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MO PAU

1. B6i canh nghién citu cta tbi wu td hop ham dang submodular

Téi wu t& hop 1a mot cong cu o ban dugc dng dung trong nhiéu linh vuc khoa
hoc, ky thuat, y hoc, kinh té..., dic biét 1a khoa hoc may tinh [45, 123]].

Trong céc bai todn téi uu t6 hop, cé nhiéu bai toan c6 ham muc tiéu 12 mot
dang ham thu thap va xt 1y thong tin. Khi do, yéu cu dit ra 1a can phdi thu
thap dugc cang nhiéu thong tin phong phi, da dang cang t6t. Nhitng bai toan nhu
vy thudng din dén tim 18i gidi bai todn téi wu t6 hop véi ham muc tiéu dang
submodular, chang han, cdc bai toan tém tat tai liéu tu dong, bai todn trich chon
dic trung, phan tich va tién xi ly dit lidu, tdi da 4nh hudng trén mang xa hoi, dit
cac cam bién [98, 90, (18|, [78], 43, 60, 81]]... Do vy, chi dé nghién ctiu vé tdi da ham
submodular va cic bién thé cta né 1a mot chii dé néng, thu hit rat nhiéu cac nha
khoa hoc quan tAm nghién ctiu va cong bd tai cac Hoi nghi hang dau vé tri tué nhan
tao va hoc may nhu IJCAI [39, 120], AAAI [86], NEURIPS [7, 2], ICML[96, 97,
87,140, SODA [9], STOC [[11}10]... cling nhu tai c4c tap chi ndi tiéng vé& hoc thuat
vé t6i uu hod, van tril hoc va tbi wu t6 hop [[101}, [145], 3, 131} [129]... trong khoang
20 nam nay, dac biét trong thoi gian g?m day [86, 85, 34, 1,67, 24, 41, 35, 44]...

Mot cach tom tat, ham submodular 1a ham c6 tinh chit lgi nhudn hiéu sudt
gidm ddn (disminishing return property), c6 nghia 13, cho tap dit liéu co sé V c6
kich thuéc n, haim muc tiéu f : 2¥ — R, 1a ham tap hop, théa min tinh chat:
VAC BCV,f(Au{e}) > f(BU{e}),Ve € V \ B. Tinh chit 1¢i nhuan hiéu
suit giam dan minh hoa rang gia tri déng gép clia mot phan t vao nhém nhé hon
s& c6 gid tri hon gid tri déng gbp ciia phan tif d6 vao nhém 16n hon. Vi du khi ctia
hang chua ban dudc san pham nao, 16i nhuan ban mot mit hang 1a 100.000d sé co
gia tri déng gop to 16n hon khi ciia hang d6 da thu vé hang trim hay hang triéu
dong tién 1ai.

Bai todn t6i da ham submodular yéu cau tim 15i gidi S C V sao cho ham f ()
submodular da cho dat gia tri cuc dai. Trong do, viéc xem xét tim 10i giai sao cho
t0i da hAm muc tiéu trong diéu kién c6 rang budc dugc quan tdm hon ca. Ly do vi
cac rang budc dudc dua vao khién cho bai todn gan giii v6i cdc yéu cau thuc té nhu
ngudn nhan luc, tién cda, thoi gian... ludn bi han ché. Tir d6, hinh thanh mot 16p
cdc bai todn nhu tdi da ham submodular v6i rang budc luc lugng, v6i rang budce
matroid, hodc véi rang budc chi phi...

Hién nay, gidi cdc bai toan tdi vu ham submodular can cac thuit todn nhanh,
hiéu qua tré nén vo ciing cp thiét. Vi dif liéu dau vao can xi ly ngay cang ting



nhanh, 1am cho khong gian tim kiém 13i gii trd nén khéng 16. Do vy, viéc tim 15i
giai chinh xdc trd nén bat kha thi. Qua phan tich tif cdc ngudn tai liéu clia cdc Gido
su dau nganh nhu Nemhauser [102, [101], Wolsey [145, [146], A. Krause [80], J.
Bilmes [[13]], C.Borg [16], R. Iyer [120] cing mot sd cong bd tai cac hoi nghi va
tap chi chuyén nganh ndi tiéng khac, cho thiy xu hudng dé xudt cdc thudt todn xdp
xi cho 1oi gidi canh tranh v6i cidc dam bao ly thuyét vé do phic tap thdi gian, do
phtic tap bo nhé... dang chiém wu thé. Thuit toan x4p xi cho thiy wu thé khi chi ra
dudc ti 18 xap xi ciia 10i giai so v6i 16i giai toi uu 12 bao nhiéu, dong thdi phan tich
so sanh dudc cdc dam bao 1y thuyét khac gitta cac cong bd c6 lién quan.

Mot 1y do quan trong nita khi dé& xuat cdc thuat todn xip xi gidi quyét bai todn
tdi da ham submodular 14 céch tiép can nay c6 tinh tdng quat. Cac thuit toan dé
xuat c6 thé dp dung trén nhiéu bd dit liéu khac nhau. Cac thuit todn déu ducc xay
dung trén gia dinh dif liéu dau vao 1a mot tap co s V ¢6 kich thude n > 0 bat ky,
mot ham f submodular di gia dinh ton tai mot u6ce lugng cho nd, cic sai sd cho
phép (¢, 6.. € (0,1)). Bai toan da c6 md hinh tinh toan, thuat toan xay dung tu no,
cac phép suy dan... déu di dudc ching minh tinh chit ché, ding dan bang cic bd
dé, dinh 1y va hé qua thi thuit toan d6 c6 thé 1am viéc véi moi bd dit liéu c6 céac
kich ¢ khéac nhau. Thuc nghiém cida cdc thuat toan, do vay 1a su kiém chiing su
tiém cén gilta ly thuyét va thuc nghiém.

Xuat phat tif bdi canh phat trién, cing v6i cdc nhu cau vé phan tich di liéu
ctia ky nguyén s6, NCS va cong su di tap trung nghién citu dé tai: “Mét sé thudt
todn xdp xi cho bai todn t6i wu ham dang submodular vdi rang budc”.

2. Ba bai toan quan trong ctia t6i vu ham submodular

Tit cdc vAn dé nghién ciu trén day, c6 thé thiy ring c6 nhiéu bai todn tbi uu
ham submodular dudc quan tAm nghién ctiu hién nay. Trong d6, c6 ba bai toan tbi
uu ham submodular c¢6 rang budc quan trong va c6 gia tri ung dung trong thuc
tién, con goi 1a cdc bai toan bién thé cla tdi da ham submodular, dudc luin 4n tap
trung nghién ctiu:

1. Bdi todn toi da ham k-submodular véi rang buéc chi phi (k-Submodular
Maximization under Knapsack constraint - KSMK). Su chuyén huéng da dang
nghién cifu v6i k-submodular dudc quan tidm vi phit hop vé6i nhiéu 16p bai todn
ma ham submodular chua di dé€ gidi quyét, nhu tip cac phan ti dudc phan loai
thanh céc tip con khic nhau, hodc dudc chon tif nhiéu nguodn tai nguyén khac
nhau... Cac nha nghién cttu da md rong ham submodular thanh k-submodular (£ >
2) [125, 110, 109, [126]. Khi d6, ham muc tiéu sé dugc md rong thanh f : (k +
1)V — R,. Cé4c tng dung cla bai toan t6i da ham k-submodular c6 thé 4p dung



vao ti da anh hudng clia k chd dé, tdi da thong tin lan truyén cia k chi dé, dit &
loai cam bién...

Pudc md rong ti bai toan tdi da ham submodular véi rang buéc chi phi (SMK),
bai toan kKSMK xem xét tdi da ham muc tiéu k-submodular véi rang budc chi phi
cho trudc.

2. Bai todn tdi da ham submodular véi rang buéc chi phi ¢é nhiéu (Submod-
ular Maximization subject to Knapsack constraint under Noises -SMKN). Bai toan
t6i da ham submodular véi rang budc chi phi, SMK, dugc xem 12 tdng quat hon so
v6i rang buoc luc Iuong. Rang budc niy yéu cau mdi mot phan ti e trong tap dit
liéu dau vao V' sé c6 mot chi phi duong c(e) > 0 d€ hoat dong, do viy, can phai
tim 10i gidi sao cho gid tri 1¢i ich f(-) thu dudc 12 16n nhAt ma t8ng chi phi cda tap
161 giai ¢(S) khong vudt qua ngan sach cho trude. Nghién citu giai bai toan SMK
c6 kha ning ap dung vao nhiéu trudng hop trong thuc té khi kinh phi, thdi gian
hay con ngudi bi giGi han [146, 1, 67, 24].

Tuy nhién, viéc tinh toan chinh x4c hAm muc tiéu f 12 bat kha thi, nén can uéc
lugng xap xi F véi sai s6 € € (0,1) cho né. F' con goi 1a uc lugng nhiéu cta f.
Tuy nhién, cac nghién cttu hién nay chua xt ly nhiéu khi tinh toan véi F'. Cho nén
luan 4n dit van dé gidi bai toan SMK nhung c6 xi 1y nhiéu qua bai toan SMKN.

3. Bai todn Phu Submodular trén lwéi nguyén (DR-Submodular Cover over
integer lattice - DRSC). Trong khoa hoc mdy tinh, bai toan dbi ngiu clia tbi da
ham submodular 12 Phi Submodular (Submodular Cover - SC) ciing c¢6 nhiéu ting
dung co gia tri [145, 98, [107].

Néu nhu t6i da ham submodular tuong duong véi tim phi cuc dai, thi SC 1a
bai todn tim tap phu tdi thiéu sao cho gia tri ham f(-) khong thip hon mot ngudng
a > 0. Gid tri cta bai toan SC thé€ hién khi n6 tong quét héa cac trudng hgp khong
doi héi 1¢i ich thu vé& cao nhat ma chi can dat mifc nao do, nhung phai dam bao tbi
uu vé chi phi con ngudi, ngan sach, thoi gian...

Tuy nhién, SC xét ham f 12 ham tip hop chua gidi quyét dugc tinh hubng mor
phan ti tét ¢6 thé duoc chon di chon lai nhiéu lan. Vi du dai Iy ban chay thi nha
phan phdi sé chon di chon lai d&€ phan phdi san pham. Céc trudng hop tuong tu nhu
vy can dua bai todn 1én 1u6i nguyén (integer lattice) d€ giai. Ham submodular mé
rong trén ludi nguyén véi f : 2V +— R tr§ thanh f : Z¥ +— R,. Submodular da
dugc mé rong thanh DR-submodular va lattice submodular trén 1u6i nguyén véi
mot s6 khéc biét vé tinh chat [128]]. Bai todn SC lic nay dudc tdng quat thanh Phu
DR-submodular (DR-Submodular Cover - DRSC).



3. Cac thach thie dat ra

Theo xu thé, luin an lua chon huéng nghién ctiu cac thuat toan xap xi giai bai
todn t6i da ham submodular c¢6 rang budc. Tuy nhién, thach thic chung ctia huéng
nghién ctu nay la:

1. Cac thuat toan phai phai d6i mit véi van dé thdi gian chay khi dit liéu dau
vao tang 1én. Ban dau, Nemhauser va Wolsey [101}102]] da chiing minh dudc giai
thuat tham lam gii bai todn t6i da ham submodular cho 13i gidi x4p xi v6i ti 18 tt
nhét, dat (1 — 1/e) ~ 63% 10i gidi t6i uu. Tuy nhién, phuong phap tham lam lam
bling nd s6 t& hop can tim nén thuit todn nay trd nén bat kha thi véi dit liéu 16n.
Chinh vi thé, nghién ctiu hién nay rit can cdc thuat todn cai tién nham giam gidi
quyét van dé thoi gian chay;

2. Cac bai toan tdi da ham submodular thudng 1a cac bai todn NP-kho, NP-
day dd, tham chi viéc tinh toan ham muc tiéu con 13 #P-Kho (bai toan t6i da anh
hudng [43]). C4c bai toan nay déu khé tim 16i gidi trong thoi gian da thifc. Cong
vao do6 1a su kho khin khi dif liéu dau vao ngay cang 16n. Vi thé, ngudi ta thuong
dua ra mot ham udc lugng xAp xi F' clia ham muc tiéu f vdi sai s6 € € (0, 1). Udc
ludng nay con goi 1a udc luong nhiéu. Thai gian gidi quyét bai todn bi &nh hudng
dang ké bdi nhidu 1am nay sinh van dé can x{ 1y nhiéu trong bai toan.

3. Nhiéu tng dung trong thuc tién can md rong hodc bién thé bai toan tdi uu
ham submodular va can cic phuong phap gidi phit hgp. Nghién cifu bai todn tbi
uu ham submodular do vay can c6 su md rong khong gian tim kiém, xét v6i nhiéu
diéu kién rang budc khic nhau, x 1y nhiéu, nghién citu bién ddi vé mit tinh chét
ctia ham muc tiéu... d€ dap ting ngay cang nhiéu hon céc kich ban khic nhau trong
thuc tién. Do dd, cdc nghién ciu giai cdc bai todn bién thé, bai todn md rong cla
t6i tu ham submodular 1a can thiét.

Dic biét, khi lua chon ba bai toan nghién ctiu kKSMK, SMKN va DRSC, mobi
bai toan lai c6 nhiing thach thuc riéng:

1. Doi véi bai todn KSMK.

- Su khac nhau vé ban chat ctia hAm submodular va ham k-submodular dan t6i
4p dung phuong phap di c6 v6i submodular sang k-submodular chua chic da kha
thi hodic hiéu qua bi gidm xudng;

- Rang budc chi phi 1am cho c6 nhiéu 15i gidi du tuyén véi nhiéu chi phi khac
nhau, viéc chon gidi phap tot nhat gitta rit nhiéu gidi phap lam anh hudng dén thoi
gian chay cua thuat toan;

- Van dé giam do phtic tap truy van, gép phan gii quyét van dé thoi gian chay
can nhiéu déng gép mdi;



- VAn dé ham muc tiéu khong don diéu trd nén thach thic hon do phai nhanh
chéng loai bd cic phan t 1am giam chit lugng ham muc tiéu.

2. Déi vdi bai todin SMKN

- Bai toan SMKN 12 mdt bai todn méi, chua c6 cdng bd ndo vé bai todn nay;

- Thach thidc ctia rang budc chi phi (giéng bai todn kKSMK) va udc luong nhiéu
F’ cua ham muc tiéu f;

- VAn dé thdi gian chay va khong gian luu tri.

3. Déi vdi bai todin DRSC

- Ham submodular trén ludi nguyén c6 su bién d6i vé tinh chat. Pay 1a mot van
dé con rat méi, cac nghién ciu vé n6 chua nhiéu [128 87, [129];

- DRSC yéu cau tim kiém 13i gidi trong khong gian Z chiéu, 16n hon rat nhiéu
so v6i khong gian 2 chiéu ctia ham tap hop submodular. Do vay, viéc dé xuat thuat
todn xap xi canh tranh v6i do phiic tap truy van tuyén tinh rt khé trién khai trén
luGi nguyén.

4. Muc tiéu nghién citu dugc dat ra

Luan 4n chon cht dé nghién ctu: “Mét s thudt todn xdp xi cho bai todn tdi
uu ham dang submodular voi rang budc”. Trong do, do tinh doc ddo, gia tri thuc
tién 16n ctia ba bai toan di néu, cling vdi céc thach thiic clia chiing, luan 4n dit van
dé nghién ctiu cic thuat toan xp xi d€ gidi quyét cac bai toan nay. Trong d6, muc
tiéu chung 12 cac thut toan x4p xi phai hiéu qué vdi ti 1& xap xi canh tranh va giam
do phuc tap truy vin. Muc tiéu cu thé nhu sau:

1. Nghién cttu bai toan 1 - KSMK véi cac muc tiéu:

- Pé xuit cac thuat todn xap xi gidi quyét bai toan KSMK;

- Giai bai toan tdng quat. Céc thuat toan dé xuat cho 15i giai véi ti 1& xap xi
hing s6 canh tranh, va gidm d6 phiic tap truy van xudng con tuyén tinh hoic gia
tuyén tinh;

- Thuc nghiém trén mot vai kich ban cho thiy su tiém can giita ly thuyét véi
thuc nghiém.

2. Nghién cttu bai toan 2 - SMKN véi cac muc tiéu:

- Xay dung md hinh bai todn t6i da hAm submodular vé6i rang budc chi phi duéi
su tac dong cua 2 loai nhiéu: nhiéu cong va nhiéu nhan;

- P& xuit cic thuat toan Ludng xap xi hiéu qua gidi quyét bai toan SMKN.
Thuat toan cai tién can cho ti 1& xip xi canh tranh nhung gidm thdi gian chay va
dung lugng Iuu trif cac phan tif so v6i thuat todn tham lam;

- Uéc lugng xap xi ham muc tiéu trong mdi trudng nhiéu;

- Thuc nghiém trén mot vai kich ban cho thiy su tiém can gitta ly thuyét véi



thuc nghi€ém.

3. Nghién ctiu bai toan 3 - DRSC véi cac muc tiéu:

- Nghién cttu tinh chat DR-submodular va mé hinh héa bai toan DRSC;

- P& xuit thuat toan xap xi hiéu qua giai quyét bai toan DRSC. Véi bai todn
nay, huéng thuat todn dé xuat dua trén thiét ké song song vdi do phiic tap truy van
va do phiic tap song song thap.

5. Phuong phap nghién ciu

Trén co s clia nhitng diéu kién va dic diém nghién cifu c6 lién quan, cich
tiép can hop ly dé dat dugc muc tiéu nghién cifu 12 viéc sit dung cac phuong phap
nghién citu bao gém:

- Phan tich c4c ngudn tai liéu nhu bai bdo, sich, bai giang...;

- Phan tich va téng hop ly thuyét vé cac phuong phap thiét ké thuat toan, dic
biét 1a thuat toan xap xi, cdc phuong phdap cai tién;

- Phuong phap chuyén gia: hoc hoi, tham khao dong gop, gop y cua cac chuyén
gia, cac nha khoa hoc, cic gidng vién c6 kinh nghiém vé gidi quyét bai toan tdi da
ham submodular va cong tac nghién cuiu;

- Phuong phap thuc nghi€ém khoa hoc: xay dung thuc nghi€m trén cac ing dung
cu thé, ki€ém thit chuong trinh, nhan xét va cai tién phu hop.

Tir cac phuong phap néu trén, ching toi d tién hanh khéo sét, phan tich cac
cong trinh da cdng bd c6 lién quan. Trén co s d6, luan 4n dé xuét cac thuit todn
méi gidi quyét cdc bai todn t6i uu ham submodular ¢6 rang budc.

Pic biét, cac dé xuit méi déu dudc phan tich danh gid, chiing minh chit ché
thong qua céc phan tich ly thuyét dudc phat bi€u dudi dang cac bé dé, dinh 1y, hé
qua. Ngoai ra, cac két qua ly thuyét con ducc két hop véi cac phuong phap thuc
nghiém trén may tinh véi cdc bd dit liéu chuan da dudc cong bd & cic cdng trinh
ndi tiéng, v6i cac thiét 1ap tham sb khac nhau nhim dam bdo tinh khach quan vé
hiéu qua ctia phuong phap dé xut.

6. Nhitng déng gép chinh va bd cuc ctia ludn an

Lu4n 4n da thé hién nhiing dong gbp sau:
1. Bé xuit céc thut toan xAp xi giai quyét bai toan kSMK trong hai trudng hop
ham muc tiéu k-submodular don diéu va khong don diéu.

- V6i ham don diéu, luan 4n dé xuét 03 thuat toan xAp xi véi do phic tap truy
van tuyén tinh. Trong d6, thuat todn tot nhat niang ducc ti 1& xap xi so vé6i thuat
todn tot nhat hién nay ma van giam do phtc tap truy van xudng mot hé so.

- V6i ham muc tiéu khong don diéu, luan 4n dua ra dugc mot thuat todn cdi tién



cho ti 1¢ x4p xi tot tuong duong thuat toan x4p xi tét nhat hién nay nhung gidm do
phtic tap truy van xudng mot hé sb.

- C4c thuc nghiém cho thiy cdc thuit todn ctia luin 4n cho chit lugng 16i gii
canh tranh, gidm thdi gian chay dang ké, dic biét khi dit liéu diu vao va ngan sich
tang 1én.

Céc két qua nghién ctiu da dudc cong bd tai: hdi thao qubc té the 9th IEEE
International Conference on Data Science and Advanced Analytics (DSAA), 2022
(RANK A), tap chi Computers & Operations Research (ISI/Q1), va hoi thdo qubc
té the 15th IEEE International Conference on Knowledge and Systems Engineering
(KSE), 2023.

2. Pé xuit cac thuat toan xap xi gidi quyét bai toan SMKN véi hAim muc tiéu
submodular don diéu. Luan an dé xuat 02 thuit toan, mot 1a thudt toan tham lam
va hai 12 thuat toan ludng cai tién thuat toan tham lam véi cdc ddm bao 1y thuyét
tuong duong va gidi quyét van dé thdi gian chay, khong gian Iuu trit. V6i nghién
ctfu ndy, luin 4n cling trinh bay phan thuc nghiém cho thiy thuit toan cai tién cho
gia tri ham muc tiéu t6t gan bang tham lam, trong khi thdi gian chay va bo nhd tiét
ki€m hon.

Céac két qua nghién cttu da dudc cong bd & tap chi Asia-Pacific Journal of Op-
erational Research, tap 39, sd 6, 2022 (ISI/Q3).

3. Dé xuét mot thuat toan xAp xi tiéu chi kép dugc thiét ké song song hoa giai
quyét hai 16p bai toan, DRSC va SC. Thuit toan cho chit lugng 13i gidi tot tuong
duong vé6i thuat todn tiéu chi kép t6t nhat hién nay cho DRSC, song thuit todn
giam dugc dang k€ sd lugng truy van, sd luong vong tuan tu, qua dé gidm dudc
thoi gian chay.

Céc két qua nghién cttu da dudc cong bd tai tap chi Information Processing
Letters, tap 182, 2023 (ISI/Q3).

Ngoai phan md dau va két luan, luin 4n chia thanh 04 chuong:

Chuong 1 trinh bay bai todn tdi vu ham dang submodular, tinh chit ham
submodular, cdc ting dung cia bai todn t6i vu ham submodular. Pong thdi, chuong
nay ciing gidi thiéu vé thuat toan xap xi vdi cac khai niém vé cac dam bdo 1y thuyét
cua thuat toan.

Chuong 2 trinh bay cac két qui nghién citu ddi v6i bai toan tdi da ham k-
submodular véi rang budc chi phi (Bai toan KSMK). Chuong nay gidi thiéu cac
thuat todn dé xuét giai quyét bai toan cho hai trudng hop, ham muc tiéu don diéu
va khong don diéu. Ngoai ra, luan 4n con trinh by két qua thuc nghiém trén céc
b0 du li€u thuc.

Chuong 3 trinh bay cac két qua nghién citu d6i vé6i bai todn tdi da ham sub-



modular véi rang budc chi phi trong moi trudng c6 nhiéu (Bai toan SMKN). Ham
muc tiéu f dugc uéc lugng bang ham F vé6i hé sb nhiéu ¢ € (0,1) dudi hai mo
hinh nhiéu cdng va nhiéu nhan. Luin 4n ciing dé xuat cac thuat todn xip xi gidi
quyét bai toan bang hai phién ban, thiét ké tham lam, va phién ban cai tién dya trén
thuat todan ludng. Chuong nay ciing trinh bay cac két qua thuc nghiém trén cic bod
du liéu thuc.

Chuong 4 trinh bay cdc két qua nghién ctiu dbi v6i bai toan Phi Submodular
trén ludi nguyén (DRSC). Chuong nay trinh bay thuit toan song song tiéu chi kép
dua trén khai niém do6 phic tap song song nham gidm thdi gian chay. Két qua vé
mit Iy thuyét cta thuét todn cho thiy ti 1& xip xi canh tranh, d phuc tap song song
va do phiic tap truy vain gidm xudng so vdi cac phuong phap hién co.



) CHUONG 1
BAI TOAN TOI UU TO HOP HAM DANG SUBMODULAR

L4p bai todn quan trong trong khoa hoc mdy tinh 1a 76i uu t6 hop (Combina-
torial Optimization - CO), mdt 16p con cia cac bai toan Vdn tru hoc (Operational
Research - OR). Toi uu t6 hgp thudng dudc 4p dung 1am mo hinh d€ gidi cho nhiéu
bai todn ting dung khac nhau nhu tim dudng di ngin nhét, 1ap lich, lan truyén tiép
thi [43, 37, [79]]... Nhiing bai todn nay quan tAm dén tim mot tap 19i gidi sao cho
mot yéu cau nao d6 12 tot nhat hodc tét hon mot gid tri nao doé.

Tuy nhién, cdc bai toan CO hau hét 1a NP-kh6, NP-day di nén céc k§ thuat
giai chinh xdc khé tim dudc 16i giai trong thdi gian da thiic, can phai tim 15i gidi
gan ding [79]. Cc phuong phép gii gin diing céc bai toan CO gdm c6 céc thuat
todn dua trén kinh nghiém (heuristic va metaheuristic) va cac thuat todn xap xi.

Tuy nhién, nhudc diém cla cac phuong phap tim kiém dua trén kinh nghiém
12 khong chi ra ddm béo ly thuyét so vdi 19i gidi tét nhat thi 16i giai ndy ding dudc
bao nhiéu %. D6i khi, thiét ké mot thuat todn c6 thé din t6i két qua toi, anh hudng
t6i thoi gian kiém nghiém, tinh chinh cdc tham sd clia thuat todn.

Thudt todn xdp xi (approximation algorithm) véi cac ddm bao Iy thuyét dudc
chi ré khic phuc dudc cac nhudce diém néi trén. Giai xap xi tic 12 dua ra 16i giai
gan ti uu.

Vi viy, luan 4n nghién ctiu gii bai toan CO ham dang submodular bang cic
thut toan x4p xi. Him submodular méi dugc nghién ciu trong vong 20 nim va
trd nén thu hit trong thdi gian gan day [86) 85|, 34, [1, 67, 24, 41|, 35|, 44]]. S& di
bai toan nay dudc quan tAm do tinh chit doc ddo ctia hAm muc tiéu submodular
1am cho nhiéu bai todn ting dung thuc tién nhu tém tit vin ban [98], dit cdm bién
giam sit chét lugng nudc hodc du bdo thai tiét [80], tdi da dnh hudng trén mang
xa hoi [43]]... co thé gidi dude dudi géc nhin cia mot bai todn toi vu. Trong do,
bai todn t6i da ham submodular, SM, dugc danh gia 1a mot trong cac bai todn dic
biét nhét khi c6 thé nhanh chéng thu thap va xt 1y thong tin ma khong tao ra sy du
thira, 1ang phi hay 1am mat mat thong tin [13]).

1.1. Bai toan CO tdi da ham submodular
1.1.1. Phat biéu bai toan

Bai toan CO tdng v6i mot bd ba (S, f,C) yéu cau:

(min) max f(s)

stseS.



Hodc tim s* = arg(min) max,cg f(s). C6 nghia la tim tip s sao cho f(s) dat gia
tri 16n nhét hodc nhé nhét véi mot s rang budc C d6i véi s. f(-) duge goi 1a ham
muc tiéu, s € S 12 16i gidi hodc phucng an chip nhan dudc, va S 1a tap cac phuong
an dudc xét. s* ducc goi 1a 16i gidi tdi wu. V6i bai todn tim gid tri 16n nhat thi
f(s*) > f(s) v6i moi 16i gidi s. Bai todan SM phat biéu dudi dang mot bai toan
CO nhu sau:

Pinh nghia 1.1 (Bai toan SM). Cho tip c6 s¢ V va ham f : 2" — R, 13 ham tap
hgp submodular (v6i f(f)) = 0), bai todn cén tim:

max f(.9) (1.1)
stSCV,

v6i C la rang budc cho trude cua bai toan.
Mot s6 trudng hop phé bién ctia C la:
- C = (): bai toan khong rang budc;
- C ={|S] < k}: rang budc luc lugng;
-C={VAC BCV, f(A) < f(B)}: polymatroid (ham f cé tinh don diéu)};
- C ={c(S) < B} v6i ¢(S) la chi phi cta tap S, B la ngan sach cho truée, day
la rang budc chi phi.

Mot luu y khi gidi cac bai toan SM, d6 1a ngudi ta luon gia st da cho trude
cach tinh ham f. N6i cach khéc, ton tai mot hop den sao cho véi moi dau vao
S C V qua hop den nay déu tinh dugc f(.9). Gid tri f(S) lic nay dudc goi la gid
tri wdc luong (oracle) ciia ham muc tiéu, hodc néi ngan gon 1 gid tri cia ham muc
tiéu. Hién nay, ngudi ta rat quan tAm dén sb 15i goi cac u6e luong nay va dua ra
mdt phép do quan trong d€ danh gia do phiic tap clia thuat todn 1a sé lugng truy
vdn (query) dudc thé hién bang dé phiic tap truy vin (query complexity).

Piéu 1am nén sy dic biét ctia bai toan SM 14 tinh chit submodular ctia hAm
muc tiéu. Phan tiép theo sé& nghién ctiu sdu hon vé ham nay.

1.1.2. Ham muc tiéu submodular
1.1.2.1. Dinh nghia

Phan 16n c4c bai toan tdi wu ham dang submodular 1am viéc véi ham sub-
modular 1a ham tap hop [90, 94, 75, 111, 10, 3,160, 152, [19]... Viéc ting dung ham
submodular cho nhiéu 16p bai toan cho thiy ham nay c6 tinh chit rit manh mé va
cho nhiéu 1¢i ich khi ing dung vao trong t6i uu.

Vé mit ly thuyét, ham submodular dugc phat trién vao nhitng nim dau cia
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nhting nam 50 bai cac nha khoa hoc nhu H.-Whitney va W.T. Tutte, G.Choquet va
0.Ore ... Pén nhitng nim 60, ly thuyét vé submodular bat dau nd ro véi cac nghién
ctiu cua J.Edmonds xét v6i rang budc matroid va polymatroid [58]. Fujishige da
gi6i thiéu mot cach chi tiét lich st hinh thanh, phat trién cic nghién citu vé ham
nay [S7,58]]. Ham submodular la mdt ham trén mot ludi phan tan, mdt mang con
ctia mot ludi Boolean

Ham submodular, con goi 1a ham c6 tinh chit submodularity, dudc phat biéu
nhu sau:

Pinh nghia 1.2 (Ham submodular [59]). Cho V' 1a mot tip hitu han khong rong
va D 12 mot tap hop cdc tip con clia V' tao thanh mot 1udi phan phdi véi cac phép
todn U, N 1a cdc toan tif trén ludi. Co nghia 1a v6i moi thp X, Y € D chiing ta c6
XUY, XNY € D.Pit f: D+ R1a mot ham submodular trén 1u6i phan phdi
D, thi f théa man bit dang thiic sau:

VXY €D: f(X)+ f(Y)> f(XNY) + fF(XUY). (1.2)

Ham submodular dugc xay dung trén mot ho D cac tap con cua V, khi do,
bét déng thic yéucdu X,Y, X NY,XUY CD.ViD C 2" nén ham muc
tiéu f tré thanh: f : 2V — R v6i V con goi 1a tap co s3. Do vay, bai toan SM c6
ham muc tiéu submodular dugc mo6 ta nhu Pinh nghia [1.3|duéi day.

