit &k loai cam bién trong gi6i han chi phi (k-type Sensor Placement under Knapsack
constraint - KSPK).

Phan thuc nghiém so sanh giita c4c thudt todn cho thiy su tiém can vé ly thuyét véi thuc tién, cling cb

két luan cdc thuat toan do luan 4n dong gép cdi tién dang ké cic dam bio 1y thuyét.
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CHUONG 3
BAI TOAN TOI PA HAM SUBMODULAR PON PIEU VOI RANG BUOC CHI PHI CO NHIEU

O chuong trude, ludn dn da tiép can hudng nghién ciu md rong ham muc tiéu tit submodular sang
k-submodular v6i nhiéu y nghia ly thuyét va thuc tién. Tuy nhién khi nghién ciiu vé cic bai todn nay, rat it
tac gia dit vin dé uéc luong ham muc tiéu bi chi phéi bdi nhiéu. Trong khi d6, vin dé véi nhiéu 12 mot van
dé thuong gip va tiéu ton rat nhiéu chi phi dé€ xi 1y no.

Dit vin d& nghién ciu v6i nhifu, luan 4n giai bai toan tdi da ham submodular véi rang budc chi phi
c6 nhiéu (Submodular Maximization subject to a Knapsack constraint under Noises - SMKN). Day 1a mot
bai todn méi, hién chua c6 nghién ciiu ndo giai quyét bai toan nay. Thém vao dé, do khé ctia bai toan NP-kho
va rang budc chi phi lam cho bai todn c6 tinh thach thic hon.

3.1. Phat biéu bai toan va cac thach thitc ciia bai toan

3.1.1. Phat biéu bai toan

Lu4n 4n dit vin dé xem xét bai toan SMK duéi su tac dong ctia nhiéu dugc mo hinh hod thanh bai toan
SMKN. Hai loai nhiéu dudc xem xét 12 nhiéu cong (additive noise) va nhiéu nhdn (multiplicative noise). Bai

todn nay c6 dinh nghia nhu sau:

Dinh nghia 3.1 (Bai toan SMKN). Bai toan SMK ¢6 nhiéu ton tai mot ham F 1a udc lugng nhiéu ctia ham
muc tiéu f submodular don diéu. Goi € > 0 1a tham sb nhiéu, ham f dudi sy anh hudng ctia nhiu cong
hoic nhiéu nhan dudc xAp xi theo uSc lugng nhu sau:

- V6i nhiéu nhén e, c6:
(1—=€e)f(S) < F(S) < (1 +€)f(9). 3.1

- Vi nhiéu cong e, c6:
f(85) —e < F(S) < f(5) +e 3.2)

3.1.2. Cac thach thitc caa bai toan
V6i bai toan SMKN, day 12 mot bai todn mdi, viéc dé xuit cic thuat toan xap xi hiéu qua nham gidi
quyét bai todn can phai d6i mit v6i nhiéu théch thiic, c6 thé ké dén nhu sau:
- Thach thic ctia rang budc chi phi.
- Théch thiic vé kha ning md rong ctia thuit todn khi dif liéu dau vao ting 1én.
- Théch thiic khi x{ 1y bai toan SMK véi nhiéu, vi ham F c6 thé khong thita ké lai cdc tinh chit ctia
ham f.
- Thach thic vé xdy dung uéc luong F ctia ham muc tiéu phit hop vdéi tiing bai todn dng dung cu thé.
Tém lai, chua c6 tac gia nao dit vin dé nghién cifu bai toan SMK véi nhiéu va dé xuét thuat toan kha
thi dé giai. Do vy, luan an gidi bai todn t6i da ham submodular vdi rang budc chi phi ¢ nhiéu, SMKN,
bing céc thuat toan xAp xi hiéu qua. Céc thach thiic trén day vira 1a khé khin vira 1a dong luc d€ luan 4n tién
hanh nghién cttu bai toan SMKN theo cac tiéu chi: giam thdi gian chay cda thudt todn, giam dung lugng luu

trif can cho cdc phan tif va cai thién ti 1& xap xi c¢6 thé canh tranh dudc véi cdc thuat todn tham lam.
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3.2. Thuit toan x4p xi cho bai toan SMKN
3.2.1. Két qua méi ctia luéin 4n