DPinh nghia 1.3 (Ham submodular). Cho V' 1a mot tap hitu han khong rong dudc
goi 12 tAp co 58, ham f : 2V +— R, 12 mot ham submodular khi va chi khi né thda
man bét dang thiic sau:

VX,Y CV:f(X)+ f(Y)> f(XNY)+ f(XUY). (1.3)

Khong gidm tdng quat, ham f : 2V — R, tic 1a f(S) > 0,V.S C V. Ly giai
12 vi v6i f bat ky ta hoan toan c6 thé cong thém cho né mot hing sb ¢ d€ f(-) > 0
ma tinh chét submodular vin dudc bio toan [57]. Thém vao do, ludn cb gia su
f(0) = 0 biéu thi dbi véi tap rébng, ham khong thu duge mdt 1gi ich nao.

D6i nglu véi submodular 13 ham supermodular | Trong luan 4n, mot s6 thuat
ngit viét bang tiéng Anh nhu modular, submodular, submodularity, matroid, poly-
matroid... s€ dugc git nguyén.

Mot luéi Boolean B 1a mot 1u6i phan phdi trong dé mdi phin tit = € B déu c6 mdt phan bu z € B sao
chox ANT=0,2VT=1,T=z,(xANy) =ZVY,zVYy=TAY

2Ham c6 tinh chét supermodular 12 ham c6 tinh chit: VX, Y € D : g(X)+g(Y) < g(XNY)+g(XUY).
Khi ddu = ciia bat déng thiic x4y ra, ta néi ham c6 tinh modular.
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1.1.2.2. Tinh chat l¢i nhuén hiéu suit giam dan

Khi nghién citu, ham submodular dudc chi ra c6 su phit hop véi tinh chdt loi
nhudn hiéu sudt gidm ddn, mot tinh chat rit ndi tiéng thudng dung trong kinh té
hoc. Chang han dbi v6i doanh thu ctia mot ctia hang, gia tri déng gép vé mit 10i
nhuin ctia mot mit hang ban dudc dbi véi tdng doanh thu clia cira hang khi ban
dugc it hang sé 16n hon khi cira hang da ban dudc nhiéu hang hon. Diéu nay ciing
gibng nhu khi ai d6 chua cé dong tién nao trong tai khoan, thu nhap thém 1 triéu
dong c6 y nghia hon, hay c6 gid tri dong gép 16n hon khi tai khoan di cé hang
trim triéu dong. Toi da doanh thu hay t6i da 10i ich 1a cdc thé hién rat cu thé cla
t6i da ham submodular (Hinh [L.1)).

Gia st tap A C V 1a mot tap cac ngudi dung hoidc hoat dong dau tu nao do
cho 1gi ich 1a f(A). Ham submodular f mang y nghia sau khi thuc hién mot loat
cac hanh dong cua tap A, loi nhudn bién (marginal gain) ﬂ ctia bat ki mot phan ti
e nao do sé khong tang khi thuc hién cac hoat dong trong tap V' \ A.

Do d6, ham submodular trén tap hop 12 ham c¢6 tinh chit loi nhudn hiéu sudt
gidm dan (diminishing returns property) tu nhién dugc phat biéu nhu sau:

DPinh nghia 1.4. (Tinh chit 16i nhun hiéu suit gidm dan ctia ham submodu-
lar [13]) Ham tap hop f : 2V — R, 12 ham submodular va cac tip A C B C V,
v6i moi e ¢ B ta c¢6 1¢i nhuén bién cia e khi dong gbp vao tip nho hon, A, s€ it
nhét bang 1oi nhuan bién khi déng gép e vao tap 16n hon, B:

f(AU{e}) = f(A) = f(BU{e}) — f(B). (1.4)

Hinh minh hoa cho ham muc tiéu c6 tinh chét 1¢i nhuin hiéu suit gidm
dan trong bai todn dit cAm bién. Péng gép 10i ich c6 dudc bdi dit mot cam bién
S’ trén mot so dd da dit cac cadm bién S, S, khong ting khi chiing ta dit tai so do
c6 thém cac cadm bién Ss, .

1.1.2.3. Ham submodular don diéu

Mot 16p bai toan con quan trong khi nghién ctiu vé ham submodular d6 1a
ham c6 tinh chdt don diéu tdng, néi ngan gon 1a tinh chit don diéu (monotone).
Ham don diéu néi riang khi ting kich cd clia tap dbi so thi gid tri ciia ham khong
bi giam di.

Pinh nghia 1.5. (Tinh chét don diéu [80]) Ham f : 2" +— R, 12 ham submodular

3Poi khi cdc tai liéu con sit dung cic thudt ngii tuong tu nhu marginal profit, marginal benefit, hoic
contribution gain.
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Hinh 1.1: Bai todn tim vi tri dit cdm bién ham muc tiéu c6 tinh chit 16i nhuan hiéu
suat giam dan [81]].

don diéu néu v6imoi tap A C B C Vtaco f(A) < f(B).

Luu y 12 hAm f s& chi don diéu khi va chi khi tt ca céc 10i nhuan bién cia
moi tip con déu khong am, tic 12 v6i moi VA C B C V vae € V thi c6:

Ale|A) > A(e|B) (1.5)

Bt dang thiic nay hai khac mot chiit véi bat dang thiic § Pinh nghia|l.4, Vi dinh
nghia phai dua thém rang budc e ¢ B, v6i ham submodular don diéu thi rang budc
nay khong can nifa.

Mot ham 1a submodular don diéu tdng, chuan héa f(()) = 0, thi ham do6 la
ham polymatroid [59]. Ham Entropy dudc xem la mdt ham polymatroid nhung
n6 khong bao gdbm moi ham polymatroid. Him Entropy dugc st dung dé do chét
lugng thdng tin do cAm bién thu dudc trong bai todn dit cdm bién [81]).

Ngoai tinh chit 16i nhuin hiéu suit giam dan, tinh don diéu, ham muc tiéu
submodular con c6 thé bi€u hién thanh nhiéu tinh chat khac nhu tinh phan ra, tinh
cit bét, tinh thing du [80, [13]... Su phong phd, linh hoat ctia ham submodular
khién cho n6 c6 thé ap dung vao giai nhiéu bai todn khac nhau véi cac phuong
phap giai khac nhau dugc van dung trong thuc tién va trong nghién cuu.

1.2. Lgiich va @ng dung ctia t6i da ham submodular
1.2.1. Lgi ich cta t6i da ham submodular

Bai toan t6i da ham submodular, SM, thudng ducc dp dung khi can thu thap
thong tin nhiéu nhit c6 thé, hay khi ai d6 muén khuyén khich tinh da dang, tinh
doc 1ap, c¢6 su lan truyén hodc phan tan thong tin [13]. Su linh hoat cia ham
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submodular 1am cho thong tin ¢6 thé dudc thu thap va x{ ly hiéu qua. Cu thé, bai
toan SM mang lai cac 1gi ich trong ting dung nhu sau:

Dau tién, ham submodular cé thé’ hoat dong giong nhuw mot dang ham thong
tin. Chang han ham thong tin phu thudc 14n nhau 13 mot ham c6 tinh submodu-
lar [80]. Vi thé, bai todn SM c6 thé mo hinh héa cho céc bai toan can thu thap
thong tin hd trg cong tac du bao va ra quyét dinh nhu dit cdm bién [81]], xay dung
cac hé thdng goi y [107, (111, [64], 1an truyén thong tin [43], (105, 23]...

Tha hai, cuc dai ham submodular tao ra su da dang cua théng tin. Xu huéng
clia ham submodular khi chon mot phan tit méi thém vao tap 16i gidi 1a n6 sé chon
phan tif nao khac biét nhit so vi cac phan ti da chon. Do vay, cuc dai mot ham
submodular sé chon ra cdc phdn tit khdc nhau nhdt. Cac phan ti gibng véi cac
phan tt di dudc chon sé mat di gia tri so véi gid tri cbt 16i clia nd, trong khi cic
phan ti khic chua chon sé khong bi gidm di.

Hé qua l1a bai todn SM sé chon ra tdp con khong du thita va vi vdy khong
lang phi. Viéc cuc dai mot ham submodular thanh cdng lién quan dén lua chon
cac phan ti khac nhau, d6 chinh 1a dinh nghia cta sy da dang. Su da dang néi
chung la mdt khia canh cyc ki quan trong trong hoc may va tri tué nhan tao. Su
thién vi trong khoa hoc dit liéu va hoc mdy thudng c6 thé dugc coi 1a su thiéu da
dang & dau d6. Ham submodular c6 kha ning khuyén khich (va thim chi ddm béo)
su da dang, ting cudng su cin bang va gidm su sai 1éch trong tri tué nhan tao. Tay
nhién, d€ mot ham submodular c6 thé mo hinh su da dang mot céach thich hgp, né
can phai dudc khdi tao mot cach phu hop.

Thii ba, bai todn SM sé han ché sw mdt mdt thong tin. Néu tim ra mot tip nho
ma c6 thé dai dién cho gan hét hoic tit ca cdc gia tri clia toan thé (chinh 12 cuc dai
héa) thi thong tin sé khong bi mit mat khi do bang ham submodular. Khi d6 tap
con dudc chon tuy ¢ nhd ma hiéu qua khi biéu dién toan bo thong tin ciia ca tap
dit liéu c6 kich ¢d 16n hon rat nhiéu. Viéc ap dung SM vao cac bai toan chon tip
con dic trung da dudc khang dinh phat huy hiéu qua [120].

Tir d6, cho thly mot wu diém quan trong ctia SM, 1a giip gidm duoc kich
thudc dit liéu. Nhiéu tng dung nhu ty dong tom tat tai liéu [99] 04} [5]], tém tit hinh
anh [86] 34]... da dudc chi ra c6 thé 4p dung md hinh bai toan SM dé giai. Piéu
nay 13 hét stic can thiét véi ky nguyén cia dit liéu 16n va nhu cau thu thip va phan
tich thong tin ngly cang cap thiét hién nay.

Dt liéu thu thap tif nhiéu ngudn khéac nhau ngly cang khdng 16 1a ngudn dau
vao quy gid dé€ dua vao cac mo hinh huin luyén phuc vu céc bai toan nhu nhan
dang, xt Iy ngdn ngit tu nhién... Tuy nhién, n6 cing doi hdi mot chi phi 16n dé
thu thap, luu trit, phan tich, gan nhan cho cac du liéu. Hon ntta, di li€u thu thap
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cang nhiéu, kha ning dit liéu bi tring 1ip lai cang 16n giy ra su lang phi vé mit tai
nguyén, cong stc, tién cla...

Bai toan SM chon ra mot tp con S dic trung cho ca tap di liéu V khéng 10,
v6i | S| < |V| da gidp cho lugng dit liéu can xt 1y dugc gidm di dang ké. Néu V
12 mot tap huan luyén di 16n d€ huin luyén cho mot mang no-ron hoc sau, 16i gidi
clia bai toan SM sé tra vé mot tap con S kich thudc k& nhd hon nhiéu kich thuée
clia tip V' d€ huin luyén thay vi ca tap V. R0 rang, tp nay hoat dong tét hon nhiéu
so v6i mot tip hop con ngiu nhién dong nhat c6 kich thuée k.

Cubi cung, viéc xt 1y dit liéu dudi géc nhin cia t6i uu hda, xay dung bai todn
ting dung bang cach dua vé bai toan SM, tim ra cic thuit todn xap xi cai tién giam
dd phiic tap thoi gian, dd phic tap bo nhé gitip cho ung dung duoc chay nhanh
hon, gidm bét yéu cdu vé tai nguyén mdy tinh. Diéu niy gép phan tao ra mot huéng
di trong thuc nghiém, khi ma ciac md hinh huin luyén thudng gip trong hoc mdy
c6 thé ton rat nhiéu thdi gian va tai nguyén dé thuc hién.

Tu céc 1di ich néi trén, cho thiy tng dung bai todn SM c6 y nghia thiét thuc.
Phan tiép theo sé gidi thiéu mot s6 ting dung cu thé clia bai todn nay.

1.2.2. Ung dung ctia bai toan SM
1.2.2.1. Tém tat dir liéu

Tém tat dit liéu c6 nhiéu tng dung khac nhau nhu tém tat vin ban, tém tat
hinh dnh (Hinh[1.2)... Pay la cdc bai toan phd bién trong hoc mdy hién nay, xuét
phat tlf yéu cau cd nhan héa, tu dong héa trong dich vu va san xuit trudc sy bung
nd cha dit liéu truc quan. Vi du: Céc hé théng goi y tim kiém, goi y phim 4nh theo
thi hiéu ngusi diing.

V6i thdi dai hién nay, dit liéu ngay cang bung nd. Do d6 cdc bai toan thu thap
va phan tich dit liéu phai ting chi phi d€ xt 1y dit liéu. Tir d6 dan ti yéu cau chon
loc dé dit liéu dudc dung hiéu qua va giam sd luong tring ldp, du thira. Tt d6 hinh
thanh 16p bai todn tém tat dit liéu, trich chon tap con dic trung S dai dién cho ca
tap du liéu V.

Iyer va cong su [120] da trinh bay mot vai cach tiép cin cho bai todn nay nhu
xap xi gradient, xdy dung bo huin luyén, dua trén phan phéi... Dic biét, cic tac
gia cling chi ra ring cdc hudéng nghién ciu trén déu c6 thé dua vé st dung ham
submodular nhu mot ham dai dién d€ lwa chon tp hop con di liéu. Bai toan tém
tat dit liéu khi d6 dudc phat biéu nhu sau:

Dinh nghia 1.6 (Tom tit dif liéu). Cho mot tap cd sd V = {1,2,...,n}. Ta dinh
nghia ham: f : 2" — R, do muc dai dién (muc phi) ctia mot tap con S C V dbi
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STORY HIGHLIGHTS Washington [CMN]} — President Donakd Trump struck a
unifying tone Monday as he addressed the devastation in
lexas wrought By Hurricane Harvey at the 1op of a joint

The White Housa has yat to say where rnews canference with Finland's president
Trump wll travel

Trump will head to Texas on Tuesday

"We see neighbor helping neighbor, friend helping friend
and stranger helping stranger,” Trump said. "We are one Amencan family. We hurt together, we
struggle tgether and belisve me, we endure together’

Trump extended his "thoughts and prayers” to those affected by the hurricane and catastrophic
flooding that ensued in Texas, and also promised Louizsiana residents that the federal
government is preparad (o ielp as the tropical storm makes S way toward that state

"To the people of Texas and Louisiana, we are 100% with you,” Trump said from the East Room
of the 'White House

Summarized video / images

(a) (b)

Hinh 1.2: (a) Ung dung tém tit vin ban trong diém tin; (b) Tém tat hinh anh nham
thu nho tap di liéu .

v6i tap V. Bai toan yéu cau can tim tip S khong qua k phan ti |[S| < k sao cho
phu (dai dién) cta tap S, f(S), dbi v6i tap V 1a 16n nhét.

Céc cong bd gan day trong hoc may 99]... da chiing minh SM 1a m6
hinh tbt cho bai todn tém tit dif liéu. Tém tat dif liéu cling thudng xuyén dudc dua
vao cdc thuc nghiém nghién cifu vé t6i uu ham submodular 24].
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Hinh 1.3: Lan truyén thong tin trén mang Twitter [[142]]

1.2.2.2. Tbi da anh huéng trén mang xa hoi

Tir khi mang x4 hoi (MXH) xuét hién thi nhu cu lan truyén thdng tin nhanh
chéng trén né xuét hién. Do do, ndy sinh yéu cau st dung MXH dé€ quing cdo,
tiép thi san phdm (tiép thi lan truyén) cho céc t6 chic, doanh nghiép, hoic tuyén
truyén, van dong tranh cii... Tir d6 ndy sinh 16p bai todn lan truyén thong tin hay lan
truyén anh huéng (Hinh [1.3). Bai toan tdi da dnh hudng (Influence Maximization
- IM) 1 chii dé néng trong khoang chuc nim gan day [16, (105, [71} [143]).

Kempe va cong su [43] 1an dau tién phat bi€u bai toan ndy trén hai mo hinh
phat tan thong tin 12 Bdc déc ldp (Cascade Independent - IC) va Ngudng tuyén
tinh (Linear Threshold - LT), sau nay sé& goi tat 1a 2 mo hinh IC va LT. Sau d6, bai
toan dudgc nghién ctu rong rai va mé rong [16, 33, 91} 132} 105, 143, [106]... véi
cdc dé xuit nham ting tdc do thuit toan, thay ddi chién ludc 14y mau nham gidi
dudc véi tap dii liéu c6 thé 1én t6i hang triéu dinh va hang ti canh. Bai toan dudc
phat bi€u nhu sau:

Pinh nghia 1.7 (Bai toan IM [43] ). Mot MXH dudc biéu dién bang mot dd thi
G = (V, E) trén md hinh phat tan thong tin M, trong d6 V' gém n dinh biéu dién
tap ngudi dung trén MXH, tap £ gdm m canh e = (u, v) biéu dién lién két gitta 2
ngudi diung u va v. Cho trudc mdt s6 nguyén duong k& > 0, bai toan yéu cau tim
S C V,|S| < k sao cho anh hudng cta tap S trén tap V, o(S), 12 16n nht.

D& gidi quyét bai toan IM, Kempe [43]] dau tién da chi ra dugc ham muc tiéu
c6 tinh chat submodular. Ong st dung phuong phap gii xip xichotilélal—1/e
bang thuit toan tham lam Leo ddi két hop phuong phéap 1dy mau Monte-Carlo. Sau
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do, Borg va cac cdng su [16] da tao ra mot buSe dot phd trong phuong phap 14y
mau gitp giam dudc thdi gian chay cda thuit toan. Ong da dé xuit mot phuong
phdp goi 1a Ldy mdu dnh hudng ngugc (Reverse Influence Sampling - RIS) xay
dung mot md hinh mdi bién d6i tir mo hinh IC. Ké thira két qua ctia nghién ciiu
nay, nhiéu tc gia da cai tién mo6 hinh RIS [[133] (132, [105} [71]] d€ gidm sb lugng
mau can lay, gidm s6 vong lip, ting toc do thuit todn va giai quyét bai toan IM véi
dit liéu dau vao c6 thé 1én t6i hang trim triéu dinh.

Sau nay, Wang va cong su [143]] da md rdng pham vi anh hudng cia cac nut
bang khdi niém nit dugc thong tin (informed node). Cac tac gia cho rang mot nit
chua dudc kich hoat nhung néu né c6 it nhat mot hang xém 1a nit da dudc kich
hoat thi n6 trd thanh nit c6 dudc thong tin. Nhu vy mot bai todn bién thé mdi cla
bai todn IM dudc dé xuat, d6 1 bai toan 6i da dé phu ciia théng tin (Information
Coverage Maxization - ICM) can phai cuc dai qua trinh lan truyén theo ky vong
gdm c4 nhiing nit dugc kich hoat va nit ngudi dugc thong tin vé su kién. Céc tac
gia da chi ra tai toan ICM ciing hoat dong trén mo hinh lan truyén thong tin gidng
IM va ham muc tiéu ciing c6 tinh chit submodular.

Céc thach thifc ctia bai todn lan truyén thong tin d6 1a cdc bai todn 13 NP-
kho [43], tham chi tinh toan chinh x4c ham muc ti€u thudc 16p bai toan #P-Kho
[31}, 33]). Tuy nhién, do tinh ting dung cao ctia IM trong kinh té, xa hoi nén né thu
hit dudc rat nhidu su quan tAm cda gidi nghién ctu trong thdi gian gin day. Cac
cong bd c6 thé 1a phat trién thuat todn [42, [16], 92, 103, [112] hoidc nghién ctiu cac
bai toan bién thé ctia né [[17, 29} 12, 103, 150 [96]...

1.2.2.3. Téi da hoa doanh thu

Day 1a bai toan bién thé tir bai toan IM & trén. Hartline va cong su [68] 1an
dau tién dit van dé xay dung mo hinh tdi da héa doanh thu tif ngudi mua hang, qua
d6 thuc hién mot chién dich chao hang trén MXH. Bai toan nay xem xét viéc mot
ngudi ban hang mudn ban mot loai hang héa dén mdt nhém ngudi ding tiém ning
V. Ngudi ban can tdi da héa doanh thu ctia minh. Gia st rang ngudi ban khong
biét dén miic chi tra t6i da clia ngudi mua ma chi biét miic phan phéi F tir cic 1di
ich thu vé. F' 1a mot phan phdi tich Iy gia tri clia ngudi mua, tic la F(t) 1a xéac
suat 1gi ich tif ngudi mua nhd hon gid tri ¢. Tt d6, dinh nghia vé bai toan tdi da
doanh thu (Revenue Maximization - RM) dugc phat biéu nhu sau:

Pinh nghia 1.8 (Bai toan RM [68]]). Gi4 st rang 10i ich ctia ngudi mua dudc phan
phdi theo phan phdi F. Gia t6i uu p* cuc dai doanh thu theo ky vong cé dudc tu
ngudi mua i nao do, c6 nghia 1a gid p* cuc dai ham p.(1 — F(p)). Doanh thu t6i
vu la p*.(1 — F(p*)) theo ky vong.
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Khi 4p dung thut todn d€ gidi cho bai todn RM, céc tac gid cling da chi ra mo
hinh dd thi 16m 1a phi hop, dua bai toan vé tbi da ham submodular don diéu va st
dung diéu kién ty 1€ rti ro don diéu. C4c két qua nghién cifu ctia ho sau nay dugc ap
dung trong nhiéu thuc nghiém dbéi vdi bai toan tdi da ham submodular [85] 34, 24].

1.2.2.4. Dit cam bién t6i da thong tin thu dugc

Bai toan ddt cdm bién (Sensor Placement - SP) nhiam tbi da thong tin thu
dudc 1a mot dang ctia bai toan thu thap thong tin. Bai toan nay xuit phat ti mong
mubn tim hiéu vé cac van clia thé gi6i tu nhién nhu do chit lugng nudc trong mot
vung dia ly (Hinh , phét hién dong dét, phat hién 6 nhiém méi trudng... Chi
dua vao cic hién tudng quan sat dugc: dung cac phép do, dit ciac cadm bién, chon
cac thong sb thuc nghiém... dé thu thap thong tin, tit d6 hd trd ra quyét dinh du bao
cho nhiing diéu khong thé quan sat dugc nhu du bdo thdi tiét, canh bao dong dit...

Chi phi cho cac bai toan nghién ctiu trén la rit dit do, ton cong stic, thoi
gian... Vi vy ngudi ta muén xay dung phuong phap hoc sao cho c6 thé tbi uu
dugc chi phi nhung dat dudc lugng thong tin hitu ich nhit. Chang han nhu nudc
bi 6 nhiém 4nh huéng nghiém trong dén mai trudng va su tdon vong clia nhan loai.
Do vy, can phai dit ciac cdm bién d€ phat hién cac loai 6 nhiém (vi du asen, vi
khuin giét ngudi...). Mot cAu hdi dit ra: “Lam sao d€ nhanh chéng phat hién ra
loai 6 nhiém d6?”. Nhu vy phai dit cac cam bién sao cho né bao quat dudc toan
b viing can giam sat (Hinh [1.5)).

i 1|ving giao giita NIMS
‘78: 1|sdng San Joaquin| Kaiser
. _ | |va song Merced (UCLA,2005)
74 Position along transect (m)

Hinh 1.4: Hé thong cam bién thong minh NIMS do Kaiser[74] dé xuat

1

Vil

1

Pl

Bai toan dit cdm bién dudc nghién cifu nhiéu trong hoc may [63)
83|, 46]]... Bai todn nay dudc Krause va cong su mo ta nhu sau [84]: Cam bién c6
viing cdm bién xdc dinh, nhu mot chiéc dia c6 ban kinh nhét dinh va chi c6 thé
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giao tiép vdi cac cdm bién khac cach nhau t6i da mot khoang xdc dinh nao do.
Khéi niém vé mot viing cam bién gia thiét ring cdc cadm bién c6 thé quan sat moi
thit mot cach hoan hao trong khu vuc, nhung khong thu dudc gi 6 bén ngoai vung
ctia n6. Thi hai, gid dinh rang hai cdm bién tai cac vi tri ¢6 dinh c6 thé giao tiép
mdt cach hoan hdo (nghia 1a ho “dugdc két ndi”) hodc hoan toan khong giao tiép
(bi “ngat két n6i”).

Bai toan tim vi tri d€ ddt cdm bién, SP, dudc phat biéu nhu sau:

Dinh nghia 1.9 (Bai toan SP [81]). Cho trudc mot tip V' cdc vi tri cAn gidm sat,
mot cdm bién c6 kha ning do mot viing trong vong tron ban kinh xung quanh né.
V6i mbi tap A C V, ham muc tiéu f(A) =“Viung dugc gidm sat bdi cac cdm bién
dattai A”. Gia st tdp U latdp hgp cactdpcon S; CU. V6i A C V ={1,2,..,n},
dinh nghia f(A) = |, 4 Si|- Bai todn yéu cau tim A d€ ving A c6 thé gidm st
dugc, f(A), 1a16n nhit.

V6i dinh nghia dugc mo ta nhu trén, bai toan trd thanh bai toan tap phu. Bai
todn tap phii da dugc chi ra c6 tinh chit submodular [145] (Hinh [1.1). Ham f(A)
con goi 1a ham thdng tin thu dudc, hay 1a ham do chit lugng gidm sit. Krause va
cong su [84] 182, 83]] ciing dua ra mdt phuong phdp tinh cht luong giam sat khi
xay dung f(-) 1a mot ham do thong tin phu thudc ldn nhau (mutual information
funcion) gitta cac vi tri dudc chon va céc vi tri chua dugc chon.

Krause da chi ra ring bang phép do nhu trén, hAm muc tiéu c6 tinh submod-
ular don diéu khong giam (Hinh va bai todn tdi da ham muc tiéu 12 NP-kho.
Céc tac gia cling da dua ra mot phép tinh x4p xi trong thdi gian da thiic cho 15i
gidi xap xi 1 — 1/e 1an 18i giai chinh x4c. Thuat todn x4p xi ma ho cung cip cho
hiéu qua tinh todn cic vi tri gan tdi uu véi cdc dam bao hiéu suat ly thuyét manh
mé. Phuong phdp ctia Krause cho thiy cdc vi tri dit truc quan véi do chinh xac du
doan vugt troi so véi cac phuong phap duong thoi.

Sau nay, nhiéu tic gia cling da st dung bai todn nay trong cdc thuc nghiém
nghién cuu vé bai toan t6i wu ham submodular va k-submodular [96] [114] [112]
106, 24]].

1.3. Cac van dé nghién ctiu c6 lién quan

Toi da mot ham submodular 12 mdt bai todn NP-kh6 nhung ton tai mot thuat
todn xAp xi dé€ gidi bai todn d6 [81]]. Viéc dé xuat cac thuat toan xap xi dé giai
da thu hit rat nhiéu su quan tAm clia cdc nha nghién ciu, tif cdc cong bd cia

Nembhauser va cdng su vao nim 1978 [[101]], cho t&i cac cong bd trong 3 nim vita
qua [34, 67, 24, 141], 35|, 44]... cho thdy day 12 mot chii dé néng va hién dai.
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Hinh 1.5: Tim vi tri dit cam bién tdi da thong tin thu dugc [81]]

Céc nghién cifu vé SM theo nhiéu huéng khac nhau. M6t s6 cong bd nghién
ctiu bai toan SM khong c6 rang budc (C = 0) [55, 56, 20]... Cac nghién ciu dugc
phat tri€n dua trén cong trinh cta Feige va cong su [53]] khi xay dung cdc thuat
todn ngau nhién dé gidi quyét bai toan nay. Cac tac gia chi ra ton tai mot thuit todn
ngiu nhién xAp xi hiéu qua dé v6i mot ham submodular khong am f va f(0) = 0,
tra lai tap S sao cho ti 1¢ ctia 10i giai so véi 16i giai t6i vu S* thdoa man:

f(8) = 5 f(57).

N | —

Tuy nhién, nghién cttu vé SM dugc tap trung nhiéu hon khi xét bai toan véi
rang budc. Viéc dua thém rang budc vao ciing théa man nhiéu kich ban thuc té
nhu thoi gian, chi phi, s6 ludng... hau hét s& bi gi6i han. Ddi véi SM c6 rang budc,
day van 1a bai toan NP-khé [102], kha ning mé rong clia bai toan [1.1|bi han ché
bdi d6 kho cua no.

Vi vay, cac nha nghién thudng tap trung vao dé xuét cac thuat todn xip xi
hiéu qua vé6i cac ddm bao 1y thuyét vé i 1& xap xi d€ gidi quyét bai toan nay. Dudi
day, luan 4n sé gidi thiéu cac nghién cttu c6 lién quan v6i mot s6 rang budc thudng
thiy ctia SM.

1.3.1. Bai toan SM véi rang budc luc lugng

Rang budc luc lugng yéu cau can tim tap 16i giai |S| < k, véi k& > 0 1a luc
lugng 16n nhét cda tap S. Khi d6 bai todn trd thanh t6i da ham submodular vi
rang budc luc luong (Submodular Maximization under Cardinality constraint -
SMC). Ung dung tiéu biéu ctia bai toan nay c6 thé ké dén 1a bai toan 16i da dnh
hudng - IM) da mo ta & trén.
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Nembhauser va cong su [102, [101] 1 nhitng ngudi dau tién dé xuit thuit todn
tham lam xap xi cho bai todn SMC c6 ham muc tiéu don diéu. Thuat toan cta ho
dugc chi ra ti 18 xap xi 1a 1 — 1/e 15i gidi t6i wuf|Ho ciing chiing minh dugc riing
tinh todn ham f v6i khong gian tip hop 1a da thic sé khong thé cho ti 1& x4p xi
t6t hon (1 — 1/e) [102, 101]. Sau nay, ciac nha khoa hoc tip trung gidi bai todn
SMC bing cac thuit todn cai tién giam thdi gian chay hodc giam dung lugng luu
trt [97, 16, 11, 19]...

MG rong rang budc luc Iugng, cac thuat toan tham lam ciing dudc ap dung cho
nhiéu rang budc phic tap hon nhu rang budc matroid [23} 50, [10], nhiéu matroid
(p-set constraint) [22, [66]... Bai todn trd thanh t6i da ham submodular vdi rang
budc matroid (submodular maximization under matroid constraint).

Bai toan nay gia thiét cho (V, Z) 1a mdt matroid, v6i V 1a tdp co 86, Z C 2V 1a
mot tip gém cac tip con doc 1ap 1an nhau dudc tao ra tif tip V. Z thdéa man 2 tinh
chit: (1) v6imoi AC BCVvaBeZthiAeZ;(12) A BeZvanéu|B|> |A|
thi 3e € B\ A sao cho AU{e} € Z. Ham f gin v6i matroid (V, Z) con goi 1a ham
tinh hang (rank function) ctia matroid. Bai toan cuc dai ham f(-) trong trudng hgp
nay cho ti 1& x4p xi 12 1/2 khi st dung thuét todn tham lam. Ciing c6 nhiéu tic gia
da dé xuit cac phuong phép cai tién khac nham ting tdc thuat toan [23] 50, [10],
hodc gidi v6i nhiéu matroid (V,T,), (V, Z,), .., (V, Z,) v6i Z = N;Z;, tao nén rang
budc p-matroid, cho ti 1& xap xi1a 1/(p + 1) [22].

1.3.2. Bai toan SM véi rang budc chi phi

Mot loai rang budc khac tdng quat hon rang budc luc luong 1a rang budc chi
phi (knapsack). Thay vi chi chon k phan tif d€ théa man rang budc luc lugng, nhiéu
ting dung cic phan tif dudc chon phai thdéa min yéu cau vé ngan sach khi xét dén
chi phi can thiét d€ kich hoat mot phan tif va ngan sach dé€ xét bai toan bi gidi han.
Khi d6, mdi mot phan ti v € V déu ¢6 mot chi phi khong dong nhét c¢(v) > 0. Bai
todn cho mot ngan sach B, yéu cau tim 15i gidi S sao cho tdi da ham submodular
f(S) véi rang budc chi phi 16i giai ¢(S) < B. Khi ¢(e) = 1,Ve € V, bai toan
trd thanh t6i da ham submodular véi rang budc luc lugng. Khi ham muc tiéu f 13
tuyén tinh, bai todn trd thanh bai toan cdi tdi [38]].

Thong thudng ham chi phi ¢(-) 1a mdt ham modular hay ham co tinh céng
tinh v6i chi phi clia tp S batkiséla c(S) = 3, s c(v). Bai toan Iic nay tré thanh
t6i da ham submodular vdi rang budc chi phi (Submodular Maximization under
Knapsack constraint - SMK). Hu6ng nghién cttu v6i rang budc chi phi la hudng
nghién ctiu chinh cia NCS trong luan an nay.

*Mot s6 bai bdo viét thanh —% do xét gitta ti 1¢ 10i gidi tdi uu v6i 18i gidi ca thudt todn.
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Bai toan SMK s6 di thu hiit dudc nhiéu su quan tdm vi tinh thach thidc cta
n6. Thi nhét, rang budc chi phi khong giébng nhu rang budc vé luc luong hay 13
matroid 12 nhiing rang budc c6 thé dua trén viéc dém, liét ké cc phan ti va chon
ra phan ti tt nhat. V&i bai todn SM, céc thuat toan sé vira phai tim cuc dai ham
f vira phai dam bao tdng chi phi cua 13i gidi khong dugc vudt qua ngan sach cho
truSe. Vi thé, so véi rang budc vé luc lugng, rang budc chi phi sé téng quat hon.
Néu mdi phan tii ¢ chi phi 12 1, bai toan SMK sé trg thanh SMC.

Tiép theo, vi phai quan tAm dén chi phi 15i giai, bai todn SMK c6 thé cho rit
nhiéu 15i giai v6i cac chi phi khac nhau mién khong vudt qua ngan sach B. Do vay
kich thudc 15i gidi cling khac nhau. Vi thé, thdi gian chay ciia c4c thuét todn 1a khé
xac dinh.

Ban dau, Wolsey va cong su [146] khdi xudng nghién cifu bai todn SMK, ho
chiing minh dugc bai toan nay 12 NP-kh6 nhung cé thé xap xi 16i gidi véi ti 1&
(1 —1/e). Sau d6 cdc tac gia khac [131L92] da dé xuét cic phuong phdp giai dat
hodic gan dat ti 1& (1 — 1/e). C4c tac gia khac nhu [88], 28| 21, 48] da cb ging cii
tién ti 1& x4p xi néi trén thanh (1 — 1/e + €) hoic (1/e + €), v6i € > 0 1a tham s6
chinh xdc. Ngoai ra, ho con md rong bai todn cho trudng hdp tdng quét, ham f c6
thé khong don diéu [131]).

Céc thuat toan dudc dé xuit gidi cac bai toan trén thudng dugc xay dung dua
trén giai thuat tham lam [102, [146]. Tuy nhién t6i wvu ham submodular 1a cic bai
toan NP-kho, nén cac nghién ctiu sau nay cai tién thuit toan tham lam bang thuit
toan luéng [70, 162, 67] hoac thuat toan song song [, 67]... Gan day, mot sb tac
gia con xem xét bai toan tdi wu ham submodular véi rang budc d ngudn ngan siach
(148, [149], nhiéu chi phi [13053]...

Vi tinh thach thic va 1¢i ich cda bai toan SMK, luan an tip trung nghién ctu
bai toan nay va van dung né trong mot sd trudng hop bién thé nhu c6 nhiéu, mé
rong thanh k-submodular...

1.3.3. Bai toan Phui Submodular

Céc bai toan ing dung ctia SM nhu dit cdm bién, t6i da 4nh hudng... c6 thé
dan vé bai toan Tdp phii (Set Cover) [81,80]. Trong d6, can tim tap phiit S C V sao
cho né sé phii tbi da cac phan tit trong tap V. Tuy nhién, c6 nhiéu trudng hop ngudi
ta khong can quan tim dén t6i da ham muc tiéu ma chi can vudt mot ngudng cho
truSe 1a dudc, d€ chi phi bd ra 1a nhd nhét. Bai toan nay con goi 12 phii tdi thiéu.
Wolsey [145]] da khai quat thanh bai todn Phu Submodular (Submodular Cover -
SC) c6 dang nhu sau:

DPinh nghia 1.10 (Bai toan SC [145]). Cho mot ham submodular don diéu khong
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am f : 2V — R, va mot ngudng @ > 0, bai todn can tim mot tdp S C V véi luc
lugng nhé nhat sao cho f(S) > a.

V6i bai todn nay, chi phi vé luc lugng nho nhét 1a dang chi phi don gian nht.
Tic la:

S* < argmin | S| (1.6)
S
s.t f(S) > a.

Dang tong qudt clia bai toan nay bai todn Tdp phii téi thiéu véi chi phi nhé nhdt
(Min Cost Submodular Cover - MCSC) trong d6 mdi dinh e € V' sé ¢ mot chi phi
c(e) > 0. Bai toan can tim tap S sao cho chi phi cta tdp nay, ¢(S) = . g c(e),
12 nho nhét sao cho f(S) > a.

Bai toan SC ciling da dugc ching minh 1a bai toan NP-kho béi Wolsey [[145]].
Ong ciing dong thoi dua ra mot thuit toan tham lam cho i 1& xap xi 1a 1 —
In(max.cy f(e)/B) véi 3 1a 1¢i ich nhd nhét khac 0 cia mot phan tif nao d6 dugc
thém vio tap 10i gidi bdi thuit todn. Goyal va cdng su [63]] sau d6 da dé xut mot
thut toan tham lam cho 13i gidi véi chi phi bing 1 — log(a/€) chi phi tdi vu va
cho gid tri 16 giai bang o — e gid tri tdi vu.

Sau nay, mot so tac gid da dua cac cai tién vao trong thuit toan dé giam sd
lugng truy van xudng. Cu thé, Crawford va cdng su [40] di dé xuit mot thuat
toan tién hoa tiéu chi kép cho cic ti 1& (1 — log(1/€),1 — €) so véi gid tri 15i giai
t6i wu va chi phi t6i vu. Gan day, Ran va cdng su [119] da cai tién chat lugng
161 gidi va s lugng truy vAn nho thiét ké thuat todn song song cho ti 1& xap xi 1a
H(min{mff%isg(e)’a}) trong O(nlog(na)log(a)(log a + loglog(na))/et) truy vn,
v6i H(-) 1a mdt s6 Harmonic. Tuy nhién, phuong phép ctia ho chi gidi dugc véi

ham f 13 s6 nguyén. Pong thdi, cic thuit todn trén diy van cho do phiic tap truy
van 16n. Mot s6 téc gia con md rong bai toan SC trén ludi nguyén f : ZY —
R [[127,129] véi 1ap luan ring mot phan i c6 thé dude lua chon nhiéu lan thay vi
mot 1an.

V6i su phat trién cuia bai todn SC trong nghién ciu va tng dung, luan 4n da
mé rong nghién ciiu véi bai toan SC. Dac biét, luin an xem xét bai toan nay trén
lu6i nguyén, trd thanh bai toan DRSC dé gidi quyét cac bai todn nay.
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1.3.4. Su mé rong cta bai toan téi wvu ham submodular
1.3.4.1. M6 rong ham muc tiéu thanh %.-submodular

Céc cong trinh nghién ciu va cac ting dung cua ham submodular trong hoc
mdy va tdi uu t6 hop cho thAy ham nay vira c6 gid tri ly thuyét, vita c6 y nghia thuc
tién. Trong bbi canh do, tai mdt nghién citu cia Lovasz vé ham submodular [93],
ong da dit vin dé xét ham submodular trong khong gian nhiéu chiéu. Khi do, tinh
chit ctia submodular cé thém nhiéu diéu méi mé ma dudc dng danh gid 1a c6 su
bd sung tinh chét ly thuyét sau sac.

Céc dng dung cu thé clia bai todn t6i da ham k-submodular nhu t6i da anh
hudng k chii dé, phan 16p, dit k loai cAm bién... cho thiy viéc nghién citu vé tbi
vu ham k-submodular khong chi c¢6 gia tri 1y thuyét ma con c6 gid tri thuc tién.
Qua trinh nghién cfu gidi bai toan téng quat bat dau khi Singh va cong sy trinh
bay nghién ctiu vé t6i da ham k-submodular [123] véi trudng hop & = 2. K& tit
thoi diém do6 tré di, nhiéu cong trinh da tip trung vao cic bai todn xét k£ néi chung
(k > 2), vi v6i k = 1 bai toan trd thanh t6i da ham submodular da cé.

Tbi da ham submodular dugc nghién cttu md rong thanh ti da ham k-submodular
v6i nhiéu diéu kién khac nhau nhu tdi da hAm bi-submodular, k-submodular khong
rang budc [144, 135, [110], va c6 rang budc [109, 122, 151, [118]...

Ban dau, cé4c tic gid nghién cifu bai toan t6i da ham k-submodular khong c6
rang budc bang nhiéu phuong phap khac nhau nhu: thiét ké thuat toan tham lam
tat dinh [144], tham lam ngau nhién [73]], giai ngiu nhién [110], va thiét ké thuat
toan ludng [126]... Tuy nhién sau nay, cic nghién cttu chuyén sang giai véi rang
budc nhiéu hon do ¢6 su gan giii vi cc bai toan xdy ra trong thuc té.

Dau tién, cac nghién ciu tip trung vao rang budc luc luong. Oshaka va cong
su [109] tién phong gidi bai toan t6i da ham k-submodular don diéu vdi cic rang
budc vé luc lugng bing céch sit dung thut todn tham lam véi ti 1& x4p xi 1/2 cho
rang budc kich thuéc téng clia ca tap va xap xi 1/3 cho rang budc kich thuéc don
18 cuia ting tap con. Sau do, cac tdc gia trong [151) [152] da dé xuat nhiéu phuong
phép gidi khéc nhau, tuy nhién ti 1& x4p xi t6t nhat dbi véi bai todn nay van 1a 1/2
va do phiic tap truy van chua 1a tuyén tinh.

Sau nay, viéc t6i da ham k-submodular di dudc nghién ctiu dudi cic rang
budc matroid. Cac tdc gia trong [122] da chi ra mot thuat todn tham lam c6 thé tra
vé ti 1& xAp xi 1a 1/2 cho bai todn dudi rang budc matroid. Mot thuat todn khac
c6 cung ti 1 x4p xi bang cach st dung phuong phap tham lam lién tuc riéng biét
da dudc dé xuat trong [118]. Tuy nhién, cidc phuong phap md rong ham muc tiéu
thanh ham lién tuc can cac tinh todn phiic tap va c6 thé din dén cic két qua tuy y
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kho luong trude dudc [8]].

Tiéu biéu, Ward va cong su [144] da hoan thién Iy thuyét nghién ctiu vé ham
k-submodular. Thém vao d6, mot sd tac gia khac [109, 116, [106]... da chi ra céc
ting dung clia bai toan t6i da ham k-submodular trong nhiéu tinh hudng, khi can
thu thip thong tin tif nhiéu ngudn khac nhau. Tit d6 hinh thanh nhiéu bai todn nhu
tom tat nhiéu kiéu vin ban, lan truyén thong tin véi nhiéu cha dé, tim tap phu
cuc dai cho nhiéu loai cAm bién khac nhau... ma t6i tu ham submodular chua giai
quyét dugc. Do vay, viéc nghién ctiu bai todn tdi uu ham dang k-submodular vira
c6 gid tri Iy thuyét vira c6 gia tri thuc tién.

Ham £-submodular dugc dinh nghia nhu sau:

Dinh nghia 1.11 (k-submodular [144] ). Cho m6t tip co s6 V' va mot sd nguyén
duong k, quy uéc [k] = {1,2,...,k} va (k+ 1)V = {(Vi,Va,...,Vi)|V; C V,
Vi e [k, VinV; = 0,¥i # j} la ho k tap khong giao nhau dugc goi 1a k-tdp
(k-set). Ham f : (k+1)V — R, 1a k-submodular khi va chi khi véi céc bién x,y
batkix = (X1, Xs,..., X)) vay = (Y1, Ys,...,Y3) € (k+ 1)V, ta cé:

fx)+ fly) > f(xNy)+ f(xUy), (1.7)

trong do:
Xl—]y:(Xlﬂ}/laanmYk))

va
xUy = (Z1,.... %), v6i Zi = X; UY; \ (| X; UY)).
J#i
Bai todn t6i da ham k-submodular da thu hit dugc nhiéu su quan tim trong
mot vai nim gan day. C4c nghién ctiu chii yéu tap trung vao tdi da ham k-submodular
co rang budc [109, 116,126,106, 152]...

1.3.4.2. M6 rong ham muc tiéu trén luéi nguyén

Trong cac nghién cifu ban diu, thudng xét bai todn t6i vu ham submodular
v6i ham muc tiéu 12 ham tap hop. Tic la: f : 2V — R, 12 submodular néu va chi
néu n6 thda man tinh chat lgi nhudn hiéu sudt gidm dan (Dinh nghia [1.4).

Tuy nhién, khi céc ting dung dudc tri€n khai trén ham tp hop submodular
chua xét dén mot tinh hudng thuc té, mot phan ti tot c6 thé dude lua chon nhiéu
1an vao tap 19i gidi. Vi du khi mot cong ty chon cac dai Iy tdt dé tiép thi mot sb
lugng sdn pham, cdng ty sé c6 xu hudng chon di chon lai cic dai Iy mang lai lgi
nhuén cao cho cong ty. Nhu vy viéc chon mot dai ly nhu chon mdt phan ti trong
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tap hop, viéc chi chon mot 1an d€ thém vao tap 15i gidi sé chua phan 4anh hét dugc
y nghia déng gép vé mit 10i ich cia dai ly do.

Céc tinh hudng tuong ty trén thiic ddy cdc nha nghién cifu tim hiéu cac phién
ban tdng quat héa cia tinh submodular va 16i nhuin hiéu suit gidm dan dudc dinh
nghia trén lwdi nguyén (Integer lattice). Soma va Yoshida [128] 1an dau tién md
rong ham f trén lui nguyén ZY . Céc téc gia da chi ra tinh chdt lgi nhudn hiéu sudt
gidm ddn trén ludi nguyén (Diminishing return submodular, thuong goi la DR-
submodular) tr& thanh phién ban tong quat ctia ham submodular trén lu6i nguyén.

Ham DR-submodular dugc dinh nghia nhu sau:

Dinh nghia 1.12 (DR-submodular [[128]). Cho mot s6 nguyén duong k € N, ky
hiéu [k] dai dién cho tap {1,...,k}. Chotdpcosd V = {ey,...,e,}, ky hiéu x(e)
1a gid tri toa dO cta vec-td x € ZY ting véi phan ti e nao d6. Ta cing ky hiéu
vec-td don vi thi e 1a y, v6i x.(t) = 1 néut = e va x.(t) = 0 néu t # e. V6i moi
vec-to X,y € ZY, néi ring x < y néu va chi néu x(e) < y(e),Ve € V.

Ham f : ZK — R, thda mén tinh chit DR-submodular khi va chi khi:

fx+xe) — f(x) > fly +xe) — f(y), (1.8)

VOl X,y EZK,ng.

Néu f thda man tinh chit|1.8| thi n6 cling thda man tinh chat lattice submod-
ular dugc dinh nghia nhu sau:

Dinh nghia 1.13 (Lattice submodular [128]). Néu f 1a DR-submodular thi né ciing
thoa mén tinh chét lattice submodular sao cho:

fxX)+ fly) > f(xVy)+ f(xAy), (1.9)

trong d6, A va V 1an ludt 1a cc phép toan nhé nhét, 16n nhét trén tiing toa do. C6
nghia la: x A y(e) = min{x(e),y(e)}, vax V y(e) = max{x(e),y(e)}.

Khi ham submodular 13 ham tip hop, tinh chit submodular va tinh chat 1gi
nhuan hiéu suit gidm dan 13 tuong duong. Nhung xét trén 1uSi nguyén, tinh chit
submodular da dugc phat trién thanh tinh chat DR-submodular (1.8)) va lattice
submodular. Tinh chdt DR-submodular manh hon lattice submodular (1.9). C6
phat biéu rang f 1a lattice submodular néu f thda man bit dang thifc , va néu
f tiép tuc thoa man bit dang thiic , f 1a DR-submodular [128]].

DR-submodular 12 su tdng quat héa tu nhién nhit ctia submodular va c6 y
nghia trong nghién ctu do né c6 lién quan dén tinh toan 10i ich thu dudc. Vi thé
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ddi véi cac nghién ctiu gan day [127, [128] [129] ngudi ta da dit vin dé nghién ctiu
ham DR-submodular ¢ng dung trong c4c bai toan tdi vu phan bd tai nguyén va bai
toan phuc 1gi xa hoi. Do tinh méi cua nd, luan an cling dat muc tiéu nghién ciu
bai toan tbi uu v6i ham muc tiéu 1a DR-submodular.

1.4. Thuét toan xap xi giai quyét bai toan t6i wu ham submodular
1.4.1. Khai niém thuat toan xap xi

Thuat todn x4p xi 12 cac thut todn tim 10i gidi gan ding cho cic bai toan tbi
vu. Thuat toan x4p xi thudng dudc st dung cho cic bai toan NP-kho, hodc cac bai
toan c6 thut todn da thifc nhung qua cham khi dit liéu dau vao 16n.

V6i mot bai toan t6i uu, mdi 16i gidi tiém ning déu c6 mot chi phi duong nao
d6, va ta can tim 15i gidi gan t6i wu. T goc do tinh i 1€ x4p xi cla cac 16i gidi cho
thiy céc bai toan NP-kho c6 d6 khé rit khac nhau.

Chuing ta biéu thi mot thudt toan c6 # Ié xdp xi (approximation ratio) 1a p(n)
v6i n 1a kich thuée dit liéu dau vao, thusng dudc viét gon lai 13 p, néu véi bat ki
mot tap dau vao kich thudc n, chi phi C ciia 16i giai 1a khong qud hé sb p cia chi
phi C* ctia 10i gidi tbi vu [138].

Pinh nghia cu thé hon, vé6i bai toan CO, gia st ¢6 ham muc tiéu f : 2" — R
v6i V 1a tap co s6 kich thudc n. Goi S* C V 1a loi gidi téi wu ciia bai todn (optimal
solution), gid tri f(S*) tuong vng 1a gid tri t6i uu cia bai todn (optimal value), ky
hiéu 12 opt. Khi do, dinh nghia thuat toan x4p xi ctia bai toan CO nhu sau:

Dinh nghia 1.14 (Thuat toan xp xi [138])). Gia sl can tim 15i giai S C V v6i V
1a tp co s6 kich thudc n sao cho ham f dat gid tri cuc dai. Ta n6i thuat toan xip
xi A cho 16i gidgila S C V c6 ti1é xAp xila p, p € (0,1), néu né thuc hién trong
thoi gian da thiic theo kich ¢d cda dit liéu dau vao va thda man

f(S) > p- opt. (1.10)

V6i bai todn tim gid tri cuc ti€u clia ham f, mot cach tuong tu sé c6: f(S) <

p.opt, p > 1. p dudc goi 12 #/ Ié xdp xi hodic hé s6 xdp xi.
1.4.2. Cac dam bAo Iy thuyét cia thuit toan
1.4.2.1. Tilé xap xi
a) Tilé xdp xi dam bdo chat luong 15i gidi
Ty 1é x4p xi p c6 y nghia rang trong trudng hop xiu nhat, thuit todn ciing

dam bao dat ti 1& p 1an 15i gidi t6i vu. Gia tri ndy rat quan trong trong viéc thiét
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ké céc thuat toan x4p xi, thudng dudc st dung dé so sanh danh gia gita cac thuat
toan khi cung giai mot bai toan.

V6i thuat toan xap xi ti 18 1 thi day 1a 10i gidi tdi wu, va néu ti 1& theo cong
thic cang bé thi 16i gidi cdc toi. Nhidu thuat toan gidi bai toin NP sé cho
ti 16 xAp xi 1a mot hang sb (constant-factor approximation). Chang han thuét toan
tham lam gidi bai toan SM cho ti 1& xAp xi1a 1 — 1/e =~ 63% la mot hing s6 [102]).

Bai toan NP giy kho khiin 16n khi ti 1 x4p xi bi 4nh hudng béi kich ¢d n. Vi
thé, mot trong cdc hudng thiét ké thuat todn 1a dé xuat cac thudt todn xdp xi tdt
dinh (deterministic approximation algorithm) vé6i ti 18 1a hiang sb d€ ting su doc
lap va tinh x4c dinh cta thuat todn véi bt ki kich ¢d n nao cta dit liéu dau vao.
Thuat toan tit dinh 12 nhiing thuit todn c6 thé du doan dudc dau ra dua trén dau
vao clia n6. N6i cach khdc, trong mot thut todn tat dinh, di véi mot dau vao cu
thé€ nhit dinh, mdy tinh s& ludn tao ra cing mot dau ra thong qua cic trang thai
gibng nhau.

Ngoai ra, khi dua ra ti 1& xdp xi hodc do phiic tap, thuong xuit hién tham
s6 € > 0,e € (0,1). Tham sb nay goi 1a tham sé chinh xdc (accuracy parame-
ter) [138]]. Chang han nhu C.Borgs va cong su dé giai bai toan IM, da dé xuét cai
tién thuat toan tham lam bang phuong phap ldy mau anh hudng ngudc dé tim tap
161 gidi. Thuat todn ctia ho cho ti 1& x4p xila 1 — 1/e — € véi do phuc tap thdi gian
giam theo hé s6 logarit so vdi thuat todn da dudc dé xuit bdi Kempe [43]].

Luu y trong mot sd cong bd, céc tac gia duara ti 1& xip xila p > 1, khi d6 i
1& xAp xi cin ctf gilfa ti 16 15 giai t6i uvu hon 15i gidi xap xi nhiéu nhit 12 bao nhiéu
1an. Chang han trong céc bai bdo [, [67], cac tdc gia dd dé xuit cac thuat toan xAp
xi gii bai toan SMK véi céc ti 16 xap xi 12 6 + ¢, 5+ € va 4 + €. Vi cach trinh bay
nay, ti 1& xap xi cang gan gid tri 1 thi 16i giai cang tot.

b) Thudt todn xdp xi tiéu chi kép

Khi nghién ctiu c4c bai todn can tdi wu chi phi, viéc dua ra 19i giai cho ti 1&
xap xi 12 hang s6 hoic dé xuit cac thuit toan xap xi dua ra 15i gidi trong thdi gian
da thiic sé gip nhiéu thach thiic do chiu su rang budc ctia chi phi 16i giai tbi uu
phai nhé nhét trong khi ham 16i ich (ham muc tiéu) van phai vuct ngudng. Khi do,
mot sb tac gia da dé xult hudng tiép can ndi 16ng cac rang budc dbi vdi ca ham
chi phi va ham muc tiéu. C4ch thiét ké theo hudng tiép cin nhu vay goi 1a thiét ké
thudt todn xdp xi tiéu chi kép (bicriteria approximation algorithm).

Mot thuit toan goi 12 xap xi tiéu chi kép (o1, 02) 1a thuit todn cho 2 ti 1& x4p
xi o1, 09 1an lugt 1a céac ti 1& xAp xi clia gid tri chi phi va gid tri muc tiéu cta 15i
giai c6 dugc tir thuit toan so véi 16 gidi toi uu. Vi du, Crawford va cong su [? | da
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dé xuét mot thuat toan tién héa tiéu chi kép cho céc ti 1& (1 — log(1/¢€),1 — €) so
v6i chi phi t6i uu va gid tri 10i gii tdi wu cho bai todn tbi thiéu chi phi cho SC.

Ti 1& x4p xi thé hién chét lugng 15i gidi so véi 16i gidi tdi uu. Tuy nhién, mot
thuét toan cho chat lugng 15i giai tiém can vdi 16i gii téi uu nhung thdi gian chay
clia n6 qud 16n 1am cho né6 trd nén bat kha thi. Vi thé, khi dé xuat cac thuit todn
xap xi can phai quan tim dén cic dam bao ly thuyét khac cla thuit todn nhu thoi
gian chay, dung Iugng bd nhd... dic biét 1a thdi gian chay, dudc thé hién qua do
phuc tap cua thuat toan.

1.4.2.2. Do phic tap thuat toan

Trong cac dic trung cla thuat toan, thi khdi luong cong viée can thuc hién 1a
mot dic trung thiét yéu. DAy 1a tiéu chi quan trong nhat d€ danh gid mot thuat toan
c6 tot hay khong. Khéi lugng cong viéc thudng ti 1& thuin véi thdi gian thuc hién
thuat toan. Tu d6, khai niém do phiic tap (thoi gian) dudc quan tam. Dbi v6i bai
toan t6i wu ham submodular, mot vai do phiic tap anh hudng t6i két qua chay ctia
thuat toan dudc chi ra nhu dudi day.

a) Do phiic tap thoi gian

Hién nay, cdc bai toan bing nd véi dif liéu ting nhanh vé kich c& nén viéc
thiét ké mot mot thut todn hidu qua ciing rat quan trong. R rang thuit todn giai
quyét bai toan trong vai gid sé dudc danh gid cao hon mot thuit toan khac phai
mét vai ngy, vdi diéu kién do chinh x4c cla cac thuat toan I tuong duong nhau.
Khi danh gia thuat toan hoac so sanh gitra cac thuat toan, nguoi ta thuong dua ra
phép do thai gian thyc hién thuat toan, hay con goi la dd phiic tap thoi gian (time
complexity), doi khi st dung thuat ngit do phuc tap tinh todn cling mang ngu y vé
do phtc tap thoi gian.

Goi do phtc tap thdi gian la mot ham 7'(n) phu thudc vao kich thuée dit liéu
dau vao n € Z,. V6i tap hop, kich thudc dit liéu 14 s6 phan ti ciia tap d6. PO phiic
tap thoi gian dugc xem xét trong cic trudng hop: xau nhat, tot nhit, hoic trong
truong hgp trung binh [38]...

Thong thudng, do phic tap xAu nhét (hodc toi nhat) dudce st dung thudng
xuyén hon ca d€ danh gia do phiic tap thudt toan, vi n6 danh gid kha niing x4u nhét
sé xdy ra cla mot thuat toan, dé€ ngudi st dung c6 thé udc luong dudc thdi gian
hodc chi phi can thiét d€ thuc hién thuat toan.

Dinh nghia 1.15 (D6 phtc tap x4u nhit [38]). Do phtc tap xAu nhit 1a thdi gian
lau nhét d€ thuc hién thuat toan. Trudng hop nay luong dit liéu vao 1a bat 1i nhit.

Cum tu do phiic tap hay do phiic tap thoi gian cing mang ham y do phuc tap
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x4u nhét. Thoi gian chay toi nhét cia thuat todn 14 cin trén cho bt ¢t dau vao nao.
Ngoai ra, d6 phtc tap toi nhit ciing rit thudng xuyén xay ra trong thuc té. Chang
han, tim kiém mot thong tin nao d6 trong kho dif liéu, ma thong tin nay khong c6
1a diéu thuong gip.

D¢ 1am cén cif ddnh gid mot cach tdng quat cdc thuat toan, ngudi ta thudng
xdp xi thoi gian chay ciia thudt todn. Trong d6, ham O, con goi 12 O-16n (Big-oh)
cho mot xAp xi clia thdi gian chay cta thuat todn trong trudng hop xau nhat.

DPinh nghia 1.16 (O-16n [4]). Goi T'(n) la thoi gian chay thuit toan va cho ham
f(n), tanéi T(n)1a mot O-16n, O(f(n)), néu ton tai hing sb thuc C' va sd nguyén
duong ng sao cho

T(n) <C- f(n)VYn > ny. (1.11)

C6 thé viét T'(n) = O(f(n)), hay thut todn c6 do phuc tap 1a O(f(n)). Vi
du T'(n) = 5n? + 2n < 7n? 1a ham md ta phiic tap (thdi gian chay) ctia mot thuét
toan nao do, vay 7'(n) = O(n?), v6i C = 7,ny = 1, hay thuit toan c6 do phuc tap
1a O(n?).