Dau tién, ludn 4n d& xuAt mot phién ban thuat todn cla tham lam x4p xi véi diéu kién da biét udc
luong x4p xi F' ctia ham muc tiéu. Thuat toan tiép theo 1a phién ban cii tién dudc thiét ké trd thanh thuat
toan ludng khi biét uéc luong xap xi F' clia ham muc tiéu. Muc dich ctia phién ban dau tién 1a thiét ké mot
thuat toan tham lam 1am co s& ban dau cho bai toan SMKN. Phién ban thi hai cai tién thuat toan tham lam,
giam thdi gian tinh toan va dung lugng luu trit v6i chat luong 15i gidi van dudc dam bao. Vi SMKN 1a mot
bai todn mdi, nén phan thuc nghiém sé truc tiép so sanh va danh gi hai thuit todn nay.

Thuc hién so sinh GUN va NS theo 3 khia canh: chét luong 15i gidi, do phuc tap truy van, va do
phtc tap bd nhd, hai thuit todn nay cho chét lugng 15i giai trong mdi trudng nhiéu 1a khong chénh léch qua
16n. V6i GUN, céc do phiic tap truy vAn va bo nhd 1a O(n?), trong khi véi N'S, dd phiic tap bo nhé it hon

so véi do phiic tap truy vin mot hé sb 12 n. Bd nhé trong N'S phu thudc chi yéu vao ngan sich B.
3.2.2. Thuét toan tham lam xép xi: GUN

V6i bai toan SMKN, dau tién, ta thiét ké mot thuat todn tham lam danh cho né. Luan 4n gi6i thiéu
phién ban thuat toan tham lam, GUN (Greedy Under Noises), dugc thiét ké dua trén y tudng chon cic phan
t cho ti 1é déng gop 1i nhuan bién va chi phi ctia phan ti d6 12 16n nhét trong c4c phan ti chua dudc chon.

Algorithm 3 GUN
Input: V, an approximation oracle F', € € (0, 1), budget B > 0
Output: A subset S

1S« 0,U+V

2: if F: e-multiplicative noise oracle then

32 forU =10do

4: €/ « arg max.cy ng) (F(ls_tE) - qgﬁ?)
5: if ¢(S+¢') < B then

6: S+ S+e¢

7: end if

8: U+ U\{}

9:  end for

10: end if

11: if F': e-additive noise oracle then
122 forU = (0 do

13: ¢+ argmaxecy ﬁ (F(S+e)—F(9))
14: if ¢(S + €¢’) < B then

15: S« S+¢

16: end if

17: U« U\{}

18:  end for

19: end if

20: €y, < arg max.cy F(e)
21: S ¢ argmaxge(s,e,.} F(S')
22: return S

Chét lugng 15i giai ctia thudt toan trén dudc thé hién qua Dinh 1y
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Pinh ly 3.1. Thudt toin GUN cho 1oi gidi S ddm bdo:
11—¢€ 1 4eB
S) > — 1—- 1-— t
f()—21+e< e>( 1—e2>°p

1

£(s) > <1 - 1) opt — 2¢(B + 1)

cho nhiéu nhdn e va

cho nhiéu cong e.

Thuat todn nay c6 do phiic tap 1a O(n?) (vé thdi gian chay va bd nhé can sit dung, vi thuat toan 1a
tudn tu).