Mot s6 do phuic tap tinh toan thudng gip cung vdi tén goi clia né dudgc trinh
bay trong Bang|[1.1]

Bang 1.1: Bang do phuc tap tinh toan

Ky hiéu Tén goi do phuc tap
O(1) Hang s6 (constant)
O(logn) Lo-ga-rit (logarithmic)

(
O(n) Tuyén tinh (linear)

O(nlogn)  Gan tuyén tinh (linearithmiclsublinear)
O(loglogn) Lo-ga-rit kép (double logarithmic)
O(n?) Binh phuong (quadratic)
O(n®) ba thiic (polynomial)
O(c"),c>1 Ham mu (exponential)

O(+) cling dudc coi 1a chdn trén (upper bound) cia thuit toan va chan trén
clia mot thudt todn 1a luong thdi gian can thiét nhiéu nhat (hiéu suit trong trudng
hop x4u nhit). Ky hiéu O(-) dudc st dung d€ mo ta cin trén tiém cin mang ham y
s6 phép tinh nhiéu nhit cin dung. Nguoc lai, ham € - con goi 1a O-mé-ga 16n cho
uée luong chén dudi (lower bound) ctia sd phép toan can ding.
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Dinh nghia 1.17 (O-mé-ga 16n [4]). Cho ham sb f(n), ta néi ham 7'(n) 12 mot
Q(f(n)), doc 1a O-mé-ga 16n cta f(n), néu ton tai sé6 duong C' va sb nguyén ny,
sao cho

T(n)>C- f(n),¥n > ny. (1.12)

Gia st T'(n) = 3n> + 5n — 4, tac6é T'(n) = Q(n?), hodc T'(n) = Q(n) hodc
tham chi 7'(n) = Q(1).

Trong trudng hop mudn xap xi ham thdi gian 7'(n) theo trung binh, hodc ca
hai tiéu chuéin O va Q, ngudi ta dua ra thém mot tiéu chuan nita cho phép udc
lugng thoi gian chay cua thuat toan trong hai trudng hdp nay la ©. Ham nay dudc
dinh nghia nhu sau:

Dinh nghia 1.18 (Thé-ta 16n [38]]). Cho ham s g(n), ta néi ham 7'(n) 12 mot
©(g(n)), doc 1a Thé-ta 16n cta g(n), néu ton tai hai s6 duong Cy, C5 va sd nguyén
no, sao cho

0 < Cig(n) <T(n) <Cy-g(n),vn > nyg (1.13)

Gia stt T'(n) = 3n? + 25n + 4, ¢6 thé viét T'(n) = O(n?). Thé-ta 16n 1a gidi
han chit nhit ma thuat todn c6 thé thuc hién. Tuy nhién, hién nay do phtc tap O(-)
dudgc st dung nhiéu hon ¢4 do ¢6 su lién quan dén thdi gian 1au nhat can udc tinh
dé chay thuat toan.

b) D¢ phiic tap truy vin

D6i v6i bai toan tdi tu ham submodular, bén canh quan tAm dén do phic tap

thdi gian, ngudi ta con quan tim dén do phic tap truy vin (query complexity).
Mot 1an thuc hién uéc luong ham muc tiéu f dudc goi 1a mot truy vdn (query).
Mot query 1a mot truy van da thiic theo thdi gian. Véi do phiic tap truy van, do
phtic tap O-16n thuong dudc st dung. Trong cdc cong bd vé ham submodular gan
day [, 167, 41}, 44 33]]... dé so sdnh gitia cdc thuat todn, céac tac gia thuong dua ra
do phuc tap truy vin nhu 12 mot dai dién cho thdi gian chay.
DPinh nghia 1.19 (P9 phiic tap truy van). Gia st bai toan di cho mot cach udc
lugng ham muc tiéu f, coi mot 161 goi ham 1a mot phép tinh da thiic theo thoi gian,
mot truy vin 12 mot 16i goi ham f. Do phic tap truy van 1 s ludng truy van nhiéu
nhét ma thuit toan can thuc hién.

Vi cac bai todn CO néi chung va cdc bai todn tdi uu ham submodular noéi
riéng, viéc goi ham f 1a thuong xuyén, nén sd lugng 15i goi ham anh hudng truc

32



tiép dén thoi gian chay cda thuit toan. Do vay day 12 mot phép do quan trong dé
xac dinh hiéu qua ctia mot thuat toan. Cac thudt toan thiét ké theo huéng gidm do
phiic tap truy van dang 12 xu huéng chung khi gii bai toan tdi uu ham submodular.

Véi thuat toan tham lam c§ dién cho bai toan SMC [101], can O(nk) truy
van tGi ham f. Ngoai ra, v6i mdt sO bai toan, vi du t6i da ham submodular khong
rang budc, t6i da ham submodular véi rang budc chi phi (bai toan SMK)... d6 16n
clia tap 10i gidi khong xac dinh va phu thudc chit ché vao tap dit liéu dau vao ciing
v6i cac tham sb dau vao khic. Khi d6, s6 lugng 15i giai du tuyén sé khé ludng
truéc dudc va cdc 10i giai sé c6 kich ¢d khac nhau. Vi vay, d€ danh gid mot thuat
toan theo thai gian chay la kho kha thi. Thay vao do, ngudi ta danh gia thong qua
do phtc tap truy vin. Cho nén stt dung do phuc tap truy van la mot tiéu chi quan
trong dé danh gi4, so sanh gilta cac thuat todn.

1.4.3. Thuét toan tham lam xap xi

Thuét todn tham lam x4p xi 12 mot thuat todn hidu qua d€ gidi quyét cac bai
to4n t6i uu ham submodular. Nemhauser va cong su [102] 1an dau tién xay dung
mot gidi thuat tham lam d€ giai bai toan SMC v6i ham muc tiéu 1a ham submodular
khong Am don diéu ting. Cac tac gia xdy dung chién lugc tham lam duyét tuin tu
tiing phan t trong tap co sé va chon ra cac phan t ndo cho 1¢i nhuin bién 16n
nhat, cho t6i khi diéu kién diing dudc thoa mén (s6 lugng phan ti¥ cia tap 15i giai
dat dén k). Chi tiét cla gidi thuat dudc trinh bay trong Thut todn

Algorithm 1 : Greedy algorithm
Input: f: 2"V — R™; f(0) =0,k € Z,
Output: S

S0 V=V t=1;

- whilet < k do

1

2

3 Cmax < arg maXeEV\S(f(S + {6}) - f(S))
4. S+ SU{enart
5

6

7

t+—t+1
- end while
. return S

Nemhauser va Wolsey [101]] cling da chi ra su phu hdp cua thuat toan tham
lam v6i bai toan SM khi cho ti 1 xAp xi t6t nhét. Hon nifa, st dung phuong phap
tham lam con thé hién su linh hoat khi 4p dung cho nhiéu dang cta bai todn t6i uu
ham submodular. Chang han véi bai toan SMK, thuit toan tham lam do Wolsey dé
xuat [[146] lua chon c4c phan ti cho ti 1¢ gitta 16i nhuan bién va chi phi 12 16n nhat
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Emaz — argmaxeens(f(S Ue) — f(S))/c(e). Thuat todn nay cing cho i 1& xap
xil—1/e.

Nhuoc diém cla gidi thuat tham lam d6 14 s6 phép tinh can thuc hién rat 16n.
Thuat todn chay tuan tu, tai mbi budc ldp clia ¢ can ton O(n) truy vAn ham f.
Nhu vdy, Thuat todn [1|c6é dd phiic tap thoi gian 1a O(nk), do phic tap truy van la
O(nk), dd phic tap bd nhé 1a O(n). Diéu nay 1am thuit toan tré nén bét kha thi
v6i bo dit liéu c6 kich ¢6 16n. Chuong 2 ctia ludn 4n cling da chi ra trong phan thuc
nghiém dbéi vdi bai toan kSMK, véi cdc bd dit liéu vai chuc nghin dinh, vé6i thoi
gian bi rang budc, thuat toan tham lam khong thé cho 16i gidi cudi cung trong khi
cac thuat toan cai tién déu tra vé két qua.

1.4.4. Cai tién thuat toan tham lam xap xi

Vi bai toan tdi da ham submodular giai quyét bang giai thuit tham lam don
gian [102, 145], [146]], thuat toan phai xét tuan tu tit cd cic phan ti trong tip co s&
V dé€ tim ra phan ti c6 déng gop 1di ich 16n nhit. V6i cach 1am nay thdi gian tim
kiém sé bi chi phdi bdi s6 10i goi ham f. Két hop véi dit liéu dau vao 16n, thoi gian
chay ctia thuit todn tham lam sé ting nhanh do khong gian tim kiém ting theo ham
mii. Diéu d6 din dén yéu cau can phai thiét ké cac thuat todn nhanh véi sd ludng
truy van 10i goi ham gidm xubng dang k€ so v6i tham lam.

Hon nita, con mdt yéu cau phat sinh tif thuc tién nghién ciu vdi cc bai todn
ting dung cu thé ciia SM, Amanatidis va dong su [2] da chi ra thach thic gip phai
khi c6 sy khong chic chan cb hitu trong cdc van dé nhu vi tri cdm bién hoic t6i da
hoéa doanh thu, trong d6 ngudi ta khong tim hiéu gia tri dong gép 16i ich chinh xéc
ctia mot phan ti cho dén khi phan ti d6 dudc thém vao gidi phdp. Va vi vy, thuat
toan ciing s€ phai tra gia cho viéc tinh toan ham muc ti€u. Ngay ca viéc udc tinh
gi tri ky vong cho mot ham muc tiéu chua biét mot phan nao do ciing c6 thé rat
ton kém. Do d6 viéc gidm s6 16i goi ham cang trd nén can thiét.

P& khac phuc van dé thdi gian chay cta thuit todn tham lam, cdc nha khoa
hoc thudng dua ra cic giai phdp cai tién theo hudng gidm do phtc tap thdi gian,
giam dd phiic tap truy van, hodc gidm do phtc tap bd nhé nhung van dam bio ti 1&
xap xi chap nhan dugc. Mot s6 phuong phap cai tién phd bién dugc tom tat nhu sau.

1. Thiét ké ngudng tham lam. Thuat toan tham lam x4p xi cai tién dua ra mot
ngudong tham lam (greedy threshold) 0 d€ c6 thé chon ra cdc phan ti “t6t” va loai
bo cac phan tif “xau”.

Phuong phdp ngudng tham lam dé ra mot tiéu chi ndo d6, sit dung mot ngudng
0 theo tiéu chi d6 d€ loc cac phan ti. Cén cif vao ngudng @ nay, thuit todn giit lai
cac phan tif thoa man tiéu chi va loai bd cic phan ti khong vudt qua dudc diéu
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kién ngudng. Day 12 mot cach thiét ké t6t d€ gidm s6 lugng truy van ham muc tiéu.

C6 nhiéu cach d€ dé xuat ngudng 0 nay. Cach dau tién 1a thiét ké ngudng tham
lam cho lgi ich ting thém. Phuong phdp nay yéu cau gid tri dong gép ctia 1 phan ti
e vao trong tap 10i gidi du tuyén S phai vudt qua mot ngudng 6 cho trude. Chang
han véi thuat todn SIEVE-STREAMING do Bandanidiyuru va cong su dé xuat [5]]
giai quyét bai toan SMC, ngudng 6 thiét 1ap 1a gia tri 16i nhuén bién A(e|S,) clia e
khi thém vao tap 16i gidi du tuyén S, khong nhd hon 6 = (v/2— f(S,))/(k—1S,|)
v6i v 12 mot uSe luong cla gia tri muc tiéu co thé tinh toan dudc. Phuong phap nay
con dudc ap dung trong nhiéu cong bd sau nay [86), 87, 34].

Mot cach thiét ké khac 1a thiét ké ngudng tham lam theo mdt do ting thém
(density gain). Phuong phap nay dung khi giai bai toan tdi vu ham submodular véi
rang budc chi phi, vi du bai toan SMK. Wolsey 1an dau tién dua ra khai niém mdt
do tham lam (density greedy) khi gidi quyét bai toan SMK don diéu [146]. Khai
niém mat do 12 ¢/ I¢ giita loi nhudn bién va chi phi cia mot phan ti khi thém vao
tap 1oi giai.

Sau d6, Mirzasoleiman va cdng su [98] 1an dau tién xay dung phuong phap
nguong mdt do tham lam (Greedy Density Threshold - GDT). Y tudng chinh 1a
xay dung tht tuc GDT khong chon cdc phan tif nao ¢6 ti 1& A(e|S)/c(e) nhé hon
ngudng p véi c(e) 1a tdng ngan sach chi cho phan ti e tif ngudn [ ngan sach. Piém
dic biét 1a cac tac gia da thiét ké d€ p c6 thé giam dan theo tiing vong ldp nham
gia ting chit luong 10i giai, cai thién ti 1& xp xi cla thuit todn. Lic do, phuong
phdp nay dudc goi 1a ngudng tham lam gidm dan (decreasing greedy threshold).

St dung ngudng tham lam con ¢ wu diém 1a su linh hoat khi két hop véi cac
phuong phap thiét ké khac nhu gidm dan ngudng, thiét ké thuat toan ludng, song
song hod dé€ giam dd phiic tap thdi gian, dd phiic tap truy van ma vin ddm béo chat
lugng 161 giai [2, 67, 24].

2. Thiét ké thuét toan luong. Thiét k& thuat todn ludng nhim gia ting co hoi
chon nhiéu phan ti tot véi dung luong bd nhé bi gidi han.

Thong thuong, v6i tham lam, toan bd du li€u dugc dua vao thuat toan thanh mot
ludng va dugc doc tuan ty tiing phan td. Sau d6, tai mot thdi diém can phai dua
ra quyét dinh c6 chon né hay khong. Rat nhiéu trudng hop khong thé ddo ngudc
dugc quyét dinh 1am cho thdi gian tim ra 16i gidi 1au hon. Pong thdi, dung luong
bd nhé ludn ludn phai chida ca tap V. Viée xit Iy tuan ty tiing phan ti 1am cho hiéu
qua st dung bo nhé bi giam di.

Thudt todn luong (streaming) 13 mot dang thut todn truc tuyén dudc van dung
nham cai tién thuat toan tham lam. Thay vi doc vao bo nhé toan bo ludng, thuit
todn truc tuyén sé doc dif liéu vao theo titng khdi hodc ting phan. Véi thuit todn
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ludng, né sé& quét ludng dit lidu c6 kich thudc n mot hodc nhiéu 1an. Tai mot thoi
diém t, thuat toan sé doc va xi ly cdc phan ti c6 kich thudc hitu han M sao cho
M < n' véi n! 1a kich thudc ctia ludng dit liéu. DE ddnh gia hiéu qua clia mot
thuét toan ludng, cc cin ci sau dugc dua ra:

- S6 k 1an quét dong dit liéu (k-pass) ma thudt todn can.

- Dung lugng bd nhd can xi ly trong ludng, max | M;|;

- Thai gian chay cta thuat todn, thudng dugc do qua do phiic tap truy van;

- Ti 1& xap xi ma thut todn dua ra.

Bandanidiyuru va cong su [5] 12 nhitng ngudi tién phong dua k¥ thuat ludng két
hop véi tham lam gidi bai toan SMC véi cac ddm bdo ly thuyét manh mé. Ho da
dé xuét thuat toan SIEVE-STREAMING chi can duyét dong dit liéu 1 14n, véi sap
xép bat ki, cho ti 1& xap xi1a 1/2 — ¢, ¢ > 0. Tai cing 1 thdi diém, thuat toan nay
chi yéu cau c6 O((klog k) /€) bd nhd. Tdc 1a né doc 1ap véi kich thude cia tap di
liéu dau vao, va xtt Iy cac dit liéu v6i O((log k) /) thoi gian cap nhat. Ti 1é x4p xi
so véi tham lam thi van thdp hon nhung tinh hiéu qua dudc danh gia cao khi chi
bang 1 14n quét tap V, dung luong nhd va thai gian chay da dudc gidm dang ké.

Uu diém ctia thuét toan ludng 1a c6 thé két hop véi ngudng tham lam dé sang
loc cac phan chon ra phan ti tot. Ngoai ra, khi quét dong dit liéu vai 1an, dua ra
nhiéu 10i gidi du tuyén dé cling sang loc mot phan ti tai mot thdi diém tao co hoi
chon lai cdc phan ti t6t da bi bd qua 1a 16n hon. Qua dé ddm bao dudc chat ludng
161 gidi can bang véi s6 luong truy van va dung lugng luu trit dit liéu bi gidi han.

Thiét ké thuat toan ludng hién nay rat dudc wa chuong, ap dung rong rii véi
nhiéu dang cua bai toan t6i vu ham submodular [115, 11, 167, 24]...

3. Thiét ké thuét toan song song. Thiét k& thuat todn song song dua trén ¥
tudng song song hoa cac truy van 18i goi ham tai mdi budc 1dp cia thuat toan, do
Balkanski va cong su [11]] d& xuét. Tir d6 hinh thanh khai niém do phtc tap song
song 12 s& vong 1ip tuan tu tdi thi€u ctia mot thuit todn. Song song hod 1am cho
tai mbi vong ldp, thuat todn sé thuc hién cdc truy vin dén ham f(-) 1a doc 1ap 1an
nhau, do d6 c6 thé tién hanh song song vdi nhau dudc. Piém khé khin 16n nhat
clia thuat todn song song d6 1a phu thudc vao ngudi thiét ké thuat todn, rat khé dé
dua ra mot khudn miu chung cho tat ¢4 cic bai todn t6i vu khac nhau dudc. Nhung
16i diém nhin thay rd 13 néu do phic tap song song thap, tic 1a sd vong 1ip tuan tu
cang it thi tbc do chay ciia thuit toan cang nhanh. Phuong phap nay dudgc 4p dung
trong mot s6 cong bd gan day [10, 2]]...
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1.5. Cac thach thitc va muc tiéu nghién ciru

Bai todn t6i vu ham submodular 13 mdt bai toan vira ¢é nhiéu tinh chét 1y
thuyét sau sic, vita c6 tinh tGng dung trong thuc tién cao. Nghién cifu vé bai
todn nay 12 mot chi dé néng trong thoi gian gin day, xuat hién nhiéu trén céic
dién dan ndi tiéng vé tri tué nhan tao va hoc may nhu cic Hoi nghi AAAI [86],
AISTATSI[85], ICML [96, 87, [106], NEURIPS [128| 2], IJCAI [120, 24]... ciing
nhu cé4c tap chi hang dau vé t6i uu t& hop va van tru hoc [[145], [131], 129]...

Qua tim hiéu cdc cong b trén, tac gid nhan thiy xu huéng nghién ciiu va ting
dung trong thuc tién ma gii nghién ciu dang chi trong 14 cdc bai todn bién thé
va mé rong clia tdi da ham submodular. Céc bai todn méi xét v6i nhiéu loai rang
budc, mé rong khong gian tim kiém... Tuy nhién, huéng nghién ctfu nay c6 mot sb
thach thuc nhu sau:

1. C4c bai toan thudc 16p bai toan NP-kho, can céc thuit todn xap xi hiéu qua
giai bai todn nay. Vi thé, yéu ciu dit ra ddi v6i luan 4n 1a dé xuét dudc cac thuat
todn xap xi canh tranh véi cac thut todn hién co.

2. Van dé vé dit liéu 16n. Su bung nd cuia tap dit liéu dau vao, khong gian tim
kiém 10i giai ting theo ham mi. Do viy, cdc thuit todn can phai ddm bio thdi gian
tim kiém nhanh va khong gian luu trit ti vu.

3. Giam sb lugng truy van. Viéc tinh todn ham muc tiéu 4nh hudng téi thoi
gian chay cta thuat todn. Vé6i bai toan tdi da ham submodular, 15i goi ham muc
tiéu dugc thuc hién nhiéu 1an. Do vay, ndy sinh yéu cau can thiét ké c4c thuit todn
sao cho gidm thi€u dang k& céc truy van nay. Day ciing 12 mot thach thic quan
trong can luu y khi thiét ké cac thuat toan.

4. Tinh chat khong don diéu cia ham muc tiéu. Thuc té, khong phai lic nao
ham muc tiéu submodular ciing c6 thé don diéu. Tinh khong don diéu dnh hudng
dén cac thuat toan khi can nhanh chéng phai loai bd cac phan ti “xiu”. Do vay,
cac thuat toan can phdi c6 cac phan tich va dua ra cach chon 15i giai khéo 1éo.

5. Cudi cling, cic bai toan t6i vu ham submodular c6 thém rang budc, xét véi
nhiéu, md rong khong gian tim kiém... doi khi sé 1am thay ddi ban chat ham muc
tiéu, hodc 1am s ludng 16i gidi du tuyén khé xac dinh. Do d6, cin cdc thuit todn
méi gidi quyét cdc vin dé nay.

V6i bdi canh nghién ciu va cac thach thidc dit ra 6 trén, luin 4n dinh huéng
nghién ctiu nhu sau:

- Nghién ctiu cdc bai toan t6i da ham submodular SM, bai toan d6i ngdu SC
vGi cac rang budc kem theo. Trong do, rang budc chi phi dudc quan tam, do tinh
tong quat ctia nd. Tir do, nghién ciiu cac bién thé ciia hai bai toan trén: gidi véi
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nhiéu, mdé rong ham muc tiéu...;
- Nghién citu vé thuit toan xap xi va cac phuong phdp cai tién hién nay;
- Pé xuit c4c thuat todn x4p xi canh tranh gidi quyét cic bai toan.

Tur d6, luan 4n da dé xuét cac thuat todn xap xi d€ giai quyét ba bai todn cu thé:
T6i da ham k-submodular v6i rang budc chi phi (KSMK), t6i da ham submodular
v6i rang budc chi phi c¢6 nhiéu (SMKN) va t6i da ham Pha Submodular trén luéi
nguyén (DRSC).

Vi bai toan KSMK, nhu da phan tich, véi cdc ting dung can phan hoach cac
phan t& vao k tap khong giao nhau doi hdi su md rdng nghién citu tdi wu ham
submodular thanh ti wu ham k-submodular. C4c nghién cttu hién nay ddi véi bai
toan kSMK con nhiéu han ché nhu chua nhiéu cong bb c6 lién quan, van dé thoi
gian chay va ti 1& xap xi cAn dudgc cai thién [134, [115]. Ti 1& x4p xi t6t nhit hién
nay doi véi bai toan 1a 1/2 cia [140] nhung lai khong kha thi, khong ¢6 tinh thuc
té, ton luong truy van qua 16n. Do do, luan an dit vin dé dé xuét cac thuat todn
cho ti 18 xap xi canh tranh véi cdc nghién ciu tién tién hién nay nhung gidm ducc
do phuc tap truy van.

V6i bai toan SMKN, luan 4n dit van dé dua mo6 hinh nhiéu khi xem xét 15i
giai cho bai toan SMK. Mot s6 tac gia da nghién cifu nhiéu va anh hudng ctia né
ddi véi bai toan t6i uu ham submodular [40, [106], nhung véi rang budc khac. Véi
SMK chua c6 nghién ctiu ndo dugc dit ra. Van dé thach thifc dén tir udc lugng
nhiéu F ctia ham f, tinh todn véi nhiéu trong thuat toan, va rang budc chi phi lam
cho bai toan cang c6 tinh thich thiic khi can nhanh chéng lua chon dudc phan ti
dua vao tap 16i gidi. Thém vao do6, st dung thuit toan ludng d€ cai thién van dé
thdi gian chay va bo nhé tiéu tén so v6i tham lam dang 12 huéng nghién citu pho
bién hién nay.

DRSC 1a mot bai toan phu hop vé6i cac kich ban can ti thi€u chi phi nhan
luc, tai nguyén ma van dat ning suét can thiét. Bai toan nay con ¢ y nghia thuc
tién khi mot cach tu nhién, ching ta ludn lya chon nhiéu 1an nhiing c4 thé, dbi
tudng cho két qua tot trong cong viéc. Tuy nhién, bai toan nay dang ton tai nhiéu
thach thic khi tinh cht submodular dudgc mé rong. Thém vao d6, thach thiic rat
16n dén tit khong gian tim ki€ém khdng 10 ZY anh hudng dén thdi gian chay. Trong
khi d6, huéng nghién ctu vé bai toan nay 13 nghién ctu méi, cé it cong bd lién
quan. Mot s cong bd [52, 119]] chi 1am viéc véi ham f 13 s6 nguyén, con mot sd
[129, [47] khéc lai cho dd phiic tap truy vén 16n. Do d6, nghién ciiu gidi DRSC
cho ti 18 x4p xi canh tranh, st dung song song héa véi do phiic tap song song va
do phuc tap truy van thip duoc dit ra.
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1.6. Két luan chuong

Luan 4n dé cip dén bdi canh nghién ciu clia bai todn t6i vu ham submodular
12 mot bai todn t6i uu t6 hgp quan trong va phd bién. Haim submodular c6 tac dung
16n trong cac bai toan thu thap, xu ly thong tin va lam da dang di liéu.

Nhan thiic dudc tiém ning cia bai todn t6i da hAm muc tiéu submodular, luin
4n da chon nghién ctiu dua ra cac thuat todn xip xi hiéu qua cho bai todn tbi da
ham submodular c6 rang budc. Viéc tim 15i gidi cho cdc bai toan c6 nhiéu thach
thic. Huéng nghién citu chinh 1a: (1) Giai bai toan tdi da hAm submodular c6 rang
budc, trong d6, luan 4n tap trung vao rang budc chi phi va cac bién thé cla bai
todn t6i da ham submodular v6i rang budc. Cac thuat toan xap xi dudc thiét ké
theo hudng 12 thuit toan tat dinh véi ti 1& x4p xi 12 hang sb; (2) Cdc phuong phap
cai tién thuat todn xap xi tham lam nham giam thdi gian chay, bé nhé luu trit va sb
luong truy vAn ma van dam bao chit lugng 15i giai.
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) CHUONG 2
BAI TOAN TOI PA HAM k-SUBMODULAR VOI RANG BUOC CHI PHI

Bai toan t6i vu ham submodular 13 mot trong cdc bai toan tdi uu t& hop thudng
gip va c6 tinh dng dung rong rai trong nhiéu linh vuc nhu tdi da anh hudng, hd
trg ra quyét dinh nhd thu thap thong tin [81]], phan doan anh [18, [78], tom tat tai
liéu [98, 90] va hoc tich cuc [60]...

Tuy nhién, viéc st dung m6 hinh tbi tu ham submodular chua di dé€ dap ting
cho mot vai tinh hudng x4y ra khi can tim giai phap d€ phan 16p cic phan tif vao
nhiéu tap khac nhau nham thu thip thong tin v6i nhiéu chii dé khac nhau. Khi do,
mot tap dif liéu dugc phan hoach thanh & tap khong giao nhau, mdi mot phan tii clia
tap dit liéu can lua chon dua vao tap i nao do trong k tip con sao cho lugng thong
tin thu thap dudc c6 10i nhat. Submodular dugc md rong thanh ham k-submodular.
Céc bai toan t6i uu ham k-submodular da tré thanh mot cha dé nghién citu thu hut
dugc nhiéu su quan tAm gan day [[135, (109, 106, [152].

Tiép can v6i xu hudng nghién cttu ndy, ludn 4n gidi bai toan tdi da ham k-
submodular voi rang budc chi phi (k-Submodular Maximization under Knapsack
constraint - KSMK) bang céac thuit todn xap xi. Bai toan kSMK c6 thé dudc van
dung d€ giai quyét nhiéu kich ban trong thuc tién nhu tdi da 4nh hudng cia k chi
dé, dit k cam bién, phan 16p... vdi gidi han chi phi vé nhan Iuc, ngan sich, thoi
gian... Tuy nhién, cdc nghién citu cho kSMK con chua nhiéu, boc 16 mot s6 han
ché vé6i van dé thoi gian chay va ti 1& xap xi clia thuat todn.

Trong chuong nay, luan 4n trinh by céac thuit toan x4p xi tit dinh cho bai
toan kKSMK véi hai truong hgp, ham muc tiéu don diéu va khong don diéu. Trong
do, cac thuit toan cho haim muc tiéu don diéu cho két qua vudt trdi vdi ti 1& xap xi
tot hon ti 1& c6 dudc clia thuat todn xAp xi tét nhat hién nay ma do phic tap truy
van gidm xudng tuyén tinh. C4c thuét toan cho ham muc tiéu khong don diéu cho
két qua tot véi ti 18 xAp xi tot tuong duong véi ti 1é c6 dugc cia thuat todn xap xi
tot nhat hién nay nhung do phic tap truy van ciing gidm xudng tuyén tinh.

2.1. Phat biéu bai toan, hAm muc tiéu va mot s6 quy uéc quan trong
2.1.1. Phat bi€u bai toan

Dinh nghia bai toan tdi da ham k-submodular dugc xay dung tuong tu nhu
bai todn t6i da ham submodular véi phat biéu nhu sau:

Dinh nghia 2.1 (Bai todn t6i da ham k-submodular). Cho mét s6 nguyén duong
k > 0,tap co sé V dudgc phan hoach thanh £ tap khong giao nhau, V' = {V1, V5, ... Vi }
va ham muc tiéu f : (k + 1)V — R, 1a ham k-submodular, bai todn can tim tap
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16i gidi s = {5, 5,...,5:},VS; CV,1 < i <k, thdéa min rang budc C dbi véi
tap s sao cho f(s) la cuc dai:

max f(s) (2.1)

sts € (k+1)".

Khi bai todn yéu cau gidi han vé ngan sach cho true, C 1a rang budc chi phi.
Ta c6 phat biéu vé bai toan t6i da ham k-submodular véi rang budc chi phi tuong
ung nhu sau:

DPinh nghia 2.2 (Bai toan kSMK). V6i ngan sach giéi han B > 0 cho trudc, moi
phan t e € V c6 mdt chi phi duong c(e) < B. Bai toan KSMK yéu cau tim mot
k-tap s = (S1, Sy, ..., Sy) v6i tong chi phi c(s) = 3,y D_.es, ¢(e) < B sao cho
f(s) la cuc dai.

Trong d6, V' 1a tap co sd, k 1a mot s6 nguyén duong, quy udc [k] = {1,2,...,k}
va (k+1)V = {(Vi,Va,...,Vi)IV; CV, Vi € [k], VN V; = (0,Vi # j} laho k
tap khong giao nhau dudc goi la k-tdp (k-set).

2.1.2. Ham muc tiéu va mét s6 quy wéc quan trong

D& thuan tién trong viéc dua ra cac phat biéu tinh chit ham muc tiéu, xay
dung céc thuat todn va phan tich 1y thuyét, Bang [2.1t6m tat cac ky hiéu phd bién
d€ giai quyét bai toan kKSMK.

Ky hiéu | Mo ta
% Tapcosé V = {e1, ez, ..,en}
n Kich cd ctua tap V
c(e) Chi phi ctia mot dinh e € V bat ky
S Tap céc phan tir
X; Tap con thi ¢ cia x
(k] Tap céc s6 nguyén duong lién tiép, [k] = {1,2,...,k}
X k-tap (k-set) trén (k + 1)V gdm k tap con khong giao nhau, x = { X1, Xo,..., X} }
0, opt o la vector 16i gidi tdi uu, opt = f(0)
suppi(x) | suppi(x) = X;
supp(x) | supp(x) = Uy Xi, 1a tap hop moi phan ti clia k-tap x, hay [x| = |supp(x)|
(e,1) Bo (tuple) gdm phan tt e € V' va tri tri ¢ cia n6 trong k set
x(e) Vi tri cta e trong k-tap x, x(e) =i
U,M,C | Cic phép todn trén (k + 1)V
B Ngan sach cho truée, B € Z
A(e,)f(x) | Loi nhuén bién (marginal gain) khi thém mot bd (e, i) vao x

Bang 2.1: Cac ky hiéu thuong dung trong bai toan KSMK

Cu thé, cac dinh nghia va quy tac dit tén dudc st dung trong ludn dn nhu sau:
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- Mot tap x = (X1, Xo, ..., X}) bat ky dudc goi 1a 1a k-tap; Céc tap con ciia
mot k-tap 1a khong giao nhau; Mot k-tap rong 1a 0 = (0, ..., 0);
- bit supp;(x) = Xj, supp(x) = U;e X, v6i X; 1a tap con thif i cia x. Nhu

vay, ta c6 luc lugng cua tap x: |x| = |supp(x)];

-Chox = (X1, Xs,...,Xs),y = (Y1, Ys,...,Y;) € (k+1)Y, ta thiét 1ap néu
e € X, thi x(e) = i va i dugc goi 1a vi tri cia e, ngudc lai thi x(e) = 0. ¢ la tap
con nao dé6 trong k tip con ciia k-tAp x. Thém mot phan ti e ¢ supp(x) vao X; cd
th€ dugc bi€u dién thanh x LI (e, 7). Mot (e, i) dugce goi 1a mot bd (tuple). Nhu vay,
khi thém mot phan i e bat ky vao trong k-tip x dudc thé hién bang viéc thém bod
(e,7) vao x.

- D€ cho phan tich thuat todn, bi€u dién x = {(ey, 1), (e2,2), ..., (e, ;) } dbi
Véi e; € supp(x),i; = x(e;), V1 < j <.

- Khi X; = {e}, va X; = 0,Vj # i, x dugc trd thanh (e, 7).

- C6x C y khi vachi khi X; C Y; Vi € [k].

Céc quy udc trén 1am co sé dé€ cac tinh chit cia ham muc tiéu k-submodular

dudc phat biéu. Céc tinh chat nay déng vai tro rit quan trong trong viéc phan tich

e 9. A

cac mdi quan hé giita 10i gidi du tuyén va 15i giai téi uu khi thiét ké cac thuat todn.
Ward va cong su [144] da phat biéu céc tinh chat k-submodular nhu sau:

Dinh nghia 2.3 (Ham k-submodular [144] ). Ham f : (k + 1)V — R, la k-
submodular khi va chi khi v6i cac bién x,y bat ki, x = (X1, Xs,..., X}) va
y = (Y1,Ys,..., V) € (k+1)", taco:

f(x)+ fly) > f(xNy) + f(xUy). (2.2)

Trong do:
Xﬂy:(Xlﬂ}/i,...,XkﬂYk)

va
xl_ly:(Zl,...,Zk), VélZZZXZUY;\(UXJUYJ>
J#i

Ngoai ra, néu f 12 mot ham don diéu ting (monotone) thi ham c6 thém cd
tinh chat sau:

Dinh nghia 2.4 (Ham don diéu ting [144]). Véibatky x € (k+1)V, e € supp(x)
va i € [k], ta co lgi nhudn bién (marginal gain) cia mot ham k-submodular la
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khong am, dudc cho bdi:

A(e’i)f(X) :f(X17 s 7Xi—17 XZ U {e}, Xi—|—17 RN 7Xk)
— f(Xq,..., Xx) > 0.

Bén canh d6, nham ching minh cac hé qua va bd dé quan trong ctia thuit todn,
ta can st dung céc tinh chit tuong duong ctia ham k-submodular. Mot ham f 14
k-submodular théa mén 2 tinh chit 12 truc giao submodular (orthant submodular)
va submodular titng cdp (pairwise submodular). Cac tac gia [144] phat biéu mot
dinh 1y quan trong sau chi ra mdi quan hé giita cdc tinh chit nay ddi véi ham
k-submodular:

Dinh ly 2.1 (Theo Pinh ly 7 cua [144]]). Ham [ la k-submodular khi va chi khi no
thod man tinh chdt truc giao submodular va submodular titng cdp.

Hai tinh chét truc giao submodular va submodular tiing cip dudc phat biéu
nhu sau:

DPinh nghia 2.5 (Truc giao submodular).

A f(x) > Ay f(y)

Véibatky x,y € (k+ 1)V, e ¢ supp(y),x Cy vai € [k];
Dinh nghia 2.6 (Submodular tiing cip). V6i batky i, 5 € [k],i # j:

A f(x) + A f(x) > 0.

Trong bai todn ta chi xét trudng hop £ > 2, vi néu k = 1 ham k-submodular
trd thanh submodular. V6i bdi canh ciia bai toan KSMK, ta gia st rang cac phan ti
e ¢ chi phi c(e) > 0 théa man c(e) < B, vi néu khong thda man diéu kién nhu
vay chi don gian 12 khong xét phan ti d6 1a dudc. Ngoai ra, bai toan ciing gia dinh
da biét trudc cach tinh ham f. Hay ta lu6n gia st ton tai mot hop den (blackbox)
d€ véi moi tap x, déu tra vé gid tri ca f(x). Khi do, ta n6i bai toan ludn gi st da
cho tru6c mot ude lugng truy vén (oracle query) ctia ham f(-). Pong thoi, gia st
ham f dugc chuan hoa, tic 1a f(0) = 0, mang ham y tip hgp rong khong mang
lai gia tri d6ng goép vé miit 1di ich.

2.2. Ung dung cta bai toan
Toi da ham k-submodular gidi quyét nhiéu kich ban ma t6i da hAim submod-

ular chua thé gidi quyét dugc. C6 thé chi ra mot vai vi du nhu cic trudng hop bén
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duéi. Khi cac tng dung nay bi rang budc bdi thdi gian, nhan luc hay ngan sach,
céc ting dung trd thanh cac thé hién cu thé ciia KSMK.

1. Bai toan t6i da anh hudng theo & chi dé. Vi du chién dich quing cdo cin
lan truyén tiép thi k san pham hoic k chii dé khac nhau t6i tip ngudi dung sao cho
anh hudng dén nhiéu ngudi dung nht.

Ban chit toan hoc ctia bai toan 1a tdi da héa ham k-submodular theo md hinh
khuéch tdn. Ban dau, md hinh nay do Kempe va cong su [43]] dé xuét d&€ md ta co
ché khuéch tan cia mot loai anh hudng duy nhét ctia mot tap hat giéng tdi toan bd
tap co s8. Céc tdc gia trong [109] da khai quat héa mo hinh nay d€ cho phép k > 2
cac loai 4nh hudng tham gia lan truyén thong tin. Bai toan dudc xay dung thanh 16i
da dnh hudng theo k chii dé (k-topic Influence Maximization KIM). Bai todn nay
thudng xuyén dudc st dung trong cac nghién cifu vé k-submodular [151],[106, T15].

2. Bai toan t6i da héa do phu cia thong tin theo & chii dé. Bai todn tdi da
anh hudng & trén chua xét dén tinh hudéng mot phan tit khong bi dnh hudng nhung
né van dugc thong bao vé chi dé dang lan truyén tif it nhit mot hang x6m da bi
anh hudng ciia n6. Wang va cdng su [143]] da nghién ctu bai toan t6i da héa pham
vi phii théng tin nham ti da héa theo ky vong bao gém céc phan ti dugc kich hoat
va ca céac phan ti dudc thong bdo vé chii dé dang dudc lan truyén. Sau dé, Qian va
cong su [116] da phat trién thanh bai toan t6i da héa pham vi phii thong tin cia k
chii dé (k-topic information Coverage Maximization - KCM).

3. Bai toan dit & loai cam bién. Bai todn md rong tir bai toan dit cam bién
sao cho tdi da thong tin thu dudc. Gia st ta c6 k loai cAm bién vé nhiét do, téc do
gi6 va ning luong,... vi mot tap hop V' gdm n vi tri d€ dit chiing. So do vi tri k
loai cAm bién dudc thé hién biang mdi k-bd (con goi 1a k-tuple) clia cac vi tri trong
V va loai cam bién dugc dit néu mdi vi tri chi dudc phép cé mdt cdm bién. Bai
toan trd thanh dit cam bién ¢ thudc k loai cam bién da cho & vi tri nao d€ toi da
lugng thong tin thu dudc. Lic nay, bai toan dudc goi 1a ddt k loai cdm bién (k-type
Sensor Placement - KSP).

4. Mot s6 ing dung khac: Ngoai cdc dng dung ndi trén, con nhiéu dng dung
khéc ciing dudc xay dung dua trén bai toan tdi da hAim k-submodular nhu:

- Max-k cut. Pay 12 mot bai toan ndi tiéng minh hoa rang cuc dai mot ham
submodular Ia bai toan NP-khé ngay ca khi ham muc tiéu f da dugc cho mét cach
tudng minh. Ward va céc cong cu [[144] da chi ra ring bai toan Max-k cut c6 ham
muc ti€u la k-submodular.

- Lua chon ddc trung cho k ldp. Lua chon dac trung tang cuong phan tich cac
tap dit liéu 16n bang cach giam kich thuéc ctia dit liéu. Két qua 1a cac bai toan lua
chon nhiéu dic trung bao gdbm nhém céc tinh ning lién quan dén & 16p va céc bién
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du doan khong tuong quan véi k, ti d6 hinh thanh bai toan lwa chon ddc trung
cho k 10p (k-class feature selection). Bai toan khong chi yéu cau tim cdc dic trung
nhiéu thong tin nhit ma con yéu cau phan loai cic dic trung lién quan dén céc
bién du doan, din dén van dé tdi da hoa k-submodular [123, [121]).

2.3. Cac thach thire caa bai toan

C6 thé thay cac ting dung ciia KSMK rit nhiéu trong thuc tién. Tuy nhién, dé
giai quyét tot bai toan nay can vudt qua mdt sb thach thifc clia ham muc tiéu va
van dé thoi gian chay.

- Thi nhét, vi tdi da héa ham submodular 12 bai toan NP-kho, nén tbi da hoa
ham k-submodular néi chung va bai toan KSMK néi riéng ciing 1a mot bai toan
NP-kho. Vi vdy can cdc thuat toan xap xi hiéu qua dé€ giai bai todn nay;

- Thi hai, khong gian tim kiém 13i gidi ting theo hAim mii khi kich ¢& n clia tip
dit liéu ting 1én. Vi vay, viéc dé xult cac thuat todn xap xi ddm bio chat luong 16i
giai trong thoi gian da thiic 12 mot thach thifc cot 16i can phai vudt qua;

- Thu ba, thach thic dén tir tinh chat k-submodular ctia hAm muc tiéu. Him
k-submodular v ham submodular khac nhau vé ban chat. Do vdy, 4p dung céc
phuong phap phan tich 1y thuyét ctia submodular trén k-submodular chua chic da
dat hiéu qua tuong tu, hodc cin cdc bién ddi phic tap hon. Bai toan tdi da ham
k-submodular sé 12 khong tam thudng vi su md rong cla k-submodular so véi
submodular khién cdc phan tich va thuat todn t6t nhim t6i da ham submodular
chua chic da phat huy tdc dung v6i k-submodular. Cac thudt todn xap xi cho chét
ludng 16i giai t6t do d6 ciing bi 4nh hudng. Vi vay, téi da ham k-submodular can
cac déng gép vé thuit toan hiéu qua dam bao can bang giita ti 1& xap xi va thoi
gian chay va do phiic tap truy van.

- Thi tu, thach thic tif rang budc chi phi. Khic véi rang budc vé luc luong hay
matroid chi can liét ké cac phan tif khong vuot qua kich cd tap 19i giai cho trudc,
rang budc chi phi 1am cho ¢6 thé c6 nhiéu tap 16i gidi v6i cac kich ¢d khac nhau.
Do dé, viéc lua chon céc 161 giai cling phtic tap hon so véi cac rang budc con lai.

- Thi nidm, cic nghién citu vé KSMK hién nay con chua nhiéu. Nhu da khdi
quat & trén, chd yéu cdc nghién citu dang tap trung véi rang budc luc lugng. Céc
nghién cifu da c6 véi rang budc luc luong khong thé ap dung truc tiép 1én rang
budc chi phi.

- Thi sau, yéu cau can giai quyét ham muc tiéu khong con don diéu d€ bai toan
kKSMK phil hgp véi nhiéu tinh hudng trong thuc tién hon.

- Cubi cliing, xu thé nghién cifu hién nay vé t6i uu ham submodular 1a gidm do
phitic tap truy van xubng con tuyén tinh. Viéc nghién cttu dbi véi bai todn KSMK
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cling khéng nam ngoai xu thé nay. Ciing tucng tu nhu cic bai toan t6i da ham
submodular, bai todn tdi da ham k-submodular can truy xuat ham muc tiéu nhiéu
lan khi tim phan ti t6t d€ thém vao tap 16i gidi. Cac thuat todn tham lam c6 do
phiic tap truy van I6n, anh hudng t6i thdi gian chay cta thuit todn. Do vAy can dé
xuat cdc thuat toan xp xi hiéu qua cho 19i gidi canh tranh, dong thdi gidm do phc
tap truy van.

Nhu vay, d& gidi bai toan t6i da ham k-submodular v6i rang budc chi phi
bing cdc thudt toan cai tién hiéu qua, can khao sat, phan tich va vin dung nhiéu
dong gop khéac nhau ctia gidi hoc thuat trén thé gidi vé ti uu submodular va tdi uu
k-submodular. Phan tiép theo s& tom tit ndi dung mot s6 nghién ciu c6 lién quan.

2.4. Cac van de nghién ciru c6 lién quan

Ban dau, cic tac gia nghién ctfu bai todn tdi da ham k-submodular khong c6
rang budc bing nhiéu phuong phap khac nhau nhu: thiét ké thuat toan tham lam
tat dinh [144], tham lam ngau nhién [73]], gidi ngau nhién [110], va thiét ké thuat
to4n ludng [126]... Tuy nhién sau nay, cic nghién ctiu chuyén sang giai véi rang
budc nhiéu hon do ¢6 su gan giii vi cdc bai toan xdy ra trong thuc té.

Pau tién, cic nghién ctiu tip trung vao rang budc luc luong[[109, 118, [152].
Tuy nhién, rang budc chi phi 1 rang budc tdng quat hon, khi xét mbi mot phan ti
e € V s& can it nhit mot chi phi c(e) d€ hoat dong. Nhu da phan tich & chuong
trudc, khi c(e) = 1, bai todn vdi rang budc chi phi trd vé véi rang budc luc lugng.
Tham chi, bai todn t6i da ham k-submodular véi rang budc chi phi con nang do
khé ciia bai todn 1én néu v6i mdi phan tif e c6 chi phi ¢;(e) riéng biét cho tiing
i € [k] tap con tuong ing. Nhu vay, gidi bai todn lic nay sé gip phai nhiéu thich
thiic hon do xuét hién rt nhiéu 18i giai vé6i chi phi khac nhau.

Céc cong bd dau tién giai véi ti da ham k-submodular don diéu. Tuy nhién,
nghién cttu ham muc tiéu khong don diéu gép phan 1am téng quat hoa bai toan vi
dong gop 1oi ich cia mot phan ti vio mot tip hop khong phai lic nao ciing ting
ma c6 thé giam. Piéu nay da dudc chi ra trong cdc nghién ciu cua [137, 07] vé
t6i vu ham submodular. Hé qua 13 ham muc tiéu k-submodular ciing c6 thé khong
don diéu. Vi thé viéc nghién cifu ham k-submodular khong don diéu can nhiing
dong gép mdi co gia tri.

Bai toan kKSMK 1an dau tién dugc quan tam bdi Tang va cong su [134], trong
d6 céc tac gia da dé xuat mot thuat toan tham lam x4p xi véi ti 16 1/2 — 1/(2e).
Thuét toan ctia ho 1 su ké thira tir thuét toan tham lam cda Sviridenko [131]]. Tuy
nhién, thuat todn tao ra do phiic tap truy vin kha 16n 1a O(n*k?) khién né khé ap
dung ddi vé6i cdc bai todn c6 kich thuée dit liéu dau vao cd 16n, cho di khi thuat

46



todn do ¢6 thé tinh toan ham muc tiéu f trong thdi gian 1a O(1).

Bén canh do, cic tic gid trong [141] d& xuit mot phuong phap khéc, 12 md
rong ham muc tiéu sang lién tuc, con goi 1a phuong phap md réng da tuyén tinh
(multi-linear extension) cho KSMK. Thuét toan ma ho dua ra duva trén tinh toan
ngau nhién cho ti 1& xap xi 1én t6i 1/2 — 2¢ theo ky vong. Cong trinh ctia ho cho ti
1¢ x4p xi tot nhat, tuy nhién thuat toan nay khong thuc té do do phic tap truy van
16n ctia phan md rong lién tuc.

Mot trong cdc phuong phdp hiéu qua gép phan 1am gidm dung luong luu trit
va gidm thdi gian tinh todn khi dit liéu dau vao c6 kich thudc 16n 1a thiét ké thudt
todn Iuéng. Thiét ké thuat todn ludng trd thanh mot phuong phap dudc wa chudng
dé giai cac bai toan tdi da ham submodular v6i nhiéu loai rang budc khac nhau
nhu rang budc ve luc lugng [62, 15, 189, 85], chi phi [70], k£ tap [66] va matroid
[26]]... Tuy nhién, ciac phuong phdp hién c6 khong dé dang khi ap dung truc tiép
vao bai toan KSMK vi su khic nhau vé mit ban chét gita tinh submodular va
k-submodular.

Pau tién, ap dung ludng dé tdi da ham k-submodular di dugc dé cap trong [144)
73]]. Cac tac gia da dé xuat thuat todn goi 1a thudt todn luong quét 1 lan (single-
pass streaming). Thuat todn nay chi duyét tiing phan ti clia tp co sé 1 1an. Luu y
rang viéc chon ra cdc phan ti c6 déng gop loi ich 16n nhit d€ bs sung vao tap 15
giai trong thuit toan tham lam, céc thuat toan phai duyét tuin tii tp co sé V nhiéu
hon 1 1an. Y tudng cla céc tac gia trong [73] 1a khai thac lwa chon ngdu nhién
trong khi cic tac gia trong [144] lai phat trién thuét toan dua trén mot phan phdi
m&i khi Iua chon mot phan ti véi cac chi phi khac nhau, sau d6 thiét 1ap mot mbi
quan hé gitta 16i gidi dang xét véi 16i giai toi uu.

Gan day mot nhém nghién cttu dén tir Viét Nam, Pham va cong su [113] da
dé xuét 2 thuét todn ludng 1 14n quét cho bai todn kKSMK véi do phiic tap truy van
la O(nklog(n)/e). Bai toan KSMK 1a truong hgp dac biét trong nghién ctiu ctia ho
khi 3 = 1. Khi d6, cac thuit todn ciaho dat ti 16 xAp xila1/4—evak/(4k—1) —¢
theo ky vong cho truong hgp f don diéu, va 1/5 — e va k/(5k — 3) — € theo ky
vong khi f khong don diéu. Céc tdc gia nay da 1an dau tién dé xuat hai thuit todn
ludng cho kSMK d¢ dat dudc ti 1 xp xi 1a hiang sb trong khi céc truy van chi con
1a O(knlog(n)). Ti 1& x4p xi 12 hing s6 gitp cho chét luong 16i gidi khong phu
thudc vio ngin sach B va kich thudc ctia tap dif liéu dau vao. Diéu nay thuc su c6
loi khi kich thudc tap dit liéu dau vao ting 1én.

Tu bdi canh nghién ciu trén, cho thiy dé€ gidi quyét bai toan kSMK can tap
trung vao dé xuét cac thudt toan xp xi tat dinh véi i 1& xap xi 12 hing sb sao cho
giam do phic tap truy van canh tranh dudc v6i do phtc tap tét nhat hién nay dang
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12 O(knlog(n)) nhung vin ddm béao dugc chét lugng 15i giai. Bang [2.2] tém tat
cdc cong bd tot nhit hién nay ddi v6i bai toan kSMK. Greedy 1a tén cho thuit todn
tham lam dé xuét béi Tang trong [[134], DS va RS Ia tén viét tat cho hai thuat toan
ludng tit dinh va ludng ngiu nhién trong [113]. P9 phuc tap truy van poly(n) la
dd phtc tap da thiic.

Thuét toan Ti 1€ xap xi Do phic tap truy van  Loai
Greedy[134] 1/2—1/(2¢)  O(n*k?) Tat dinh
Thuét todn 3 trong [141]] 1/2 poly(n) Tat dinh
Thuat toan ludng tit dinh - DS [115] 1/4—€ O(knlog(n)/e) Tat dinh
Thuat toan ludng ngéu nhién - RS [115] k/(4k —1) —e O(knlog(n)/e) Ngéau nhién

Bang 2.2: Cac thuit toan hién nay cho kSMK.

2.5. Cac thuat toan xap xi cho bai toan kKSMK don diéu tiang
2.5.1. Két qua méi ctia ludn an

DPé giai quyét bai toan KSMK, luan 4n da dé xuit mot vai thuat todn cho 15i
giai v6i ti 1& xAp xi tdt tuong duong hoic tham chi t6t hon cac thuit todn hién cé,
dong thoi gidm ducc s6 luong truy vin ham f. S6 ludng truy van dugc thé hién
thong qua do phiic tap truy van. Day 1a mot huéng nghién ciiu quan trong, thé hién
su canh tranh giita cac nghién ctiu hién nay, vi do phiic tap truy van dnh hudng truc
tiép t6i thoi gian chay clia thuat toan. Nhin chung, nghién cifu vé bai toan kSMK,
luan an tap trung vao:

1. Pé xuit cac thuat todn tat dinh cho ti 1& xap xi hang sb canh tranh;

2. C4c thuit toan gidm dugc do phiic tap truy vin xudng con tuyén tinh;

3. Nghién cuu gidi bai toan KSMK véi hai truong hgp ham muc tiéu don diéu
va khong don diéu.

4. Tién hanh thuc nghiém so sanh céc thuit toan dudc dé xuit va cac thuit todn
tot nhat hién nay.

Déi vé6i trusng hop ham muc tiéu don diéu, luan 4n trinh bay vé cic thuat todn
m&i cho bai todn KSMK, ddp ting mot sd yéu cau vé dam bao hiéu qui va gidm
do phiic tap cta truy van. Cac két qua nghién citu 1a dau tién cung cip ti 1& x4p xi
khong d6i chi trong pham vi do phic tap truy van 1a O(kn) va c6 thé tra vé ti 1é
xap xi 1/3 — e.

V6i két qua néu trén, cdc dong gop clia luan 4n 1a tot hon thudt toan t6t nhat
hién nay ctia Tang va cdng su [134] khi giai bai todn nay bang thuit todn thdi gian
da thiic tat dinh, thiét ké dua trén tham lam vdi ti 1& xap xi1a 1/2 — 1/(2¢). Péng
g6p clia luan 4n 1a cho chi phi tinh todn thip nhat so vé6i bat ky thuat toan xap xi
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c6 ti 1& khong d6i nao va déng mot vai trd quan trong trong viéc tim kiém cac giai
phap gan tdi vu cho céc ing dung. Piéu nay c6 gia tri khong nhd vi chi phi danh
gid ham muc tiéu f c6 thé rat ton kém.

Téng thé, nhitng dong gép cla luin an d6i vé6i bai toan KSMK don diéu ting
bao gom:

- Pé xut thuat todn x4p xi nhanh, FA (Fast Approximation, Thuit todn , cho
ti 1& xAp xi 1a 1/10, can 1 1an quét tap co sé v6i do phiic tap truy van 12 O(kn).
Thuit toan dugc xay dung dua trén y tudng chia doi tip co sé V' thanh 2 tap nham
tim gidi phap t6i wu trén tip thd nhét va tim gidi phdp gan tbi wu trén tap thd hai.
Pay 1a thuat todn don gian diu tién nhung quan trong bdi vi né gidi han khoing
clia gid tri t6i uu va cung cp mot chién thuat chia tip dit liéu d€ giam do phic tap
truy van con O(nk).

- Pé xuit thuat toan xap xi nhanh cdi tién, IFA (Improved Fast Approximation,
Thuat todn 3)), cho ti 1& xAp xi 12 1/4 — ¢, yéu cau do phic tap truy van 1a O(kn/¢)
v6i € € (0,1) 1a tham sb chinh xdc. Thuat toan dugc xay dung dua trén ngudng
mat do (density gain threshold) ctia cac phan tir. Thuit to4an nay cho ti 1& xip xi
tot tuong duong thuit toan DS néu trong [115], 12 mot thuét todn tit dinh t6t nhét
hién nay.

- Chét luong ctia IFA dudc cdi tién bang thuat toan xap xi cdi tién ting cudng,
IFA+ (Improved Fast Approximation Plus, Thuat toan . Thuat todn nay can
O(kn log(1/€)/e) truy vin nhung c6 thé cung cap ti 1& xAp xi 1én t6i (1/3 — ¢).
Thuat todan dudc xay dung dua trén ngudng mat dd va ting cudng chit luong clia
16i giai du tuyén bang cach phan hoach lai 15i giai du tuyén va bs sung thém cac
phdn ti t5t con trong tip co s8. Pay 1a thuat toan cho ti 1 xap xi t6t hon so véi
thuit todn cho ti 1& x4p xi tot nhat hién nay 1a thuit todn Greedy dé xuit bdi Tang
va cOng sy [134].

- P& kiém nghiém cac déng gop vé mit ly thuyét, luan 4n thuc hién mot s6 thuc
nghiém téng quét véi ba ting dung ctia KSMK, bao gdom: Tdi da anh hudng theo k
chii dé vdi rang budc chi phi - KIMK, t6i da héa miic do bao phi thong tin k chii dé
- KCMK va dit vi tri k loai cdm bién - KSPK. Két qua thi nghiém da chi ra ring
cac thuit toan néu trong luin an khong chi yéu cau sb lugng truy van thip hon I1én
t6i hang trim 1an so v6i Greedy, thap hon t6i 15-20 1an so vdi cac thuat toan ludng
(dudc dé cap trong Bang ma con cho chit luong 16i giai t6t hon khoang 1.5
1an so cé4c thuat todn ludng t6t nhat hién nay.

Ngoai ra, cac thuat todn néu trong ludn an c6 uu thé vuot troi hon cic thuit todn
con lai khi B ting va n ting. Gid tri dong gép nay cho thiy cic thuit todn ctia luin
an c6 thé lam viéc dudc véi cdc tap dit liéu co kich thuée 16n.

49



Bang[2.3|1a su md rong ciia Bang[2.2|khi so sanh cic thuit todn dudc dé xuat
bdi luan 4n vdi cac thuat toan tdt nhat hién nay cho kSMK theo 3 khia canh: ti 1&
xap xi, do phiic tap truy van, va thuat toan nay c6 phai la tt dinh hay khong (céc
ky hiéu ctia Bang [2.2| gilt nguyén). Cac trudng nay cho thiy ring thuit toan ctia tac
gia dé xuat ddm bao sb luong truy van thap hon va ti 1& xp xi xdc dinh c6 gid tri
tuong duong hodc tham chi tét hon cac thuit todn khac.

Thuét todn 3 ctia Wang va cong su [141] cho ti 1& xap xi tot nhat, nhung dd
phiic tap truy van I6n tiy y, do phuong phép clia cic tic gia dua trén bién d6i
ham muc tiéu tif ham r3i rac thanh ham lién tuc. Tiép theo, thuit todn tham lam,
Greedy, ctia Tang va cdng su [134]] cho ti 1& x4p xi tdt chi sau cong bd clia Wang,
nhung do6 phic tap truy van van 16n, O(n*k?). Thuat toan IFA+ trinh bay trong
luan 4n cho ti 1& x4p xi 12 1/3 — ¢, cho két qua tot hon cong bd ctia Tang ma dod
phiic tap truy vAn con 1a tuyén tinh. Thuét todn IFA cda luan 4n cho két qua t6t
tuong duong thut toan DS cia [115] nhung do phiic tap truy van ciing thip hon.
Tht c4 céac thuit todn néu trong ludn an déu c6 ti 1é xap xi 12 hiang s6 va do phic
tap truy van 12 tuyén tinh.

Thuét toan Ti 1€ xap xi Do phitc tap truy van  Loai
Greedy[134] 1/2—1/(2¢)  O(n*k?) Tat dinh
Thuét toan 3 trong [141]] 1/2 poly(n) Tat dinh
Thuat toan ludng tit dinh - DS [115] 1/4—€ O(knlog(n)/e) Tat dinh
Thuat toan ludng ngéu nhién - RS [T15] k/(4k —1) —e O(knlog(n)/e) Ngau nhién
FA (Thuét toan [2|trong luin an) 1/10 O(kn) Tat dinh
IFA (Thuit toan [3|trong luin 4n) 1/4 — € O(kn/e) Tét dinh
IFA+ (Thujt todn[d{trong lugn 4n)  1/3 — ¢ O(knlog(1/e€)/¢) Tét dinh

Bang 2.3: So sanh céc thuit toan cua luin an véi cac thuat toan hién cé cho kKSMK.

2.5.2. Thuét toan xap xi nhanh: FA

Phan nay gi6i thiéu vé thuat todn dau tién, thuit toan xip xi nhanh FA (Fast
Approximation). Y tudng chinh ctia FA d6 la:

- Chia tp cd sé V thanh 2 tap con V; va V5. Tap con dau tién V) chifa cac phan
tl c6 chi phi 16n hon B /2 va tap con thud 2 V5 chifa cdc phan ti con lai. Thuét todn
tim bd (e, i) cho f(-) 16n nhét. (e, i,,) néu c6 trén tap Vi, né 1a gidi phdp tot
nhét hién c6 (dong |4 thuat toan). Vi cac phan td trén V; c6 chi phi 16n hon B/2,
nén trén tap nay tim dugc t6i da 1 bd (e, i, ). Khi d6, (e,,,4,,) 12 161 gidi tbi wu
trén V;. Tap con thi hai st dung tap 15i giai du tuyén s vi ngudng tan suit d& dua
s6 lugng truy vAn vé tuyén tinh.

- Tim va két hop céc 10i giai tif 2 tap con néu trén dé 1ay vé 15i gidi cho gid tri
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ham muc tiéu 16n nhit.

Cu thé, thuat toan sé nhan dau vao 12 mot bo, goi 1a mot thé hién (V, £, k, B)
ctia KSMK; va mot 15i gidi du tuyén s ban dau la tip réng 0 va bd (e, i,,) khéi
tao 1a (0,1). BO (e, ,,) dung d€ cAp nhat 15i gidi t6i uu thudc tap con dau tién,
con 10 gidi du tuyén s 12 dé tim 16i gidi gan t6i wu & tap con thi hai.