3.2.3. Thuét toan xap xi tong quat: N'S

D& cai tién thuat todn tham lam, luin 4n dé& xuAt mot thuét todn ludng 1 1an quét (tic 1a duyét tip co
s& 1 1an) cho bai toan SMKN. GUN phéi quét tip co sd nhiéu 1an dé€ chon ra phan tit cho ti 1& 10i nhuin
bién va chi phi 16n nhat. Do d6, 1am ton thdi gian chay. St dung k¥ thuét ludng, tai mot thoi diém ta chi quét
1 lugng phan ti nhd so vdi toan tap cd sé va luu trong bo nhd. Nhu vy, thdi gian va dung lugng bd nhé déu
dugc giam xudng.

Ta xay dung dudc dinh Iy phan tich ddm bao ly thuyét sau:
Dinh ly 3.2. Vdi nhiéu nhdn ¢, thudt todn NS la thudt todn luéng 1 ldn quét cho do phiic tap truy vdn

O(2 log(B X)), dg phitc tap bo nhd O(% log(BYEE)) va ¢ ti 1¢ xdp xi la (%12)2 e +2((1 7) Tpi=)
1—e 1—e2

Tuong tu v6i Dinh 1y [3.2] dim béo chat lugng 15i gii ciia Thuat toan M duge khing dinh bing dinh ly
dudi day:
Dinh ly 3.3. Dudi tdc déng ciia nhiéu cong ¢, thudt todn NS la thudt todn luong 1 lan quét véi dé phiic
tap truy vdn la O( log(mB+e)) dé phikc tap bo nhd la O(B log(mB+E)) va trd vé két qud Ssi, théa man
f(Sstr) > 1_Tﬂyopt + € — 2eB, vdéi m = maxecy F(e).

Dé cu thé héa cic nghién ciu ly thuyét, lusn 4n dua ra mot s6 thuc nghiém dé€ so sanh céc thudt toan
da d& xuit cho mot trudng hop cu thé cia SMKN, d6 1a xét udc lugng nhiéu trén téi da dnh hudng véi rang
buéc chi phi (Influence Maximization under Knapsack constraint- IMK). Phan két qua thuc nghiém cho thiy
vé chét luong 15i gidi GUN cho két qua tot nhat, nhung N'S thap hon khong dang ké. Nguogc lai, NS lai
cho thy su vuot troi khi gidm s lugng truy vén, thdi gian chay va bd nhé dung cho tap dit liéu khi chay

thuat toan.

CHUONG 4
BAI TOAN PHU SUBMODULAR PON PIEU TREN LUGI NGUYEN

Chuong 2 luan 4n da nghién cifu vin d& mé rong ham submodular thanh k-submodular ddp tng mot
s6 tinh hudng khi can phan 16p cic phan tif thanh cic tap khong giao nhau, phuc vu mot s6 tinh hudng thuc
tién nhu t6i da 4nh hudng k-cha dé, dit & loai cam bién... Tuy nhién, trong thuc té con ton tai cdc tinh hudng
mot phan ti tdt cé thé’dugc lwa chon nhiéu ldn vao tip 16i gidi. Vi du khi mot cong ty chon céc dai ly tot dé
tiép thi san phim, cong ty s& c6 xu hudng chon di chon lai cdc dai ly mang lai 10i nhuan cao. Cic tinh hudng

nhu vay can mé rong ham submodular trén Iudi nguyén.
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Algorithm 4 : NS
Input: V, F,e € (0,1),B,v € (0,1)
Output: A solution .S

:m <+ 0,0={(1+7)"i€Z}

2: forallv € O do

Sy =10

end for
if f:an e—multiplicative noise oracle then

A A

1— 3
1+§+1 e+2B = (

7. foralle € V do

8: em ¢ argmaxeege, oy F(€'), m < f(em)

9: O={1+7)fE<Q+y) <22 iez,}
10: Delete S, for each v ¢ O

11: forall v € O and ¢(S, +¢) < Bdo

12: if £(0ute) > avelSute) ghen

13: S < Sy + {e}

14: end if

15: end for

16:  end for

17: else if f: e-additive noise oracle then
18: foralle € V do

19: Em 4 ATGMAXcrefe,, o} F'(€'), m « f(em)
20 O={1+7)'m—-e<(1+4+~)"<Blm+e),icZs}
21 Delete .S, for each v ¢ O