Ta sé danh gid cdc phan tii e ctia tap V, véi mot phan ti e dang xét, thuit todn
s& tim vi tri t6t nhat cia e trong k tip con, goi 1a 4. theo nghia 1a tip con i trong
k tap sao cho gid tri f((e,i.)) 1a 16n nhit. Néu chi phi ctia n6 16n hon B/2 thi
thuat todn sé cap nhat (e, i,,) 12 gidi phdp tot nhat cla tap con dau tién hién tai
(dong [).

Meiit khéc, thuat todn s& tim vi tri i;, = arg max;ey) A, f(s) (dong @ Thuét
toan , vathém bo (e, i) vao tap 16i gidi s néu di€u kién A ;1) f(s) > c(e) f(s)/B
dudc théa man. Sau khi vong 1ip chinh két thiic, thuét todn chon k-tap s’ 1a tap j
bo cudi ciing dugc thém vao s v6i tdng chi phi 16n nhit gin B nhét (dong [12).
Cudi cing, thudt todn tra vé 15i giai s i, 12 gidi phdp tOt nhat gitta (e,,, i,,) va s,
Chi tiét vé thuat toan dudc trinh bay day du trong Thuit todn

Phan tich sau hon, thut to4n nay gidng véi chién lugc “chia dé tri”, trong do
st dung mot phép phan chia cac tdp con mot cach thich hdp dua trén chi phi cia
cac phan tii. Viéc chia tdp co s6 mang lai hiéu qua khi dong thdi thuc hién: (1) Tim
giai phap tdi uu trén tap con dau tién trong thdi gian tuyén tinh. Vi & trong tip nay,
161 giai kha thi chi c6 thé c6 nhiéu nhit mot phan tir; (2) Thuit todn tim thiy giai
phdp gan t6i uu trén tap thy hai cling trong thdi gian tuyén tinh.

Déi v6i viéc tim kiém 151 gidi trong tap thif 2, thuat toan da dudc phat trién
dua trén y tudng cua Kuhnle va cong su trong [85]. Trong bai bao nay, cac tac
gia da danh gia cdc phan t va lua chon phan ti ndo c6 miic ting mdt do (density
gain). Miic ting mat do 12 1a #/ I¢ gitta dong gop loi ich ciia phan tit vao 10i gidi
hién tai va chi phi cia phdn tit do. Ti 1& nay phai khong nhd hon ti 18 gitta gid tri
muc tiéu cua tap 10i giai hién tai v6i ngan sach B thi phan t& d6 sé dudc giit lai
va cdc phan ti khéc thi bi loai bd. Y tudng ctia ho rat hiéu qua trong viéc giam sb
luong clia cdc truy van clia thuit toan xAp xi v6i hé s6 13 hiang s6. Tuy nhién, dé xu
ly chi phi va k-submodular, chiing ta can thuc hién mot vai phan tich khong tim
thuong d€ dua ra mot ti 1& xap xi.

Cubi cung, thuit toan iy ¢ bd cubi cing dudc thém vao 15i gidi du tuyén s
vi quy tic chon phan ti clia thut todn (dong (7)) chon cic phan ti cho 10i nhuin
bién ting qua ngudng c(e) f(s)/B lam cho cdc phan tif chon sau sé tot hon phan
ti chon truée do.

D& phan tich ti 1& x4p xi, ta can x4y dung mbi quan hé giiia 16i giai cubi cling

51



Algorithm 2 FA
Input: V, f, k, B >0
Output: a solution s
1. s 0; (e, im) « (0,1)
2: foralle € V do
3 de < argmaxep f((e, 1))
4 (emyim) ¢ ATGMAX (¢ ine{(ep i) (ein)} S ((€/:7))
5. if ¢(e) < B/2 then
6
7
8
9

i, <= argmaX;cp) Ae,i)f(s)
if A(e,i’e)f(s) Z c(e)f(s)/B then
s < sl(e, i)

end if
10 end if
11: end for
12: ¢ — arg maxs .j<y.c(s,)<B €(8j), 1 = |supp(s)|, s, =
{(et—j+1,8t—j+1), (€1—jr2,t4—jra), . .., (er,9¢) } //last j tuples added into s

13: Sfmal — a’rg maXSE{(em,im)vS/} f(S)
14: return Sy,

.....

S finai VO1 cdc 10 gidi (e, i,,) va s/, gitta s’ v6i s; va 13 gidi t6i uu oy trén tap Vs,
Bén canh cac quy u6c chung da dudc néu trong Bang thuit todn nay can su
dung bd ky hiéu riéng dung cho thuat toan va phan tich thuat toan. Cac ky hiéu
dudc dinh nghia nhu sau:

-Vi={eeV:cle) >B/2}, Vo ={e eV :c(e) < B/2} 1a2 tap con dugc
chia theo chi phi ctia cdc phan ti tir tap V.

-0 ={(e,o(e)) : e € V1},0, = {(e,0(e)) : e € Va}.

.....

o 12 10i gidi tbi vu trén tap V.

.....

1
]
[\
[—
ml
[a—
Q/
[l
)}
[y
oo
—
—
Q
[rt
=
(e
=
>
=
—
.Q»
o)
o

- (ej,4;) 1a phan td thd j dugc thém vao vong 13p chinh ctia thuét todn.

s = {(e1,i1),..., (e, i) }: k-tdp s gdbm ¢ bd sau khi két thiic vong 1dp chinh,
t = |supp(s)|-

- s/ = {(e1,41),...,(ej,4;)}: la k-tap s (trong vong lap chinh) sau khi thém j
phan t, 1 < j < t. Nhu vy, c6 thé viét s’ = 0, s’ = s.

- 8; = {(er—jr1,8—j+1), (€1—j12, 61— j+2), - .., (€r,%)} 1a j phan t& cudi cung
dudc thém vao s.

-0y = (0o Us/) s, 0‘;,' bao gdm tit ca cdc phan tif clia 0y c6 miit trong s7 va
cac phan tu chi nam trong s’.

- 0‘;_1/2 = (0 Us?) Lis/~1, 14y tht ca cac phan ti trong o di xuAt hién trong o’
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nhung chua xuét hién trong o/~ L.

- s971/2: Néu e; € supp(og), thi c6 87712 = s/ L (e, 09(e;)). Néu ¢; ¢
supp(0y), s771/%2 = g7,

-ut = {(u1,41), (ug,42),..., (u,,i,)} 12 tap cac phan tif & trong tdp o), ma
khong & trong tap s', r = |supp(ul)].

-u) = s U {(u, 1), (u2,i2), ..., (u, )}, V1 < I <rvauj = s
Gia st 10i gidi tdi uu c6 cic phan ti: o = {(01,4}),..., (om, i)}, dit m =
|supp(o)|. Khong mét tinh tong quat ta gia thiét c6 tap o da sap xép theo c(o1) >
c(oz) > ... > c(oy,,). Ta cling gid st ring s’ gdm T bd cudi trong s, c6 nghia 1a
s’ =sp.DitQ =1t—T,chingtacés =s?Ls.

Céc b6 dé dudi day sé lién két gitta 10i gidi du tuyén s v6i 0,. bS dé dau tién,

chi ra mdi quan hé gitta 15i giai tdi vu 0, va s/ 12 15i gidi du tuyén c6 dudc sau khi
thém j phan ti bat ky.

Bo dé 2.1. f(0y) — f(0)) < f(s) vdimoi 0 < j < t.

Chiing minh. Ching ta c6: 03 = (0, Us?) U s’. Vi vay, f(02) = f(09). Vi moi
0<j5 <t taco:

f(o2) — f(o}) = Z(f(oé*) — f(0))) (2.3)
<Y ey ) = floy ) (2.4)
<Y (T = f(sY) (2.5)

< Z(f (s") — f(s"1) (2.6)
< f(s). 2.7)

Trong d6 bat dang thic (2.4) xay ra do tinh don diéu cia f, bat dang thic (2.5)) do
tinh k-submodular ctia f va bat dang thic (2.6)) 1a do cach lua chon cac phan tit
cua thuat toan. ]

Do 18i giai cubi cung ldy cic phan ti cubi clia 16i giai du tuyén, ta cin tim
mdi quan hé gitta s’ va s’. Ta c6 bd dé dudi day.

BG dé2.2. f(s') > f(s!)/3.
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Chiing minh. Néu c(s) < B, s’ = s thi b6 dé van ding. Vi vay, chiing ta chi can
xét truong hdp ¢(s) > B. Ta co:

F8) = f(s9) = > A f(sh (2.8)
J=Q+1
> 3 o)) 29)
J=Q+1
t Q
> ) c(ej)% (2.10)
J=Q+1
> ()L (ZQ) 2.11)

Bit dang thiic (2.9) xy ra do su Iua chon b (e, /) vao tip s & dong @ cua Thuat
toan 2, bat dang thic 1a do tinh don diéu ctia ham f.

Vi s’ dudc lua chon tir s’ d€ tdng chi phi clia s gan B nhit va mdi phan ti
e € supp(s) c6 chi phi nhiéu nhit 1a B/2 nén

c(s) > B—B/2 > B/2.

Suyra f(s) — f(s9) > f(s9)/2. Vivay f(s¥) < 2f(s")/3. Mit khac, do tinh chét
k-submodular ctia ham f chiing ta c6: f(s!) < f(s%) + f(s'). Nén:

£

&) 2 f(8) = f(s%) 2 =5

(2.12)

Vay bd dé da dugc chiing minh. O

voe (A

Hai b6 dé tiép theo phan tich mdi quan hé gitta 10i giai tdi vu trén tap V5 va s'.
Bé dé 2.3. f(o}) < 2f(s").

Chitng minh. T dinh nghia cta u’, ¢6 céc phan tif trong u’ sé khong thda min
diéu kién & dong [7| Thuat todn 2] va c(u’) < c(oy) < B. Dit s<% 1a tap s ngay
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truGe khi phan ti u; dugc truy xuét (j < r). Ta cé:

f(05) = f(s") = f(u'Us’) = f(s") = D _(f(u)) = f(uf_y))

j=1
< Z (8= U (uy,45)) — f(s™") (2.13)
< ZA uyin) S (85) (2.14)
< Z c(u) (2.15)
j=1
" t
= ; C(“j)% (2.16)
t
<)) < g, 217

Trong d6, bat dang thiic 1a do tinh chit k-submodular ctia ham £, bat dang
thuc 12 do dinh nghia ctia s<%, bat dang thiic do su lua chon cua thuét
toan va bat dang thiic 12 do tinh chét don diéu cia ham f. Vi vay, chiing ta
co: f(oh) < 2f(s). []

BG dé24. f(s') > f(0y)/9.

Chitng minh. Ap dung B& dé v6i j = t, ta co:

f(02) = f(s') = f(02) = f(03) + f(0}) — f(s) (2.18)

< f(s") + f(oy) = f(s) = f(0b) (2.19)

< 2f(s ) (2.20)

Vay f(s') > f(02)/3. Két hop v6i BS dé2.2] tacé f(s') > f(02)/9. []

fo do6 suy ra m6i quan hé giﬁ?a lfji gié’li cuéi cfmg cﬁa thuﬁt toén S final Va 101

.....

Dinh ly 2.2. Thudt todn FA la thudt todn luong 1 lan quét cho ti 1é xdp xi la 1/10
va ton nk truy van.

Chitng minh. Thuit to4n chi can mot 1an quét qua tip co sé va mdi phan ti e can
k truy van d€ tim vi tri .. Do d6 lugng truy van can 1a nk. Phan tiép theo chiing
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minh ti 1€ xap xi cua thuat toan. Ta c6:

f(o) < f(0)) + f(0)) (2.21)
< f(o1) + f(02) (2.22)
< f((em,im)) +9f(s") < 10f(Sfina)- (2.23)

Trong dé ([2.21)) do tinh k-submodular ctia ham f, cac bat dang thic (2.22) va
(2.23)) do dinh nghia cla 01, 02 va (€, i ). ]

2.5.3. Thuét toan xap xi nhanh cai tién: IFA

Tiép theo, luan 4n trinh bay thuat toan xip xi nhanh cai tién IFA (Improved
Fast Approximation). Thuat todn nay nang ti 1& xap xi 1én (1/4 — ¢€) v6i do phiic
tap truy van 1a O(kn/e). Y tudng chinh ctia IFA 1a st dung 15i giai ciia FA dé
cung cap mot khoang gidi han ctia gia tri téi vu opt va tich hop vdi ngudng tham
lam d€ phat trién ti 1& x4p xi ctia thuat todn bing cich tao ra O(1/¢) 1an quét tap
co s6. Chi tiét ctia thudt toan dudc gidi thiéu trong Thuat todn 3| dudi day.

Algorithm 3 ITFA
Imput: V, f, k, B> 0,¢ > 0.
Output: A solution s.

1: Spaz < FA(V, f,k,B); T < f(Smax)

2 S+ {i:ieNT<(1+¢<10l'},s,+ 0VveES
3: foralle € V do

4. forallv € S do

5: iy 4= arg maXep A (e,i)f (sv)

6: 0, =v/(2B)

7: if c(s,) +c(e) < Band A(.;,f(s,)/c(e) > 0, then
8: Sy < Sy U (e, 1y)

9: end if

10  end for

11: end for

120 Sfinal <— ATZMAXg/efs,,,,,51,52,..,5 } f(sl)

13: return s y;pq

IFA ciing nhan bd (V, f, k, B) ctia KSMK va tham s chinh xé4c € > 0 lam
dau vao. Y tudng chinh ctia IFA 1a st dung 15i giai s,,q, cia FA nhu 12 mot chu
trinh con d€ tao ra mot viing gidi han cho 13i giai tdi vu (dong . Tu Pinh ly
tacé I' < opt < 10I". Gidi han nay gidp ta xay dung tp S, ting v6i méi v € S, ta
xay dung céc 10i gidi du tuyén s,,.
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Thuét todn bao gdm hai vong lip 1a vong lip ngoai va vong lip bén trong né.
Vong ngoai quét mdi phan tii e trong tap co s V' va vong lip bén trong xem xét
mdi 10i gidi ing vién s, ing véi tiing phan tif v dudc loc ra tif tap S. Dua theo Dinh
ly thuat todn nay dung tap S dé gidi han lai s6 luong céac 19i giai Ung vién s,,.
Chiing ta dit (e, i,) 1a bd cho 1¢i nhuan bién 16n nhat khi thém vao tap s,,.

Khi mot phan ti e dén, thuit todn sé xd ly cac van dé sau: (1) chon vi tri 4,
cho 10i nhuén bién 16n nhit ing véi s, va e (dong (B)); (2) st dung ngudng tham
lam 6, = v/(2B) d€ thém mdt phan ti e vao trong s, néu né c6 mat do ting thém
VUdt qua ngudng nay ma khong vi pham rang budc vé ngan sach (dong (7).

Pé xay dung thuit toan va phan tich cdc ti 1& xip xi, do phic tap truy van,
thuat to4n nay can st dung bo ky hiéu clia riéng thuit toan nhu sau:

- s, = {(e1,i1), (€2,12), . .., (eq,%,)} 12 151 gidi dy tuyén dng véi cdc phan ti
v € S sau khi két thiic vong ldp bén ngoai.

- s/ = {(e1,11), (e2,92), ..., (ej,4;)},1 < j < qlatap s, sau khi thém j phan
t. Nhu vy s = 0.

- s5¢1a s, ngay trudc khi e dugc xt ly.

-u = {(u1,i1), (uz,2),..., (ur,4,)} 12 tdp cdc phan ti thudc tdp o nhung
khong nidm trong s, r = |supp(u)|.

-wy = s, U{(ug, 1), (ug,i2), ..., (u, i)}, V1 <1 < rvauy =s,.

- o/ = (oUs!) Us!. o/ bao gdm céc phan ti cta tap 10i giai toi uu ma cé mit
trong s/ va c4 cdc phan ti con lai ndm trong s/.

- o/71/2 = (o Us)) LUs/!, 1a bao gdm céc phan ti trong o di xuit hién trong
o’ nhung chua xuét hién trong o/~

Ta c6 céac bd dé phan tich mdi quan hé gitta cac tip o va s, dudi day.

BG dé 2.5. Vi bdt ky v € S, néu khong cé bét ky phan tit o € supp(o) \ supp(s,)
dé' N 000 [ (85°)/c(0) > 0, va c(s5?) +c(o) > B, chiing ta co: f(o) < 2f(s,)+
c(0)0,.

Chiing minh. Quy luat chon cic (e, i,) ctia thuat todn IFA la gidng véi chon (e, i)
ctia thuat toan FA, chuing ta c6 két qua tuong tu nhu & BS dé c6 nghia la
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f(0) = f(sy) = f(o) = f(o%) + f(0?) — f(sv) (2.24)
< f(so) + Z(f(uj) = f(uj-1)) (2.25)
< f(so) + Z Ay f(s5) (2.26)
< f(s0) + Z c(u;)0, (2.27)
< f(s0) + c(0)0y. (2.28)

Trong d6, bat dang thiic (2.26) do tinh chét k-submodular, bat dang thiic (2.27) 1a
xuét phét tir dinh nghia ctia s5°, va bit dang thiic (2.28) xuét phat tir dinh nghia
clia u va o. Tir do, ta c¢6 diéu phai chiing minh. []

Cubi cung, ta xay dung dudc cdc dam bao Iy thuyét nhu dinh 1y duéi day.

Dinh ly 2.3. V6i 0 < ¢ < 1/4, thudt todn IFA la thudt todn xdp xi vdi ti I¢ la
1/4 — ¢, cdn O(nk/e€) truy vdn.

Chitng minh. Thuat toan can nk truy vin dé goi thuat todn FA va chi can 1 1an
quét tap co s d€ két thiic vong lip ngoai (cac dong[3|dén[10). V6i mbi mdt phan ti
dang xét, né can nhiéu nhét 1a k - [log(14¢(10)] truy van d€ cap nhat cic s,,v € S.
Két hop cdc truong hop, sb luong truy van can nhiéu nhét la:

In(10
-+ kg1 (10)] £ k- k(1+ 105 (10)) = 20k -+ kA0
In(1
< 2nk + nk al 10> :2nk—nkln(—10)
In = In(1 - %)

nk

€

2
< 2nk 4+ -nklIn(10) = O(—).
€

Trong do, bat dfmg thuc tht hailado 1 + ¢ > IEE, véie € (0,1) va bat déing thuc
2

thif ba 1a tlr bat dang thic In(z + 1) < z, véi moi z € (—1,0).
Tiép theo, tit Pinh ly taco I’ < opt < 10T. Vi viy, sé c6 mot sd nguyén
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v e Sdeopt/(1+¢€) <wv < opt. Tt do, ta co:

F(sD) =D (fls)) = f(si7) =D clen)by = c(s))f.  (229)

Ta xét 2 truong hop sau:
- Trudng hop 1. Sé ton tai mot phan ti o € supp(o) \ supp(s,) sao cho
Aponf(s5?) > c(o) - 0, va c(s;°) + c(o) > B. Nhic lai, dit (e, in) =

arg maxcevc(i f((€, 7)), co:

f(sfinal) > max{f(sv), f((em,im))} (2.30)
> max{f(s;°), f((0,0(0)))} (2.31)
, 0657 +1{(o.ol0) o)
, J155" U fo.0(0) .
_ Bloo 657 + 1657 o
Oyc(0) + 0,¢(s5°) _ Bb, opt
= 5 = Zilto (2.35)
> (i — €)opt. (2.36)

- Trudng hop 2. Khong c6 phan tif o € supp(o) \ supp(s,) nao nhu vay. Bing
B6 dé ta co:

f(0) < 2f(s,) + BO, < 2f(5,) + 2 (2.37)

Do vay f(Sfina) > f(s,) > opt/4. Két hop tht ca cdc trudng hop trén, ta c6 diéu
phai ching minh. ]

2.5.4. Thuét toan xap xi ting cuong: IFA+

Pé cai tién cac thuit toan trude, thuat todn tiép theo ducc dé xuat 1 thuat
toan xap xi ting cudng IFA+ (Improved Fast Approximation Plus), Thuat toan
Thuat toan nay cai tién i 1 x4p xi cia IFA ma van dam bao trong thdi gian tuyén
tinh. IFA+ cho ti 1& x4p xi tit dinh 12 1/3 — €. Y tudng ctia thuit toan nay dua
trén giam dan ngudng nham bd sung thém cac phan tit tot tif tip V' vao 15i giai du
tuyén s. Sau d6, phan hoach lai s dé 14y thém cac phan tii tot hon tir V dua vao céc
phan hoach ctia s trong khi tdng chi phi van con nhé hon ngan sach. Y tudng nay
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xuat phat tif nhan xét khi ta chon dugc mot tap 16i gidi du tuyén thi cac phan ti tot
van con nam & trong tip V. Do vay, ta c6 thé ting cudng chét lugng 10i gii cta s.

Thuit todn IFA+ bao gdbm 2 pha. Pha dau tién (dong [2) st dung cach thiét ké
tuong tu nhu IFA nhung c6 mot vai diéu chinh. Pha dau tién nay cling goi FA nhu
1a mot chu trinh con dé c6 dugc khoang bao ctia gid tri tdi uu trong doan [T, 10T]
(dong . Sau d6, né st dung ngudng tham lam dé thém cac phan ti nao c6 mat do
tdng thém cao vao trong tap 16i gidi du tuyén s.

Cu thé, pha nay sé bao gdom mdot s6 budc lip, mdi budc quét tap co sé 1
lan (dong [dH12). V&i mot phan ti e dang xét, thudt todn sé tim vi tri tot nhét
ie = argmaxer A f(s) va e duge thém vao tap s néu mat do ting thém cla
né A, f(s)/c(e) 16n hon hodc bang ngudng # ma khong vi pham gidi han ngan
sach. Ngudng 6 dugc khdi tao bang 10I'/(3eB) va giam dan theo hé s6 (1 — ) sau
tiing budc 13p cho dén khi nhd hon T'(1 — €)/(3B).

Pha thu hai (dong dudc st dung d€ ting cudng ti 18 x4p xi cia s. Y
tudng then chdt clia pha nay 12 tiép tuc kham pha trong tip s dé ting cudng chat
lugng cta s”, véi s’ = {(ey,41),...,(ej,i;)} 12 k-tap s sau khi thém j phan ti
1<j<t,s"=0vaT =max{j € N:s/ + (o) < B}.

D€ tim ra s’, thuat toan tim rit nhiéu cic tdp du doan s? véi tdng chi phi
nhiéu nhét 1a [ (dong (T6)) vdi [ sé dugc ting dan dan tif €B t6i (1 + €)B. Thuat
todn sau do sé quét lai tip co s V' dé thém phan tif ¢; méi tot nhit tit V' vao trong
s; ma khong vi pham rang budc vé ngan sach (dong (20)).

Cubi cling, 15i gidi cudi sé chon gid tri 16n nhét giita s,,4,, s, va danh sich cic
s(j) V6i j € [I] (dong . Chi tiét ctia thuét toan dudc trinh bay & thuét todn .

Tuong tu nhu cac thuat toan trén, d€ phan tich cho thuét toan IFA+, ta st
dung cac quy udc ky hiéu sau:

-s = {(e1,i1),..., (es, i)} 12 k-tAp s sau khi két thic vong 13p dau tién, t =
|supp(s)|.

- s/ ={(e1,41),...,(ej,i;)}: 1a k-tAp s sau khi thém j phan td 1 < j < ¢, nhu
viys' = 0, s’ = s.

- s;: k-tAp s sau khi két thuc budc 13p thi j ctia vong ldp dau tién.

s}ﬁ 12 k-tap chia ¢ phan t dau tién trong S;.
- T =max{j € N: s/ + ¢(0o1) < B}, trong d6 01 = maX,esypp(o) ¢(0).
-0 = {(02,%), ..., (0m, %)}, 12 16 gidi t6i wu sau khi chon dugc (o1, 73).
- 0;: ngudng 0 tai budc 13p thit j cta vong 13p dau tién.
- 6;): ngudng 6 khi bd (e;, ;) dugc thém vao s trong vong lip dau tién.
Phan tiép theo sé phan tich B& dé 2.6, Pay 1a bd dé don gian nhung déng vai
trd quan trong khong thé thiéu dé phan tich ti 1& xp xi.
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Algorithm 4 IFA +

Inmput: V, f,k, B >0,¢e> 0.
Output: Output: A solution s.

[\ T NS TR NG T NG T NG T NG I Sy S O T T o T T Y Sy
AP A S P AR L -~ O a4

R A T s s

\\ Phase 1
Smaz < FA(V, f,k,B) ,s ¢ 0;
I < f(Smaz), 0 < 10I'/(3eB)
while 0 > (1 — ¢)['/(3B) do
foralle € V' \ supp(s) do
fe = argmaX;cp) A, f(s)
if c(s) + c(e) < Band A ;) f(s)/c(e) > 0 then
s < sl (e, i)
end if
end for
0+ (1—¢)d
end while

. \\ Phase 2: Boosting quality of solutions

[ <+ eB

- while [ < B do

Find ¢ < max{i : i < |supp(s)|, c(s’) <}
s; «— s¢
if Sg 75 S(1/(1+4¢)) then

(e1,41) < arg MaXie k] cev\supp(s)):c(s))+c(e)<B D(e,i)f (8))

sq) < sy U (er,47)
end if
[+ (1+€)l

- end while

. return s

B& dé 2.6. Vdi bét ky k-tdp x nao ta déu co:

f(x) <2f(sj) + > Aex(e)) f(s5).

e€supp(x)\supp(s;)

Néu maxX e supp(x)\supp(s;) €(€) + ¢(s;) < B, chiing ta sé co:

f(x) < 2f(sj) + c(x)8;.
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Chitng minh. St dung 1ap luin tuong tu BS dé chung ta ciing sé co:

f(x) = f(s5) = f(x) = f(x) + f(x') = f(sy)
f(Sj) + Z A(e,x(e))f(sj)'

e€supp(x)\supp(s;)

IA

Véi e ¢ supp(s;) bat ky ma khong vi pham rang budc tong lc lugng, c6 nghia Ia
c(e) + c(s;) < B, né sé khong vugt qua dugc diéu kién & dong (7| ctia Thuat todn
tai vong ldp j clia vong 1ip dau tién, véi s<¢ 1a s ngay trudc khi e dudc xt ly. Suy

Aexe)f(8) _ Alexte)f(s™)
c(e) - c(e)

Vi vy, néu MaX e supp(x)\supp(s;) €(€) + ¢(85) < B, thi Ao x(e)) f(s;) < c(e)d; v6i

ra:

< 93'.

moi e € supp(x) \ supp(s;), nén co:

F(x) = f(s5) < f(s) + > c(e)d; < f(s;) + c(x)0;.
e€supp(x)\supp(s;)
Suy ra diéu phai chiing minh. ]
Céc bd dé tiép theo phan tich dugc ti 1& x4p xi cla thuat todn dua vao diéu
kién cta c(o1).
B4 dé 2.7. Néu c(o1) > (1 — €)B, f(s) > ( — €)opt.

Chiing minh. Theo dinh nghia ctia o/, ching ta ¢6 c¢(0o’) < B — c(01) < €B.
~ .o A <, 10T £ (1—e)T
Ngudng 0 giam dan tif 37 xuong “—%

vong lip dau tién. Vi vdy, s6 budc 1ip clia vong 1ip dau tién nhiéu nhat 1a:

theo hé s6 1 — € sau mdi buée lip cia

€(1—e) In(e/10) _9_ In(10/¢)

In(10/€
[log—o(=g—)1 =2+ =) ni—g (10/¢)

<924 (2.38)

Trong d6, bat dang thic dau tién 12 vi ta c6 bat dang thic x > In(1 + z), v6i moi

z € (—1,0). Xem xét budc lap j = [log(;_(55F)], ta co:

(1 —€)opt
3B

10(1 — e)jF < opt
3eB - 3B

<9j:

Ta xem xét thdi diém sau khi budc 1ip j két thic, c6 2 trudng hdp sau xay ra:
-Trudng hgp 1: Néu supp(s?) C supp(s;), c6 nghia la thut todn dat duge s” trude
khi két thiic budc lip ;.
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+/ Néu ¢(s;) < (1 — €)B. Tu tinh chit k-submodular cta f, c6 f(o') > f(o) —
f((01,47)). Véibatkiphanti e € supp(0’)\supp(s;), ta déu c6 c(s;) +max csupp(or) c(€)
< ¢(s;) + c(0') < B. Ap dung BS d&[2.6, ta c6 duge f(o) < 2f(s;) + c(0')8; =
2f(s;) + eopt/3. Vi vy,

f(o) = f(s) < f(o) — f((01,17)) (2.39)
< f(0') (2.40)
< 2f(s;) + opt (2.41)
< 2f(s) + opt (2.42)

Trong d6, bat dang thiic (2.39)), (2.42)) 1a do cach chon 13i giai cudi clia thuit toan
va bt ddng thic (2.40) 1a do tinh k-submodular cta f. Vi vay f(s) > (3 — £)opt.
+/ Néu c(s;) > (1 — €)B, ta co:

(1 — €)%opt 1

3 > (= — €)opt.

f(s)) > c(s)0; = 3

- Trudng hop 2: Néu supp(s;) C supp(s’). Tu dinh nghia cua T, ta 4p dung BS
dé 2.6/ véi luu y rﬁng G(T) < 0}, co dugc:

flo) = f(s") < f(s") + c(0)br)
< f(ST) + ¢(0)b;
§f®ﬁ+9§-
Tit d6 dan dén f(s) > f(s?) > opt/3. ]

B4 dé 2.8. Néu c(o1) < (1 — €)B, f(s) > (4 — €)opt.

Chitng minh. Néu s = s sau khi két thic vong 1ip chinh, tit B& dé 2.6 d& dang
chting minh dudc ring:

F(0) ~ Fs") < F5") + clo) )
< ;") + LYo

3

Vi vay, f(s?) > (1/3+ ¢/6)opt. Ta xem xét trudng hop con lai khi s # s sau khi
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két thic vong lip chinh. Liic nay s chia it nhat T+ 1 phan ti va c(s” 1) +c(0;) >
B, suy ra c¢(sT 1) > ¢B. Xem xét budc ldp j = [log;_.(opt/10T")] ctia vong ldp
dau tién, ta co:
(1 — €)opt
3eB

10(1 —€)’T . opt

Q. = .
<Y 3¢B ~ 3eB

Tiép theo, quan sat vong lip thi hai clia thuat toan. Vi [ ting dan tif e B dén B bdi
hé s (1 + ¢) sau mbi budc lip, tai buéc lip b > 1,tacé | = eB(1 + ¢)" 1. Vi
B — ¢(01) > €B, nén ton tai budc lip h dé

l=eB(1+ )" <B—clo)) <eB(1+e)"=1(1+¢).

Sau budc 1dp d6, do cach chon s? ctia thuit toan chuing ta ¢ ¢(s?) < [ < ¢(s?11).
Chung ta xem xét cac truong hop sau day:

-Trudng hop 1. Néu thuat toan dat dudc s?*! budc lap dau tién cia vong lip dau,
ta co:

f(s) > f(s™) > e(s)0, >

B — ¢(o1) opt opt 1
> > —(1 — €)opt.
T5c 3B 3+q =3t P

-Trudng hop 2. Néu thuit toan dat dugc s?*! sau budc 1dp thi j > 1 clia vong
lip dau, dit s<¢ 1a s ngay trudc khi e dugc xG ly. Mat do ting thém cia bat ky
e € supp(o)\ supp(s?) dbi v6i s? 1a nhd hon ngudng tai budc trude khi (e 1, ig41)

dugc thém vao s?, c6 nghia la:

Awinf (") _ Oy
cle) T 1—¢€

Néu 0, ¢ supp(s?), bdi quy tic chon clia sy tai budc 1dp d6 va tinh k-submodular
ctia ham f, ching ta ¢ sy = s] U (e;,4;) = s? U (e;, ;). Nhéc lai 1a o? = (o U
s?) LI s? véi luu y ring o; € supp(o?). Suy luan tuong tu B3 dé ta cling co
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< flo) = flo) + floh) — (U (or,i])  (243)
< f(s7) + f(0?) = f(s U (o1,41)) (2.44)
< f(s?) + Z Afeo(e) f (87U (01,77))
ecsupp(o)\supp(si(o1,i}))
(2.45)
< f(sY) + > Ao f(s?)  (2:46)
ecsupp(o)\supp(siU(o1,i}))
0
< f(s7) + 3 (e) 7 (2.47)
ecsupp(o)\supp(sil(o1,i}))
< f(st) + B0y (2.48)

1—¢

Trong d6 bét dang thic (2.46) do tinh k-submodular ctia f va bit dang thic (2.47)
do ap dung bét dang thic (2.43). Bing ap dung bit dang thiic (2.48)) va cach chon

16i gidi cudi cung (f(s

f(o) — f(sw)

)

IA

IN

> f(s@) = [(s?)), tacé:

f(o) — f(s?U (e, 1)) (2.49)
f(o) — f(s?U (o1,i])) (Do céch chon s ;) (2.50)
ﬂ§y+( _?f? () (2.51)
f@)+<B_ﬂ?T?9w“f (2.52)

Sap xép lai bat dang thiic (2.52)), c6 dudc:

flo) = f(s@) — f(s7)
B — ¢(0y)

f(o) —2f(s)

B —c(o1)

(2.53)

> (1—¢) (2.54)

Mt khéc, tai vong ldp dau, mat do ting thém ctia mdi phan ti dugc chon it nhét
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bang ngudng, nghia la A(ej,ij)f(sj Y/c(e;) > 0y véimoi j =1,...,¢+ 1, nén:

qg+1
f(s) = f(s) = ZA (i S (577 (2.55)

q+1

> Z c(e;)0 e SQ+1)9(q+1) (2.56)
B — ¢(01) £ a2 )

> TQ(QH) (Do bat ding thic (2.43)) (2.57)

€

1—ce€

> —2 : 2.
(o)~ 2£() @58

Do d6, /(5) > (5 — 52)f(0) > (& — eJopt.
Néu o, € supp(s?), ta ciing c6 dugc bat dang thiic (2.52) bing dp dung cic phép
bién d6i sau:

f(o) = f(sq) < f(o) = f(s™)

< f(s™h) + > Aeo(e)f (=) (Ap dung BS dé[2.6)
e€supp(o)\supp(sit)
0
< 1 (g+1)
< f(sT7) + Z C(e)l—e
eegupp(o)\supp(5q+1)
< f(sq+1) + 9(Q+1)(1B - 0(01».
— €

Tir day tré di, bang cach suy luan tuong tu nhu trudng hop o; ¢ supp(s?), ta ciing
c6 f(s) > (1/3 — €)opt. Két hop tat ca cdc trudng hgp néu trén, ta c6 diéu phai
chung minh. []

Ap dung céc b dé trén, ta cé dinh Iy vé dam bao Iy thuyét ctia thuét toan.

Dinh ly 2.4. Vdi e € (0,1/3) bdt ky, thudt todn IFA+ c6 do phiic tap truy vdn la
O(knlog(1/€)/¢) va trd vé Loi gidi vdi t 1é xdp xi la 1/3 — e.

Chiing minh. Thuat toan IFA+ can O(nk) truy van d€ chay thuat toan FA. Thuat
todan IFA+ gom hai vong liap. Tir (2.38)), vong lip dau chia it nhat: O(% log(%))
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budc lap. S6 budc 1ip ciia vong 1dp thd 2 nhiéu nhat 1a:

1 1 In(d) In(;)

1 N <1+1 ) =14 =<1 i

[10g(119(2)] = 1Hlogu () =1+ mito > i =
In(1) 1 1 1

~ - g S L) = O

Trong do, bat dang thic dau lado 1+ € > —L-, v6imoi e € (0, 1) va bt dang thic
2
thi hai 1a do ap dung In(1 + z) < z véi moi z € (—1,0). Vi mbi budc 1dp cla céc
vong lip trén quét 1 1an tap co sG va tdn mat kn truy van, ta c6 dudc sb truy van
nhiéu nhat 1a:
1 nk 1
O(nk) + 2 - O( log(— )) kn = O(? log(— ))

Ti 1€ xép xi clia thuat todn tuén theo céc B3 dé béng céch két hop 2 trudng
hop sau: c(0;) < (1—¢€)B vac(o;) > (1 —¢€)B. Suy ra diéu phai chiing minh. [J

2.6. Cac thuat toan cho truong hop ham muc tiéu khong don diéu
2.6.1. Két qua méi ctia luén an

Céc bai toan ting dung ctia tdi da ham submodular, hAm muc tiéu dudc chi
ra 1a ¢ thé khong don diéu [33, 211, 97, [137]. Hé qua tat yéu bai toan t6i da ham
k-submodular ciing c6 th€ khong don diéu. Pham va cdng su [115] ciing da giai
quyét bai toan tdng quat tdi da ham muc tiéu k-submodular v6i ngan sach gidi han,
ham muc tiéu c6 thé khong don diéu. Trong nghién ctiu clia ho, céc tdc gia dua
ra 10i giai x4p xi v6i d phic tap truy vin gan tuyén tinh (Bang [2.4). Luan 4n tap
trung giai quyét bai toan v6i ham khong don diéu bang mot thuét toan xap xi canh
tranh va gidm do phiic tap truy van.

Bang dua ra so sanh gitta cac thuat toan dudc dé xuat, LAA va RLA,
ctia luan 4n vé6i cac thuat toan tot nhat hién nay, thuat todn ludng tit dinh (DS) va
thuat todn ludng ngiu nhién (RS) [113] da dé cap dén & phan trudc.

Thuat toan Ti 1€ xap xi D6 phic tap truy van  Tinh tat dinh
DS [115] 1/5—e€ O(knlog(n)/e) Co

RS [115] k/(5k —2) —e O(knlog(n)/e) Khong

LAA (Thuét toan|5|trong luan an) 1/19 O(kn) Cé

RLA (Thuit toan 6|trong ludn 4n) 1/5 — e O(kn/e) Co

Bang 2.4: So sanh cac thuét toan cho KSMK khong don diéu; Luu y DS va RS
trong [115] 1a trudng hop dac biét khi 5 = 1.
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Lu4n 4n cai tién cac thuit todn da dé xuit v6i ham muc tiéu don diéu, xay
dung dudc thuat todn cii tién RLA (Thuit todn @) giai cho khong don diéu. RLA
dat dugc ti 1 xAp xi 1/5 — € va yéu cau do phic tap cla truy van O(kn/e) trong
d6 € > 0 1a tham s6 chinh xdc. DAy 1a thuat todn cho ti 1& x4p xi tuong duong vdi ti
1 x4p xi t6t nhat hién tai ctia thuat todn tit dinh cho kSMK khong don diéu [115].
Phuong phéap ctia RLA dua trén ngudng mdt do d€ chon ra cac phan ti “tot”.

Déi v6i trudng hop nay, luin 4n ciing tién hanh mot sb thi nghiém tdng thé
trén ing dung KIMK. Két qua thtt nghiém cho thiy cic thuit todn dugc dé xuit tiét
kiém truy vin hon so véi thuét toan hién dai nhat (dudc dé cip trong Bang va
tra vé cac két qua c6 thé so sanh dudc vé mit hiéu suat.

Bang so sanh cdc thuit toan trén ba khia canh ti 1¢ x4p xi, do phic tap
clia truy van va tinh tit dinh hay khong. Thuat toan LA A 13 phién ban don gian,
c6 tac dung dua sd truy vin vé tuyén tinh va gi6i han lai khodng gia tri clia opt dé
RLA st dung. C4c trudng néu trong bang cho thiy thuat toan dugc dé xuit c6 sd
lugng truy van thap hon va ti 1& xap xi hing s6 c6 gia tri tot tuong duong cac thuit
toan hién dai.

2.6.2. Thuét toan xap xi tuyén tinh: LAA

Dau tién, thuit toan xip xi tuyén tinh LAA (Linear Approximation Algo-
rithm) dudc tao ra lam nén tang dé xay dung thuit todn cai tién. Thuit todn nay
dua trén khung ki thuat cda thuat toan FA cta phan truc. Tuy nhién dé phan tich
cho trudng hop téng quat, cac suy dan dua trén tinh chit don diéu can phai dugc
thay thé. Mit khac, do su phiic tap ctia ham muc tiéu khong don diéu, ti 1& xap xi
s€ khong dat dugc la 1/10 nhu thuit toan FA.

D& giai quyét tinh khong don diéu ctia ham muc tiéu, ta phai st dung cic phan
tich khong tam thuong dé€ dua ra mot ti 1& x4p xi. Khac vdi trudng hop don diéu
trong FA, phan ndy st dung tinh chit don diéu titng cdp (pairwise monotonicity)
ctia ham k-submodular. DAy 1a mot tinh chit quan trong trong phan tich ly thuyét
thuat toan.

D& phu hop véi cac phan tich lién quan dén ham khong don diéu, thuit todn
st dung céc ky hiéu bé trg vé cac tip va cic bo, quy udc nhu sau:
Vi={eeV:cle)>B/2},Vo={ecV:cle) < B/2}.

o) ={(e,0(e)) : e € Vi1},0, = {(e,0(e)) : e € Va}.
o1 12 10i gidi tbi vu trén tap ;.

0, 12 10i gidi tbi uu trén tap V5.
- (ej,i;) 1a phan ti thd j duge thém vao vong ldp chinh cla thudt toan.
-x = {(e1,i1),..., (e i) }: k-tp x sau khi két thic vong ldp chinh, va t =
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Algorithm 5: LAA
Input: V, f, k, B > 0.
Output: A solution s
12 X < 0; (e, i) < (0,1); x' « 0;
2: foralle € V do
30 g+ argmaxepy f((e, 1))
4 (emyim) ¢ ATGMAX (¢ ine{(ep i) (ein)} S ((€/:7))
5. if c(e) < B/2 then
6: if A f(x) > c(e)f(x)/B then
7.
8
9

x < x U (e, i)
end if
end if
10: end for
1ty = |supp(x)|, x; = {(er,—j+1,0t,—j11) (€r,—jr2, G, j42), - - (€1, 0,) }s
X' 4 argmaxy i<, o(x,)<B ¢(X;), // last j tuples added into x
12: S 4 arg MaXse( (e, i) x'} f (8)
13: return s y;pq

|supp(x)|.

- x) = {(e1,%1), ..., (ej,4;)}: 1a k-tdp x (trong vong lap chinh) sau khi thém j
phantt, 1 < j <t x"=0,x' =x.

- X = {(et_jﬂ, it—j—&—l); (et_j+2, it—j+2)7 N (et, Zt)} la y phﬁl’l ti cudi cung
dudc thém vao x.

-0y = (0p Ux/) U X,

- 0‘;_1/2 = (oo Ux/) LU/,

- x/71/2: Néu e; € supp(og), thi c6 x771/2 = xI71 1 (ej,09(e;)). Néu e; ¢
supp(02), xI 1?2 = xI71,

-ut = {(u1,41), (ua,42),. .., (u,,i,)} 12 tap cdc phan tif & trong tdp o), ma
khong & trong tap x’, r = |supp(u’)].

-ul = x" U {(u1, 1), (ug,d2), . .., (ug, i)}, V1 <1 < rvau) =x"

Gia st rang x’ ¢6 T bo cubi trong x, cé nghiala x’ = xr. Pat Q =t — T,

chiing ta c6 x = x9 LU x’. Céc bd dé dudi day sé lién két giiia 15i gidi du tuyén x
v6i 09.

B4 dé 2.9. f(0s) — f(o}) < 2f(x7) vdi moi 0 < j < t.

Chiing minh. Vi f c6 th€ khong don diéu, véi (e;,i;) 1a b thi j duge thém vao
161 gidi du tuyén x sau vong 1dp clia thuat todn LA A. Ta phai xét 2 trudng hop
dudi day:
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-Néu € ¢ supp(oq), dit [ € [k]| sao cho I # i; va O‘Zj la k-tap sao cho

o] (e) = 0j(e),Ve € Vo \ {e;} vaol(e;) =1, ta cé:

f3™) = flop) = flop) = flob ™)
— (f(oh) + f(o}) —2f(03 "))

(2.59)
(2.60)
2.61)
(2.62)

Véi bat dang thiic (2.60) do tinh chit don diéu ting cip ctia ham f, bit dang
thic (2.61) do tinh k-submodular ctia f, va bat dang thitc (2.62) do quy tic chon

phan ti clia thudt todn. Vay, ta c6 diéu phai chitng minh.

- Néu e; € supp(0y). Liic nay, néu o} '(e;) = 4, do tinh chit don diéu tiing

cdp cla f, ton tai i’ € [k] d€ f(x/' U (e;,7')) > 0. Vi vay,

flo3) = floh 1) =0 < f(I) = F 7).

Néu o} '(e;) # i, suy ra:

f(0!™) = f(o') = 2f(o™) = 2f(0)17%)
— (f(0 ) + f(o)) = 2f (o)1)
<2f(0/7) = 2f(e771)
< 2f(x) = 2f(x'7),

Bit dang thiic cudi 12 do tinh k-submodular. Tong quat, ta c6 f(o

fo}) < 2f(x) — 2f(x/71). Vi vay,

(f('™h) = f(o'))

Il
MN

f(o2) — f(0})

1

<.
Il

IA

-

2) (fx) = f(x) < 2f(x).

1

J

Nhu vay ta ciing ¢6 diéu phai chiing minh.

i—1
5 ) -

[]

Bd dé duéi day chi ra mdi quan hé gitta 15i gidi c6 dudc tai cac bude va 15i

giai cudi cung.

B dé 2.10. f(x/) > f(x!)/3.
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Chiing minh. Nhic lai x = x'. Néu c¢(x') < B, x’ = x' thi b8 dé diing. Ta xét
truong hop: ¢(x") > B. Ta cé:

T
) = fxQ) = D A ST (2.63)
J=Q+1
T i
=Y c(ej)f (’2 ) (2.64)
J=0Q+1
T Q
=Y c(ej)% (2.65)
j=Q+1
> c(x')f(XQ) (2.66)

Trong d6 bt dang thiic (2.64) do luit chon bd (e, i ;) cho vao tap x theo diéu
kién 6 dong @ clia thuat toan LA A. Bét dang thiic lado f(-) >0

Vi x' dudc chon tir x dé tdng chi phi ctia né gan B nhit va mdi phan ti
e € supp(x) c6 chi phi nhiéu nhét 1a B/2, nén:

B B
">B-—=>—.
) 2 =2

Suy ra: f(x') — f(x9) > f(x%)/2. Nén f(x9) < 2f(x!)/3. Mit khac, do tinh
k-submodular ctia f ta ¢ f(x') < f(x9) + f(x'). Nén

fx) > f(x') = f(x9) >

Ta c6 diéu phai ching minh. O

B dé 2.11. f(o}) < 4f(x)).

71



Chitng minh. Ta co:

flo2) = f(x') = f(o2) — f(0h) + f(03) — f(x) (2.67)
<2f(x") + f(0h) — f(x') (Do B&deR.9) (2.68)
<2f(x') + Z Ay vie f(X') (2.69)
e€supp(0})\supp(x")
< 2f(x") + > % (2.70)
e€supp(03)\supp(x")
t
< 2f(x") + Bflgx ) _ 3f(x"). (2.71)

Trong d6 bat dang thiic (2.69) do tinh k-submodular ciia f, bit dang thic (2.70) do
lut Iua chon ctia thuét todn. Do vy, ta ¢6: f(oh) < 4f(x") or f(oh) < 4f(x). [

Tir cac bS dé trén ta suy ra b dé vé mbi quan hé giita 16i gidi cudi va 16i gidi
toi uu trén tap V5 duéi day.

BG dé 2.12. f(x') > f(0,)/18

Chitng minh. Ap dung cic B3 dé[2.1|va véi j = t, ta co:
(02) — f(03) + f(o03) — f(x')
)+ floy) — f(x)

t)'

Vivay f(x') > f(02)/6. Két hgp cac suy dan trén v6i B6 de2.10, ta c6 f(x') >
f(x')/3 = f(02)/18. 0]

Cudi ciing, cac ddm béo ly thuyét vé ti 1& xap xi va do phic tap truy van dudc

flo2) — f(x)

IA A
S R

fx
f(x

chi ra qua dinh ly dudi day.

Dinh 1y 2.5. Thudt todn LA A la thudt todn luéng 1 lan quét trd vé ti 1é xdp xi la
1/19 va tén nk truy vdn.

Chitng minh. Thuat todn chi quét mot 1an trén tip hop co sd va mdi phan tif e
ton k truy van dé€ tim vi tri i,. Do d6, s6 luong truy van 1a nk. Bay gio ching
ta chiing minh ti 1& x4p xi cda thuat toan. Bing cach chon (e,,,i,,) va 0 chiia
nhiéu nhit mot phan ti nén f(o;) < f((em,im)). Tt dinh nghia clia o}, o} va tinh
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k-submodular cua f, ta suy ra:

f(0) < f(0}) + f(0p) (2.72)

< f(o1) + f(02) (2.73)

< F(emim)) + 187 (x') < 19f(s). (2.74)

Vay dinh ly da dudc chiing minh. [l

2.6.3. Thuét toan tuyén tinh cai tién: RLA

Ciing tuong tu trudng hgp don diéu, ta ¢ thé x4y dung dugc mot thuit toan
cai tién nham ting ti 1& xAp xi. Phan nay gidi thiéu thuit toan tuyén tinh cai tién
RLA (Robust Linear Approximation). Thuit todn nay cai thién ti 1& x4p xi thanh
1/5 — € va c6 dd phiic tap truy vin 1a O(kn/e). RLA giii y tudng cia IFA bing
cach st dung lai giai phap cia LAA d€ gi6i han pham vi cia opt va diéu chinh
ngudng tham lam d€ cai thién ti 1& xAp xi bang cach tién hanh O(1/¢) 1an quét qua
tap co s6. Chi tiét thuat toan dugc trinh bay day dd trong Thuat toan 6]

Algorithm 6 : RLA
Input: V', f,k, B> 0,¢ > 0.
Output: A solution s

1. s, < LAA(V, f,k, B)

2: I« f(Sb)

3 A {(1+e':ieN,T < (1+¢)! <19T}
4: foralle € V do

5: forallv e Ado

6: 1y ¢ arg MaX;e|k] A(e’i)f(sv)

7 1, =20/(5B)

8: if c(s,) +c(e) < Band A(.;,)f(s,)/c(e)) > 7, then
9: Sy < Sy U (e,1y)

10: end if

11:  end for

12: end for

13: Sfinal <— arg MAaXs e{s,00,51,52,....8/5| f(sl)

14: return sy;,q

Tu Pinh ly ta co: I' < opt < 19I'. Vong lap bén ngoai cling quét tiing
phan ti e trong tap co s 1, con vong lidp bén trong dé xem xét tliing gii phap dng
vién s, cho moi v dugc chon loc tir tdp A. Trén cd sd Dinh ly ta xay dung tap
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A dé€ gi6i han s6 nghiém ting vién s,,. Dinh nghia (e, i,) 1a bd mang lai miic ting
16i nhuén bién 16n nhat khi dudc thém vao s,,.

Khi mot phan ti e dén, thuat todn sé& xii Iy cac cong viéc sau: (1) chon vi tri
i, v6i mic ting 1gi nhuan bién t6i da dbi véi s, va e (dong [6); (2) st dung ngudng
7, = 2v/(5B) d€ thém phan ti e vao s, néu né c6 mdt do ting cao ma khdng vi
pham rang budc ngan sach (dong (8))).

Su khéc nhau ctia RLA va IFA nim & khoang bao gi4 tri tdi vu va ngudng
tham lam 7. Do su chi phdi ctia ham f c6 thé khong don diéu, nén céc thiét ké
ctia IFA khong con ding trong trudng hop nay. Do d6, can thiét ké thuat todn méi
ndy va cac phan tich ti 1& méi. Dudi day sé chi ra cac ddm bao 1y thuyét ctia thuat
toan RLA.

Ta van giit cac ky hiéu o nhu mot nghiém tdi uu ctia bai todn trén V' va gid tri
t6i wu opt = f(0). Ngoai ra, ludn an st dung thém mot sd ky hiéu lién quan dén
xdy dung va phan tich Thuat toan [6| nhu sau:

- s, = {(e1,11), (e2,72), . .., (€4, 74) } 12 tap 16i gidi dy tuyén ting véi cdc v € A
sau khi két thic ving lip ngoai.

- s/ = {(e1,11), (€2,12),...,(e,7;)},1 < j < g, nhu vay s) = 0.

- s5¢1a s, ngay trude khi e dugc xem xét.

-u = {(uy,41), (ug,92), ..., (ur,i,)} 12 tAp cac phan ti nim trong o nhung
khong nim trong s,,, 7 = |supp(u)].

-u =s, U {(ul,il), (UQ,iQ), ce (ul,zj)},V1 <l <rvauy=s,.

-0/ = (oUs!) Usl.

-0/ V2= (oUs))Usi .

Ta c6 cdc bd dé va dinh 1y dung dé€ phan tich ddm bdo ly thuyét dudi day.

BG dé 2.13. Vi bdt ky v € A, néu khong cé phdn tit o € supp(o) \ supp(s,) nao
dé' Ny o(0)) f(55°)/c(0) = Ty va c(s5°) + c(o) > B, thi: f(0) < 3f(sy) + c(0)T,.

Chitng minh. Do quy tic lua chon gidng nhau gitta (e, 4, cla thuat toan RLA va
(e,i.) clia thuat toan LA A, chiing ta ¢6 ciing két qua véi BS dé c6 nghia Ia,
f(o) = f(o?) < 2f(s,). Vi véy:
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f(O) T f(sv) - f(O) - f(oq) + f(oq) _ f(sv) (275)

< 2f(s0) + ) (f(w)) = f(u;1)) (2.76)
j=1

<2f(s0) + Y Apyinf(ss™) (2.77)
j=1

<2f(sy) + > cluy)T, (2.78)
j=1

< 2f(sy) + c(0)7y. (2.79)

Trong d6 bt dang thic (2.77) 1a do tinh k-submodular, bat dang thitc (2.78)
xut phat ti dinh nghia s=°, va bit dang thic (2.79) do dinh nghia ciauvao. [

Dinh ly 2.6. Vi 0 < € < 1/5, thudt todn RLA trd vé ti 1é xdp xi la 1/5 — ¢, trong
vdi do phikc tap truy vén la O(nk /e).

Chitng minh. Thuat todn can nk truy van d& goi LA A va chi st dung 1 1an quét
tap co s& dé€ két thiic vong 1ip bén ngoai (dong[4H12)). Pbi v6i mdi phan i dén, chi
can toi da k - [log ;) (19)] truy vin d€ cép nhits,, v € A. K&t hop tat ca céc diéu
trén, s6 lugng truy vin dugc yéu cau nhiéu nhit 1a:

nk + nk[log(19)] < nk + nk(1 + log(4(19))

In(19)
—9 )
nk + nkln(l )
In(1
< 2k + ni 1Y)
In s
—onk — 219
In(1— %)

nk

€

< 2nk + gnk In(19) = O(—).
€

Tiép theo 1a ti 1& x4p xi, tif Dinh ly tacod I’ < opt < 19.T", nén ton tai mot sb
nguyén duong v € A d€ opt/(1 + ¢) < v < opt. Vay ta co:

J J

(1) =D (flsy) = f(s71) = D elen)f, = c(s))b. (2.80)

i=1 =1
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Ta xem xét cac truong hop sau:
-Trudng hop 1. Ton tai phan ti 0 € supp(0) \ supp(s,) d€ Ay, 000 f(s5°) > 7, va
c(s5%) + c(o) > B. Nhic lai (e, 1,,) = arg max.cv,c(x f((e, 7)), nén co:

f(8finat) = maxi f(su), f((em,im))}

> max{ f(s;°), f((0,0(0)))}
f(55°) + f((0,0(0)))

= 2

, 116570 (0ofo)

_ Dooonf(s57) + f(s5°)
7,¢(0) +Tv02(s§j) _Bn v

R opt ’ e >

= 5(1+¢)

> (% — €)opt.

-Truong hgp 2. Khong ¢6 phan tit o nhu Trudng hop 1. Ta B6 dé2.13 ¢(o)
B, 7, =2v/(5B), va f(0) = opt > v, ta co:

IA

f(o) <3f(sy) + Bt, < 3f(sy) +2Bv/(5B)
< 3f(sy) + 20pt/5.

Suy ra: opt < 3f(s,) + 20pt/5, vi vay opt < 5f(s,). Cudi cang, f(Sfina) >
f(s,) > opt/5. K&t hop tit ca cic truong hop trén, ta c6 diéu phdi chiing minh. [

2.7. Nghién ciou thuc nghiém
2.7.1. Cac ing dung dung trong thuc nghiém

Thuc nghiém dugc tién hanh trén cac bai toan tng dung ctia KSMK. Cac bai
toan tng dung ndy 1a cac truong hop ciia kKSMK thé hién cu thé né dugc ap dung
vao dau. Pay déu Ia cac bai toan phd bién va c6 tinh thuc tién, bao gom :

- T6i da 4nh hudng cta k cha dé trong giSi han chi phi (k-topic Influence
Maximization under Knapsack constraint - KIMK);

- Toi da do phti thong tin ciia k chii dé trong gidi han chi phi (k-topic informa-
tion Coverage Maximization under Knapsack constraint - KCMK);

- T6i vu vi tri dit k loai cAm bién trong gidi han chi phi (k-type Sensor Place-
ment under Knapsack constraint - KSPK).
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2.7.1.1. Téi da 4nh huédng cia k cht dé trong gidi han chi phi

Ung dung KIMK hoat dong theo md hinh lan truyén thong tin LT dugec mo ta
tom tat dudi day.

1. M6 hinh lan truyén LT. M6 hinh lan truyén thong tin nay dugc goi 1a mo
hinh Ngudng tuyén tinh LT 1an dau tién dudc xay dung cho bai todn tbi da anh
hudng bsi Kempe [43], sau d6 dudc md rong cho cac bai todn ti da anh hudng
ctia k chd dé [[106]. Su lan truyén thong tin khi st dung md hinh nay dugc tém tit
nhu sau:

- Mang x4 hoi dugc md hinh héa bang dd thi ¢6 huéng G = (V, E), trong d6
V, E 1an lugt dai dién cho mot tip hdp ngudi dung va mot tap hop cac lién két.
Mbi canh (u, v) € E dudc gén céc trong s6 {w'(u, v) }icpy, trong d6 mdi w'(u, v)
biéu dién stc anh hudng clia v t6i v vé cha dé thi 7. Mdi niit (node) u € V' ¢6 mot
ngudng anh hudng (influence threshold) ddi véi chii dé 4, dit 1a 67 (u), dudc chon
mdt cach nglu nhién trong [0, 1.

- Cho mot tap hat gibng s = (S1, S, ..., S;) € (k+ 1)V, su lan truyén thong
tin chli dé 7 xay ra tai cdc buéc rdi rac t = 0,1, ... nhu sau: Tai budc ¢t = 0, tat
ca cac nit trong S; dudc kich hoat bdi cht dé 7. Tai budc ¢ > 1, mot nit u dude
kich hoat (active) néu ", tive node v W' (v, «) > 6"(w). Qud trinh phd bién thong
tin vé chi dé ¢ két thiic & budc t néu khong cé niit méi dudce kich hoat nao va qua
trinh lan truyén ctia mot chii dé doc 1ap véi cac chii dé khéc.

- Pit o(s) 1a sb lugng niit dudc kich hoat béi it nhat mot trong k chii dé sau
qud trinh lan truyén tip hat gidéng k-tip s, tic 13,

o(s) = E[| Usep 0:(S)|)- 2.81)

Trong d6 o;(.S;) 1a mdt bién ngau nhién dai dién cho tip hop ngusi dung dang hoat
dong cho chu dé i véi hat gidng S;. o(s) dudc goi 1a dnh hudng ciia tdp s.
2. Bai toan kIMK. Bai toan nay dudc dinh nghia nhu sau:

DPinh nghia 2.7 (kIMK). Gia st mdi dinh e ¢6 mdt chi phi ¢(e) > 0 cho moi chii
dé ¢ dé thé hién muc do cb gang ban dau giy anh hudng dén ngudi dung tuong dng
ddi v6i chi dé dé. Véi ngan sach B cho trudc, bai todn yéu ciu tim tip hat gidng s
vOi c(s) = > .cs,ier €(€) < B sao cho o(s) la gid tri 16n nhit.
2.7.1.2. Téi da do pht thong tin cta & cht dé véi rang bude chi phi

Ung dung KCMK dudc dé xuit bdi Wang va cong su [143] khi xét rang mot
nit khdng dugc kich hoat (inactive node) c6 thé dugc thong bdo (informed) vé
thong tin lan truyén bdi it nhat mot trong cac hang xém ctia né trong cliing mo hinh
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lan truyén cta bai todn lan truyén anh hudng. Toi da dé phu thong tin 13 t6i da sd
luong mong mudn cic niit duge kich hoat hoic dudc thdng bao. Nhu vy, mot nit
khong dudc kich hoat van dudc thong bio néu né c6é it nhat mdt hang xém Ia nut
kich hoat.