22: for all v 6 0 and c(Sy+e€) < Bdo

23: ay ¢ Z4 % 4D

24; if F(S + e) te > owe5ute) then

25: Sy« Sy +{e}

26: end if

27: end for

28:  end for

29: end if

// Binary Search on S,
30: Find Sy < arg maxge(s,:vc0}ufen} F(Sv) by BS
31: return Sy,

Luén 4n dit vin dé nghién ciu bai toan Phii Submodular (Submodular Cover - SC) don diéu trén luéi
nguyén vi diy 12 mot bai toan méi. C4c nghién ctiu hién nay con mot s6 han ché khi ham muc tiéu cho gia
tri nguyén hoic do phiic tap truy van cao. Luan 4n giai quyét bai todn bang thuit todn xap xi tiéu chi kép
dudc thiét ké song song véi do phiic tap truy vin va do phic tap song song thap, khic phuc cdc han ché cia
cac nghién ctiu hién c6.

4.1. Phat biéu bai toan, ing dung va cac thach thitc ciia bai toan

4.1.1. Phat bi€u bai toin
Pinh nghia 4.1 (Bai toian SC). Cho mdt ham submodular don diéu khong am f : 2V — R, va mot ngudng
a > 0, bai todn yéu cau tim mot tap 16i giai S C V véi luc lugng nhd nhit sao cho f(S) > a.

Trong chuong nay, luin an md rong nghién ctiu giai bai toan SC trén ludi nguyén, véi ham muc tiéu

submodular dugc mé rong thanh ham DR-submodular (Disminishing Return Submodular). Bai toan SC
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dudc téng quét hoa thanh Phii DR-Submodular (DRSC) dudc phat biéu nhu sau:

Pinh nghia 4.2 (Bai toan DRSC). Cho mot ham DR-submodular don diéu f : ZK — R, mot s6 nguyén
duong B la gia tri 16n nhit trén mot truc toa do bét ky clia mdt vec-to trong ZK, va mot ngudng « > 0. Bai

toan can tim vec-to 18i gidi x < B ¢6 luc lugng nhd nhét sao cho ham muc tiéu khong nhd hon «, hay:
min [[x[l; st f(x)>a,0<x<B, (4.1)

trongdo B = B -1 va [|x][y = > oy x(e).

Déi v6i haim submodular 12 ham tip hop, mot phan i e clia tp co sé chi dudc chon mot lan. DE
phan ti e dudc chon lai nhiéu 1an can c6 su md rong tip hop trén ludi nguyén. Khi d6, tip hop trd thanh
da tap hgp {x}, tuong ting vdi mot vec-to x € ZY. S6 1an phan td e xuit hién goi 1a x(e). Vi du, cho
tap cd s6 V = {eq1, e2,e3}, vec-to x = (2,4,0) trén ludi nguyén biéu dién da tap hop {x} tuong ting
{e11, €12, €21, €22, €23, €24, €21 }. V6i mot tap con A C V bit ky, kich ¢d cla x 1a ||x||; = Y ecaX(e), la

t6ng s6 phan ti c6 mit trong da tap hop {x} tuong ung, trong vi du trén la 7 phan td.
4.1.2. Ung dung ctia bai toan va cac thach thitc cia bai toan

Bai todn c6 ting dung khi mdt phan ti cho 1gi ich “tot” dudc Iua chon nhiéu lan. Mot s6 tinh hudng
thuc tién dugc dit ra can gidi quyét v6i DR-submodular khi: Can dit cac cam bién dé thu thap thong tin, ta
lua chon dit nhiéu cam bién c6 ning luong tiéu thu thip dé t6i thiéu ning luong tiéu hao thay vi dit mot
cam bién c6 thé thu dugc thong tin tot hon nhung tén ning lugng hon. Tuong tu khi phan b tai nguyén,
ngan sach, ngudi phan phdi sé c6 xu hudng chon nhiéu 1an nhitng ngudi dung hodc dai ly tiém ning nao d6
cho 10i nhuan t6t.

Céc tinh hudng tuong tu nhu trén thic ddy cdc nha nghién ctiu tim hiéu céc phién ban téng quat héa
ctia tinh submodular va I¢i nhu4n hiéu suit gidm dan dudc dinh nghia trén cac ludi nguyén (Integer lattice),
trd thanh DR-submodular. Néu ta xét thém diéu kién gidi han vé luc luong it nhit ma van thu dugc toi
thi€u lugng thong tin «, bai toan trd thanh thé hién ctia bai toan DRSC. Viéc nghién ctiu gidi bai todn Phu
Submodular don diéu trén 1u6i nguyén 12 mot bai todn mdi hién nay, va c6 nhiéu thach thic dit ra:

- Mic du di c6 nhiéu cong trinh nghién ciu d€ giai SC, thach thiic khi giai DRSC gip phai 1a cic tinh
chit clia submodular sé khong con giif nguyén khi xét trén lu6i nguyén ma cé su md rong va khdi quat hon.

- Bai toan SC la bai toan NP-khd, cho nén bai toan DRSC cuing 1a bai toan NP-kho;

- Vi khong gian tim kiém 1a khong gian nhiéu chiéu, ZK, nén sd t6 hop can tim sé ting 1én rat nhiéu,
4nh hudng t6i thoi gian tim kiém 16 giai clia thut toan.

- Pay 13 huéng nghién citu méi, can déng gép cac thuit toan xap xi c6 gia tri vé miit ly thuyét.

Tur céc thich thiic nay, ludn 4n dit vin dé nghién ctiu mot hudng tiép can gidi bai todn tdi uu ham
submodular phd bién hién nay do6 1a thiét k& thuat toan song song nham gidm thdi gian tinh toan. Pdng thdi,
ludn 4n dé xuét thudt todn xdp xi tiéu chi kép (bi-criteria approximation algorithm) hiéu qua, ci tién hon so

Vi cdc tac gia st dung giai phap tuong tu cho hai bai toan DRSC va SC.
4.2. Thuét toan xap xi cho bai toan DRSC
4.2.1. Két qua méi ctia ludn an
Viéc tim dudc 15 gidi tdi uu sao cho chi phi nhd nhit véi rang budc ham f(-) 12 ham submodular 1am

cho bai toan trd nén khé khan hon khi phai théa man ca ham chi phi va ham submodular. Do d9, luén an si
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dung thuat todn xAp xi tiéu chi kép dé tim mot thuat toan xip xi hiéu qua gidi bai toan DRSC. Thuat todn
Xxap xi tiéu chi kép dugc dua ra khi ndi 18ng cac rang budc ciia bai todn, cho 1i gidi ¢6 hai ti 1& xAp xi, dudc

dinh nghia nhu sau:

Dinh nghia 4.3 (Thut todn xép xi tiéu chi kép (o1, 02)). Thuat toan 1a xAp xi tiéu chi kép véi ti 1€ (o1, 02)

cho bai toan DRSC khi n6 tré lai 16i giai x théa man ||x||; < o1 -||o||1 va f(x) > o2 -aVéio; > 1,09 > 0,

.....

Ngoai ra, thuit toan dugc thiét ké song song dua trén khai niém do6 phic tap song song dudi day:

Pinh nghia 4.4 (Do phuc tap song song). Cho mdt cach udc lugng ham f, do phic tap song song cia mdt
thuat todn 1a s6 vong lip tuan tu tdi thi€u can dung dé trong mdi vong lip d6 thuit toan tao ra mot sd luong

da thiic cdc truy van t6i u6c lugng ham f mot cach doc 1ap véi nhau.

Cac dong gop cta luén an:

1. Vé chdt lugng 1oi gidi. Thuit toan cho 15 gidi xap xi vdi ti 1é hing s6 1a (1 + €)(1 + log(1/A)) va
gia tri ham f gan tlly y v6i « (trong gi6i han sai s6 A > 0). Nhu vy, thuit toan cta tdc gia cho ti 1& xap xi
t6t hon so vé6i thuat todn tat dinh t6t nhat dudc dé xuét bdi Soma va Yoshida. Thuit toan ctia ho thuc t& phu
thudc vao O(log d), véi d = max.c g f(x.)). Thuat toan cla tac gia cling ddm béo xAp xi tot hon thuét todn
ngau nhién t6t nhat hién nay dé xuit bdi Ran va cong su va phép dan vé ctia Ene va Huy L. Nguyen. Ti 1&
xAp xi cda thuét todn ctia ho phy thudc vao O(H (min{max.cs f(e),a})). Ngoai ra, luu y rang thuit toén
ctia ho chi gidi quyét trudng hdp ham muc tiéu mang gia tri nguyén.

2. Vé dé phiic tap. Thuit toan ngau nhién cho do phiic tap song song tt nhét 1a thuat toan két hop giita
cong trinh ctia Ran va cong su véictia Ene va Huy L. Nguyen. So v6i cc két hop nay, thuat todn trong luan
4n cho do phiic tap song song thip hon 1 hé s6 1a Q(log(m) log?(mn log B)(1 + log(log B)/log(n))), cho
do phtic tap truy van thip hon 1 hé s6 1a Q(min{log(n)log(B)/log(nB),n} - log(m) log?(mnlog(B)))
v6i m = f(B - 1). So sanh véi thut toan tit dinh cho d6 phic tap truy van t6t nhit ciia Soma, thuat todn
cho do phtc tap song song va do phiic tap truy van it hon 1 hé s6 1an lugt 1a Q(min{n/log(n),log(B)}) va
Q(nlog(B)(1 + log(B))).

3. Vé gidi bai todn SC. DE gii bai toan SC, thuit toan cho 16 giai xAp xi tiéu chi kép ((1 4 €)(1 +
log1/X),1 — X) véi do phuc tap song song la O (logn) va do phic tap truy vén la O (nlogn). Pay la cac

dam bao 1y thuyét c6 gid tri va vuot trdi hon so véi cac thuat todn x4p xi hién nay.
4.2.2. Thuat toan chinh: BA

Luin 4n xdy dung thuat toan xap xi tiéu chi kép BA (Bi-criteria Algorithm) 1a thuit todn chinh
dua trén thuat toin AdaptDRSC. Thuit toan AdaptDRSC nhan hai tham sb dau vao cho truéec € €
(0,1), A € (0,1) va mot gid tri tién dodn ctia gia tri ti uu, v, sao cho (1 — 5e1)v < opt < v, V6i €1 = €/50
va tra vé mot 16 giai du tuyén tuong tng.

Pinh Iy 4.1. Véi A € (0,1), € € (0,1), thudt todn BA chay trong O (log(1/X)log(n)/€*) vong lép tudn
t. N6 ton O ((n + log(n) log(B) log(1/e€)/€*) log(nB)log(1/X)/€*) truy vdn va trd vé 1oi gidi xdp xi tiéu
chi kép dat ti 1¢ ((1 + €)(1 + log(1/))),1 — X) theo ky vong.

Ddi véi bai toan SC, tic 1a B = 1, thuat todn nay van ddm bao cung ti 1& xp xi tiéu chi kép va
do phc tap song song. Do phic tap truy van lic nay gidm xudng con O (nlog(n)log(1/A)/€*). Tit Pinh
ly ¢c6 hé qua cho SC dudi day.
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Algorithm 5§ : BA
Input: f : ZY — R, a positive integer B, o, € € (0,1),A € (0,1)
Output: vector x

I € ¢ &5 Ce{mzogjglogi(nB)}

50° =
for all v € C (in parallel) do
x” + AdaptDRSC(f, B, a, €1, \,v)
end for
X 4= arg Minyey. f(xv)>(1- Ao || X7l
return x

AN AN X

Heé qua 4.1. Déi véi truong hop ciia bai todn SC, tiic la B = 1, thudt todn BA c¢6 do phiic tap song song
la O (log(n)log(1/X)/€?), cdn d¢ phiic tap ciia truy vdn la O (nlog(n)log(1/X)/€®) va trd vé loi gidi xdp
xi tiéu chi kep voi ti 1¢ ((1 + €)(1 +1og(1/N)),1 — A) theo ky vong.

KET LUAN

Luin 4n nghién ctiu thuat todn x4p xi cho bai todn tbi wu td hop vé6i dit liéu 16n, trong d6 tip trung
nghién ctiu mot sd bai todn thudng gip trong phan tich dif liéu. Tur d6, khai quat thanh bai todn tb6i da ham
submodular c6 rang budc va céac bai todn md rong khac. Cu thé, cc bai toan ma luan dn da trinh bay gom:
Bai toan t6i da ham k-submodular véi rang budc chi phi - kSMK; Bai todn tdi da ham submodular véi rang
budc chi phi ¢6 nhiéu - SMKN; Bai toan Phii Submoudlar trén Iuéi nguyén - DRSC. V6i mbi bai todn, luan
4n dua ra cdc thuat todn x4p xi cho ti 1& x4p xi canh tranh, giam do phiic tap truy van hodc do phiic tap song
song, qua d6 gép phan gidm thdi gian chay. Cic dong gép clia luan 4n bao gdm:

1. Déi v6i bai toan kSMK, ludn 4n dé xuét thuit toan FA dua do phifc tap truy van vé tuyén tinh, trén
co s6 d6 dé xuat thuat todn cai tién IFA, cdi tién ting cudng IFA+ gidi quyét bai todn véi trudng hop ham
muc tiéu don diéu. IFA+ cho ti 1& x4p xi tét hon so v6i thut todn tot nhét hién nay, v6i do phiic tap truy van
giam xudng mot hé s6. Luan 4n ciing md rong két qua nghién ctiu giai quyét véi ham muc tiéu khong don
diéu, dé xuit thuat to4n x4p xi tuyén tinh ting cuong RLA, cho ti 1& x4p xi t6t tuong duong vdi thuit toan
tot nhét hién nay nhung do phiic tap truy van ciing giam xudng mot hé sb.

2. Pbi v6i bai toan SMKN, luan an dé xut thuat toan tham lam GUN giai quyét bai todn. D€ cai thién
tdc do ctia thuat todn va khong gian luu trit, luin 4n da dé xuét thuat toan ludng NS d€ giai bai todn nay.

3. Péi v6i bai toan DRSC, luan 4n xay dung mot thuat toan song song tiéu chi kép BA cho do phiic
tap truy van va do phic tap song song tdt hon hén céc thuit todn tot nhét hién nay. Céc két qua c6 thé ap
dung dudgc sang bai toan SC va cho két qua vudt trdi hon cac két qua hién nay.

Trong tuong lai, NCS tiép tuc md rong nghién cifu cic bai todn bién thé khic clia bai todn tdi da ham
submodular. C4c van dé c6 thé md rong nghién ciu: T6i da ham submodular véi rang budc d-knap; Toi da
ham non-submodular; Bai toan kSMK trong mdi trudng nhiéu; Céc bai toan SM gidi trén ludi nguyén. Cac
huéng nghién cifu bao gom: Tiép tuc phat trién cic thuit todn hiéu qua cho cic bai todn; Nghién ciiu cic

ting dung trong hoc mdy va tri tué nhan tao 12 thé hién ctia cac bai todn tdi da ham submodular.
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