Qian va cong sy [116] da chi ra ring néu v € o,(S;) Vi € [k], N(v) 1a tap cac
hang x6m khong dudc kich hoat cua v, tdp cac nit dudc kich hoat va thong bao
bdi su lan truyén thong tin i tap hat gibng .S; c6 thé 1a:

%i(S:) = 0i(S;) U (Upeoy(s) N (v)) - (2.82)

Trong d6 o;(S;) dugc cho bdi biéu thiic (2.81). Nhu vay, do pha thong tin cla k
chii d& dugc cho bdi biéu thic (2.83) dudi day 1a tdng sd niit theo ki vong dudc
kich hoat hoic thong bdo bdi it nhét 1 trong sb & thong tin dudc lan truyén:

v(s) = E[| Uiy 7 (Si)]- (2.83)

Ham v(s) con goi 1a ham pha cda thong tin. Khi do, bai toan t6i da do phu thong
tin cta k chii dé, KCMK, dudc dinh nghia nhu sau:

Pinh nghia 2.8 (kKCMK). Gia sit moi ngusi dung e ¢6 mot chi phi ¢(e) > 0 cho
moi ¢ chii dé, dé thé hién su cb gang bao nhiéu dé bat diu anh hudng t6i ngudi
ding tuong tng vé chi dé dé. Cho mdt sé6 nguyén duong B 1am ngin sach, xdc
suat cac canh 1a p!, ,, (u,v) € E,i € [k], bai toan can tim tap hat giong s véi tong
chi phi ¢(s) = Y- .cg, ier ¢(€) < B d€ y(s) 1a 16n nhét.

2.7.1.3. Téi vu vi tri diit  loai cAm bién trong giéi han chi phi
Lun 4n gi6i thiéu chi tiét hon vé hiéu suit clia c4c thuit toan qua bai todn tbi

vu vi tri dit & loai cdm bién trong gidi han chi phi, kKSPK, dudc dinh nghia:

DPinh nghia 2.9 (kSPK). Cho k loai cdm bién cho cic phép do cac hién tugng
khdc nhau va mot tdp hop V' gdm n vi tri, mdi vi tri chi dugc gan cho mot cdm
bién. Gié st rang mdi vi tri e ¢6 chi phi c¢(e) > 0 cho mdi loai cam bién 7. V6i
ngan sach B > 0, bai todn nham muc dich x4c dinh vi tri cidc cam bién nay dé tbi
da hoa thong tin thu dudc véi téng chi phi nhiéu nhit 12 B.

Dit X! 1a mot bién ngiu nhién dai dién cho quan sat dugc thu thap tif cdm
bién loai 7 va thong tin thu dugc ctia s 1a

f(S) = H(UeESUpp(S){Xé})'
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Trong d6, H la mot ham Entropy [[109].
2.7.2. Thuc nghiém cho truong hgp ham muc tiéu don diéu

Dé& danh gia c4c thuat toan dudc dé xuat, phan thuc nghiém so sanh hiéu suat
gifta cdc thudt toan trinh bay & trén véi cac thuat todn tién tién hién nay cho bai
toan kKSMK dugc liét ké bén dudi:

- Greedy: Thuat toan tham lam cho ti 1& (1/2 — 1/(2¢)) trong O(n*k?) thoi
gian dugc dé xuat trong [[134]].
- D: Thuat todn ludng tit dinh cta [115] da trd vé ti1é xAp xila 1/4 — ¢, can
1 1an quét va O(knlog(n)/¢) truy van.
- RS: Mot thuat toan ludng khéc trong [115]] tra lai ti 1& xAp xi1a k/(4k —1) —¢
theo ky vong, trong 1 1an quét va O(knlog(n)/e€) truy van.
2.7.2.1. Thiét lap cho thuc nghiém
a) Bo du liéu

Thuc nghi€m thu thap ba phép do chinh: gia tri uéc lugng cua ham muc tiéu,
s6 lugng truy van va thdi gian chay.

Tap dit liéu dugc st dung 12 céc tap phd bién trong cac cdng bd vé tbi uu ham
submodular [115], [106, 105}, [106] d€ minh hoa hiéu suét ctia cac thuit toan dudc
so sanh (Bang . Céc du liéu Facebook, Hept, Enron dugc st dung cho 2 tng
dung 12 kKIMK va KCMK. Céc dit liéu dudc t6 chiic dusi dang dd thi véi cac dinh
dugc danh s6, cac canh biéu thi lién két giita cac dinh. Chang han Facebook [O3]
12 mot do thi con cta dif liéu ngudi dung Facebook, mdt canh biéu thi tuong tac
gitta hai ngudi dung, loai do thi 1a c6 hudng.

Intel Lab sensors [[15] va DF-AMS-WSN [72] 1a 2 b dit liéu cam bién dudc
dung cho ting dung kSPK, trong d6 cac phan tit 1a cdc cdm bién dudc danh sb ting
dan. Dt liéu cam bién Intel Lab [13] dudc thu thap tir 2.3 triéu ban ghi doc dudc
ctia hé théng du bdo thdi tiét Mica2dot gdm vé nhiét do, hai nudc, anh sdng va
dién thé. DF-AMS WSN [72]] 1a bo dit liéu dugc thu thap tit dau ra cia phan mém
md phong NS-2 mot hé thdng mang cam bién khong day, thu thap cic thong sb vé
nhiét do, hoi nudc, toc do gid, va ning luong tiéu thu. Di liéu da dudc tién xi ly
dé loai bo cac trudng dif liéu bi mat va phu hop véi phan doc dit liéu dau vao cia
thuc nghiém. Do vay, khac véi cac tap du liéu Facebook, Hept va Enron, cac tap
dit liéu cdm bién khong c6 thong tin canh (Béng[2.5).

Két qua cta cac thuat todn thong qua ba phép do trén dugc biéu thi thong qua
cac hinh vé dudc danh sb duéi dy, trong d6 cac thuat ngit Fig, K va M 1an ludt 1a

Bai toan KSMK 12 trudng hop dic biét cia tbi da k-submodular dudi rang budc chi phi [115] v6i 8 = 1.
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viét tat cia thuat ngt Hinh, hang nghin va hang triéu.

Bang 2.5: Tap du liéu

Tap du liéu S6 dinh  S6 canh Loai  Truong hgp
Facebook [93] 4039 88234  Co6 huéng kIMK, KCMK
Hept [32] 15233 58894  Co6 huéng kIMK, kCMK
Enron [[77]] 36692 367662 Co6 hudng KIMK, kCMK
Intel Lab sensors[[15]] 56 Khong c6 - kSPK
DF-AMS WSNI[72] 100  Khodng cb - kSPK

Céc thuc nghiém dudc chay trén hé diéu hanh Linux véi cAu hinh 2 x Intel(R)
Xeon(R) CPU E5-2697 v4 @ 2.30GHz va 4 x 16 GB DIMM ECC DDR4 @
2400MHz.

b) Cdc thiét lap thong sb

Trong phan thuc nghiém, cac tham sb &, €, B, chi phi tiing dinh, cdc tham s6
clia ing dung can dung... dudc thiét 14p ddi véi cac thuat toan 13 nhu nhau. Thiét
lap nay d€ ddm bao tinh cong bing giita cac thuit toan.

1. Pbi voi KIMK va kCMK. Trong thi nghiém, 2 bai todn trén da chay trén ba
co s6 dit liéu khac nhau: Facebook, Hept va Enron, nhiing cd s& dif liéu phd bién
trong cic bai toan lan truyén thong tin [105, 71, [115] va thiét 14p mo hinh nhu
trong nghién cttu cua [106] d€ st dung cach tinh todn ham muc tiéu do céc tdc gia
cung cap.

Vi tinh todn o (-) 12 #P-khé [33]], chiing ta sit dung phuong phép 1iy mau trong
[106, [16] d€ c6 mot ude luong 6(-) véi mot ti 1& xap xi 1a (X, 9):

Pr[(1+ MNa(s) > 6(s) > (1 —No(s)] > 1—06. (2.84)

Trong thit nghiém, cdc tham s6 dudc thiét 1ap nhu sau: A = 0.8,6 = 0.2, k = 3
va € = 0.1 nhu trong [106]. Ham udc lugng 4(+) cta y(-) dudc tinh toan thdng qua
cac biéu thic ([2.83) va (2.84). Cic mdc ngan sach B cia kIMK, KCMK dudc thiét
1ap v6i mot vai mbe tir 0.5K dén 2K, minh hoa thuc té riang chi phi dé tic dong

dén k chu dé thong qua cdc mang cd 16n nhu mang xa hoi, khong phai 1a mot con
s6 nho. Chi phi cho tiing phan tif gan theo md hinh LT [115] chuin. Theo do, gia
tri chi phi tit 1 dén 10 véi Facebook va tir 1 dén 50 v6i Hept va Enron.

Theo cac phan tich cta [143, [116], bai toan KCMK 1a mot bién thé ctia KIMK.
Xéc suét canh cia mbi canh (u,v) € E ¢6 vec-to xac suatla (1/k, ..., 1/k) gibng
nhu thiét 14p cta Qian [[116]. Bén canh d6, ta s& gilf nguyén céc thiét 1ap cho ca
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KIMK va kCMK vi khi chay cic bai toan nay, st dung chung sb 1an 14y mau trong
ciing mot 1an thuc nghiém. Cac két qua ctia KIMK va kCMK dugc thu thap gom
cdc gia tri ham muc tiéu &, 4, thdi gian chay va sb ludng truy van dugc do bing
cach dém s6 1an goi ham muc tiéu.

2. D6i v6i KSPK. Ta st dung 2 tap du liéu Intel Lab [15] va DF-AMS WSN [72]
dé minh hoa bai todn kSPK.

Thiét 1ap cac tham sb va phuong phap tinh todn ham muc tiéu dugc thuc hién
tuong tu nghién ciu [106] dé€ st dung phuong phép tinh todn ham muc tiéu cla
cac tac gia.

Ngoai ra, thuc nghiém dat £ = 3, e = 0.1, pham vi chi phi cac dinh la tur 1 dén
10 nhu trong thit nghiém cta KIMK, nhung céc gia tri cia B gdm mot s6 moc tu
10 dén 50. Thiét 14p nay 1a do s6 lugng cAm bién va dé€ c6 su tuong dong gitta cac
thuat toan. D6i v6i ting dung nay, thdi gian, gia tri ham muc tiéu, va sb luong truy
van cling dugc dua ra. Trong do, sd luong truy van ciing 1a dém s6 16i goi ham
muc tiéu.

2.7.2.2. Nhan xét két qua thuc nghiém

Pé cung cap mdt thit nghiém toan dién, cac thuit todn trén da dudc chay doc
14p nhiéu 1an va thu thap két qua vé gia tri hAm muc tiéu, sd ludng truy van va thoi
gian chay theo cac mdc B. P6i v6i mbi cdt mbe, cac gid tri trung binh di dudc tinh
todn. Bang 2.6 minh hoa mot trudng hop, thu thap cic két qua khi chay tng dung
kIMK va KCMK trén bd dit liéu Enron v6i ham muc tiéu la cac ham don diéu. Cu
thé hon, Hinh (2.1))-(2.3)) minh hoa két qué trén cic bd dif liéu da mo ta & trén cho
ba truong hgp KIMK, kCMK va kSPK.

Thuc nghiém thé hién su “ddnh d6i” gitta chit luong gidi phap va sd luong
truy van clia thuit todn véi cic gia tri khac nhau ctia ngan sach B. Trong cic trudng
hop nay, xu huéng chung IFA+ cho két qua t6t nhat, theo sau 1a nhém cac thuét
toan IFA, DS va RS, con FA thi cho két qua dao dong. Greedy 1a thuit todn cho
lugng truy vAn ton kém nhét, thdi gian chay lau nhit va thuc nghiém phai rang
budc thdi gian budc phai diing thuat todn Greedy. Su “danh d6i” thé hién & chd,
dé ting cuong chit luong 15i giai, IFA+ da phai ton thém truy vén so véi IFA va
FA, tuy nhién s6 luong truy van bd ra la chip nhan dudc nén thdi gian chay van
dam bao.

Dién hinh, c6 nhiing thuc nghiém IFA+ va IFA cho chat ludng 15i gidi cao
hon 1.5 ldn so v6i DS va RS trong khi s luong truy van c6 thé thdp hon t6i 20 lan
so v6i 2 thudt todn nay. Dic biét, so v6i thuat toan Greedy, cdc thut todn tiét kiém
vai trim 1an s6 truy vAn ma van ddm bao chét lugng.
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Thuét toan Ngansach B Ham anh huéng o(-) Ham phtiy(-) S6 truy van  Thui gian (s)

FA

0.5K 3926.04 21524.90 146769 62844.90
0.7K 3889.35 23570.80 146769 62707.20
IK 5237.78 25684.00 146769 62537.00
1.2K 4458.08 26696.10 146769 62619.70
1.5K 4797.48 27869.40 146769 62695.80
2K 3201.38 29695.90 146769 63130.90
IFA
0.5K 4237.93 23536.20 1027377 4404160.00
0.7K 3962.74 25353.10 1027377 444790.00
1K 5503.80 27513.50 1027377 453721.00
1.2K 4742.44 28764.50 1027377 451752.00
1.5K 4393.87 30001.50 1027377 449386.00
2K 5531.32 31557.90 1027377 447500.00
IFA+
0.5K 4157.21 25669.00 2220113 1020905.55
0.7K 4370.86 28031.80 3247370 1451624.34
1K 5403.75 30373.9 3496834 1562630.05
1.2K 5237.63 31828.90 2758080 1260321.25
1.5K 5422.81 33249.20 3393604 1531813.80
2K 5692.27 35380.80 3572544 5395415.93
DS
0.5K 3265.59 19318.40 1462221 687488.00
0.7K 2816.11 21618.10 1737756 803329.00
1K 2981.22 23729.10 1164306 858652.00
1.2K 3384.84 24380.20 1857588 844945.00
1.5K 3256.41 25340.50 19237297 894806.00
2K 3522.43 28394.40 2015664 936511.00
RS
0.5K 3586.64 22973.40 2523867 1169420.00
0.7K 3338.97 25541.70 3370704 1583520.01
IK 3421.53 28232.70 3645741 1720209.99
1.2K 3228.90 29098.50 4206699 2029769.99
1.5K 3256.41 29954.40 1923729 2138868.05
2K 4026.95 31273.00 4696509 2253830.00
Greedy
0.5K 1183.32 16317.61 5011576 2584789.99
0.7K 1210.84 16317.61 5014462 2584780.01
1K 1201.66 16317.61 5038819 2587930.01
1.2K 1201.66 16317.61 5037405 2587940.00
1.5K 1357.60 16317.61 5070441 2588510.00
2K 1201.66 16317.61 5075261 2588420.00

Béang 2.6: Cac két qua thu thap dudc tir cic thuat toan cho dng dung KIMK va
kCMK trén bd dit liéu Enron, truong hgp don diéu.
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Céc phan tich cu thé dugc chi ra trén ting ting dung nhu sau:

1. P6i v6i KIMK va kCMK. Cac duding vé thuat toan Greedy cia [134] khong
phai 12 két qua cubi cling vi mat qua nhiéu thdi gian d& hoan thanh viéc chay thuat
toan nay. D€ thuc nghiém phu hgp véi cAu hinh hé théng, tic gia phdi gidi han
thoi gian xt ly Greedy tuy theo tiing bo di li€u, trong d6 4K nut cua Facebook
chay trong vong 12 gid, 15K nut cua Hept chay trong vong 2 ngay va 36 K nut cua
Enron da lam viéc trong 4 ngay.

Hinh thé hién chit luong cta thuat todn thong qua gid tri cia cac hAm muc
tiéu o(-) va y(-). Dudng vé ctia Greedy chi hién thi udc tinh ctia o(-) va (-) trong
thoi gian bi gidi han. Trong phan con lai, IFA+ ludn mang lai két qué tot nhat,
tiép theo 1a IFA, DS va RS. Gia tri ctia FA dao dong vi cac duong ctia FA danh
dAu diém thip nhit trong mot s6 trudng hop va tot hon trong cac trudng hop khac.

Trong Hinh khoang céach gitta FA, IFA, IFA+, DS va RS trd nén 16n hon
khi B > 1.5K. Vakhi B van (kich thudc ctia V) ting 1én, hiéu suit ctia IFA+ va
IFA c6 vé tét hon. Chang han, ¢ mic B = 2K, véi Hept (n ~ 15K nit) IFA+
va IFA cao hon khoang 1.5 1an tuong ting so véi DS va RS, trong khi v6i Enron
(n ~ 36K nit), IFA+ va IFA cao hon khoang 1.25 1an so véi ca DS va RS. Pic
biét, IFA+ va IFA cho thiy két qua vudt troi trong mang Enron.

Débi véi KCMK, két qua céc trudng hop (Hinh 2.1]d, e, va f) ¢6 xu hudng gidng
nhu cua KIMK (Hinh a, b, va c). C6 thé thiy rﬁng hiéu suit vé chit luong giai
phap ctia IFA+ lu6n cao hon cac phuong phap khac. FA, IFA va DS dudng nhu
khong khac nhau 1am, trong khi RS c6 chiit dao dong.

N6i chung, két qua sé phan cum thuit toan thanh ba nhém tir trén xubng dudi:
IFA+-DS, IFA-FA-RS va Greedy. Chiing ta c6 thé thdy khoang céach giita cic
thuét todn trong mdi nhém khi B ting tit 0.7/ 1én 1.5K 1a tuong d6i nhd va tach
biét khi B ting hon 1.5K. Cac dudng ndy ciing dao dong theo tiing mbc B, tuy
nhién ta c6 thé nhan thiy xu huéng chung 1a IFA+, IFA, DS va RS sé ting 1én
trong khi céc gid tri FA dudng nhu khong thé doan trudc.

Nhitng két qua nay phan 4nh su ddm bao vé mat Iy thuyét khi ti 1& x4p xi cia
IFA+ t6t hon céc ti 1¢ khac, FA 1a thip nhit va vai tro cia FA chi 1a gi6i han
pham vi clia gid tri tdi vu.

Thi hai, Hinh 2.2 hién thi s6 ludng truy van dudc goi va thdi gian can thiét
dé€ chay cic thuat toan nay. Nhu da dé cap, tic gia da chay kKIMK va kCMK trong
cuing mdt thif nghiém. Do do6, két qua clia cac truy van va thdi gian chay thudc vé
ca KIMK va kCMK.

Thuat toan Greedy chiém s6 lugng truy vAn nhiéu nhét trong thii nghiém nay.
Mic du Greedy dudc xt ly trong thdi gian gidi han, nhung né van tiéu tén gan
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Hinh 2.1: Chét luong 10i gidi ctia cac thuit toan trong KIMK (Hinh a, b va ¢) va
kCMK (Hinh d, e va f).
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Hinh 2.2: S6 luong truy van (a, b, va c) va thdi gian chay (d, e va f) cla cac thuat
toan trén KIMK va kKCMK.
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1M-5M truy van, cao hon nhiéu cic truy van khac. Bay gid ta tap trung vao két
qua ctia phan con lai.

FA cho thiy mot 1i thé so véi nhiing thuat toan khic vé do phuc tap truy van,
n6 thip hon han tir vai dén hang chuc 1an so véi cac loai con lai. Tuy nhién, nhu
trén, n6 cho chit lugng 18i giai thip. Phan tich ki hon, RS cao hon khoang 15-20
1an va 4-5 1an, trong khi DS cao hon khodng 7 — 10 1an va 1.5 1an Ian luct so véi
FA va IFA. Bén canh do, sd luong truy van cia IFA+ ludn cao hon DS va thap
hon RS. Péng chi y, cdc dudng ctia IFA+, IFA va FA tit dinh va di thang qua
cac moc B. Nhin chung, s6 luong truy vin ctia RS 12 cao nhit, tiép theo 12 IFA+
va DS cao hon mot chiit so v6i phan con lai. Nhu vy, sd lugng truy van clia cdc
thuat toan trong luan 4n cho két qua tot hon cac thuat todn khac. Ly gidi su tot hon
thé hién & chd, né vira ddm bdo chét luong 16i giai, vira ddm bio khong 16n qua
cach biét v6i cac thuat toan DS va RS 1a c4c thuat toan tién tién. Bén canh do, cic
dudng truy van gan nhu 13 nim ngang, nén cac thuit toan nay déu c6 xu huéng 6n
dinh v6i moi V' va B.

Vi d6 phic tap cla truy vin anh hudng truc tiép dén thdi gian chay, nén xu
hudng ctia biéu do thdi gian tuong dong véi xu hudng clia bidu do truy van trong
d6 duong FA dugc vé thudng thip nhit. N6 cho thiy thdi gian chay ctia FA nhanh
hon vai 1an dén hang chuc 14n so véi nhiing thuét toan khac. IFA chay nhanh hon
déng ké so v6i DS va RS, trong khi Greedy chay chAm nhit. IFA+ nhanh hon RS
nhung cham hon DS.

T céc s6 lidu trén, c6 thé thdy su danh d6i gilia chat luong gidi phdp clia cic
thuat toan dudc dé xuit va do phiic tap cta truy van. FA cb gang nham dén gi4 tri
gan t6i uu bang cach chia tap co sé thanh hai tap con theo gia tri chi phi cta cac
phan t& va giam do phic tap cla truy van bang diéu kién loc cia Thuit todn . Do
do, do phuc tap cta truy vin giam dang ké. Tuy nhién, hiéu suit cia FA vé chat
luong giai phap khong cao. IFA va IFA+ nang cao FA bing cach stit dung FA
lam dAu vao va ngudng tham lam gidm dan. Do d6, gia tri ham muc tiéu ctia IFA
tot hon FA trong khi s lugng truy vin cao hon mot chit nhung van 1a tit dinh.
IFA+ xay dung lai giai phdp trong giai doan thi hai d€ nang cip hiéu suit. N6 dan
dén gi4 tri muc tiéu ting 1én, nhung s6 lugng truy van ciing ting 1én. Hon nita, khi
tap hop co s& va gid tri B ting 1én, chit luong giai phap sé cai thién trong khi thdi
gian chay va do phiic tap ctia truy van 13 tuyén tinh. Piéu nay cuc ky quan trong
khi Iam viéc véi dit liéu 16n.

Bén canh do, su khac biét vé chat lugng gitta thuit toan cda luin an va thuat
toan trong [115] 1a do cach xay dung thuat toan. DS va RS tip trung vao viéc tim
kiém nhiéu giai phdp kha thi hon FA va IFA; do d6, ho c6 nhiéu co hoi hon dé
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tim ra giai phdp tot hon. Trong IFA+, viéc chon lai mdt phan nhd cic phan ti
trong gidi phap va thay thé n6 bang cdc phan ti tot hon trong tip hop V sé ting
hiéu suit véi mot chiit chi phi truy van cao hon. Do dé, khi dit liéu diu vao ting
1én, c4c thuit todn ctia luin 4n vudt qua cac thuat toan khac, ca vé chit luong gidi
phdp va s6 luogng truy vén.

Ngoai ra, tif cac s6 lidu trén, thi nghiém cho thay cac thuit toan cia tac gia vuot
trdi hon Greedy vai chuc 1an vé s6 luong truy van va thai gian chay. Piéu nay phan
anh chinh xéc ly thuyét dam bao rang do phuc tap truy van clia cac thuit toan dugc
dé xuit 1a O(kn) trong khi do phiic tap clia thuat toan Greedy 1a O(n*k?).

2. P6i voi kSPK. Két qua dugc thé hién & Hinh [2.3| Dau tién, lién quan dén
ham muc tiéu cia kSPK, d6 12 mot udc luong cia ham Entropy. Bén canh do, sb

luong niit cAm bién trong trudng hop nay 14 it. Do d6 su phan biét gitta cdc gia tri
ham muc tiéu cua cac thuat toan thuc nghiém la khong 16n.

Tuy nhién, ching ta c6 thé thiy két qui cia IFA+, RS, va Greedy tot hon cac
két qua khac. Pic biét, dudng IFA+ luén nam trén cac dudng khac khi B < 40.
FA va IFA trung nhau, trong khi két qua DS dao dong nhe. Nhin chung, xu huéng
chung cua cac dudng la tang.

Thu hai, khoang cach gitta dudng Greedy va cac dudng khac trong Hinh [2.3{(c)-
(f) 12 rat 16n. Trong khi Greedy can hang triéu truy van dé dua ra giai phdp cudi
cung, cac thuit toan con lai chi sit dung khoang 150 truy van. Tuong tu nhu vay,
thoi gian chay cta Greedy ciing gip hang nghin 1an nhiing cdi khac. Hon niia, cic
dudng truy van va dudng thdi gian ctia cac thuit todn trén gan nhu nim ngang so
v6i cac mbe clia B. Mit khac, sd lugng truy van va thdi gian ctia FA 13 nhd nhét
va ¢6 mot chiit khac biét gitta IFA, IFA+, DS va RS. Két qua nay minh hoa do
phiic tap truy van ciia cc thuét todn cla tac gid dudc tdt hon cac thuat todn khéc.

Tém lai, tit ba ing dung KIMK, kCMK va kSPK, céc thuit todan dudc dé xuat
trong luan 4n dudc thuc nghiém 13 hoat dong tét hon hoic c6 hiéu qua tuong duong
v6i cac thuat toan hién dai nht.

2.7.3. Thuc nghiém cho truong hgp ham muc tiéu khong don diéu
2.7.3.1. Thiét lap cho thuc nghiém

P& thuc nghiém cho truong hop kSMK khong don diéu, luan 4n tién hanh so
sanh thuat toan LA A va RLA vd6i 2 thuat toan DS, RS [[115] v6i 3 tap di liéu
12 Facebook [93]], Hept [32] va Enron [77] cho bai toan KIMK. C4c ciu hinh, céc
thiét 1ap tham s6 £ = 3, A = 0.8, = 0.2, ¢ = 0.1 gidng nhu phan thuc nghiém vdi
KIMK don diéu. Chi phi cic dinh 1dy ngiu nhién tit 1 dén 50, cac mdc B chay tur
0.5K dén 2K ddi vdi tit ca cac bo dit liéu. Cac thuat toan so sanh dudc néu trong
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Hinh 2.3: Hi€u qua cua cac thuét toan thong qua bai toan KSPK: (a), (b) Thong tin
thu dugc; (c), (d) sd luong truy van; (e), (f) thdi gian chay.

Béng 2.4 Ciing nhu trudng hgp v6i ham muc tiéu don diéu, cac tham sé dugc thiét
lap 1a dong nhét, cong bing cho tt ca cc thuit toan dudc so sanh.

Phan thuc nghiém dudgc tién hanh do d€ 14y cac gia tri cia ham muc tiéu, sb
luong cau truy van va thdi gian chay. Vi s6 luong truy van goi hAm muc tiéu chiém
phan 16n thdi gian chay clia cdc thuat toan, nén xu hudéng clia cic dudng truy van
s€ dai dién cho thoi gian chay cua cac thuat toan. Bang minh hoa két qua do
dudc khi chay cac thuat toan v6i bd du liéu Enron.

Ciéc két qua thuc nghiém ddi véi ham muc tiéu va sd truy van dudc trinh bay
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Thuat toan Nginsach B Ham anh huéng o(-) S0 truy van Thoi gian (s)

LAA
0.5K 6472.01 220153 3553.38
1K 9171.1 220153 3584.29
1.5K 6472.01 220153 3575.74
2K 6472.01 220153 3582.33
RLA
0.5K 8448.371 2773138 444439
1K 12251.3 2989093 48239.1
1.5K 14564.8 3202633 52022.8
2K 15700 3105268 50774.6
RS
0.5K 7404.96 2816222 48111.4
1K 11618.5 3091001 512214
1.5K 13084.3 3400023 52920.8
2K 13377.9 3405291 53228.1
DS
0.5K 6638.04 2173562 39549.3
1K 10951.1 3091001 512214
1.5K 13084.3 2315041 42240.9
2K 16009.4 2951691 47779.2

Béng 2.7: Két qua chay cic thuat toan cho tng dung KIMK trén bo dit liéu Enron,
truong hgp khong don diéu.

trong cac Hinh [2.4]-[2.6].
2.7.3.2. Nhén xét két qua thue nghiém

Cic két qua thuc nghiém cho thdy, cdc thuat toan ctia ludn an cho chat lugng
16i gidi tuong duong v6i DS va RS vdi s6 lugng truy van c6 thé tuong duong, hoic
cao hon mdt chit so véi DS nhung thap hon vai 1an so véi RS.

Pau tién, Hinh a)a) thé hién hiéu suét ctia thuit toan thdng qua céc
gia tri ca o(-). Dbi véi Facebook, RLA tuong duong véi DS, theo sau la RS,
trong khi dudng ctia LA A cham diém thip nhét. Trong cdc hinh nay khoang cich
gitta cac dudng RLA, DS, RS so v6i LA A trd nén 16n hon khi B > 1K. B6i v6i
Hept va Enron, duong RLA ludn niam trén cic dudng con lai, theo sau lan luot
1a RS, DS va thap nhit 1a LAA. Khi B > 1.5K, dudng DS da ting hon so véi
RS va con c¢6 thé tién t6i xap xi RLA. Diéu nay phan dnh diing vé ly thuyét khi
RLA va DS c6 ti 1 xap xi 1a tuong duong nhau. Tuy nhién, xu huéng chung gia
tri ham muc tiéu ctia RLA van 1a t6t nhat. Diéu nay cho thiy chét lugng 15i giai
ctia RLA vuot troi hon céc thuit todn con lai, didu ndy cang trd nén c6 y nghia
hon khi n tang, B tang.

Thi hai, Hinh [2.4/(b)-2.6(b) hién thi sb lugng truy vin dugc goi dé chay céc

91



Facebook (n=4039)
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Hinh 2.4: Cac két qua cho kKIMK, truong hdp khong don diéu trén dit liéu Facebook:
(a) Gia tri hAm muc tiéu, (b) S luong truy van.

thuat toan nay. LA A tbn it truy van nhét. Dbi véi Facebook va Hept, n6 thap hon
khodng 8-25 1an, dbi v6i Enron, né thip hon khodng 6-10 1an so vé6i cc thudt toan
con lai. Bén canh d6, dbi véi Facebook va Enron, s lugng truy van cia RLA
tuong ducng v6i DS va thap hon RS khoang 3 1an dbi véi bo dit liéu nhd hon 13
Facebook. Riéng véi Hept, s truy vin ciia nhém RLA - DS - RS dang c6 su phan
héa khi RS cao nhit, sau d6 dén RLA va cudi cung 1a DS. Tuy nhién, c6 thé thiy
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Hept (n=15233)
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Hinh 2.5: C4c két qua cho kKIMK, trudng hop khong don diéu trén dit liéu Hept: (a)
Gi4 tri ham muc tiéu, (b) S6 luong truy van.

RLA dang c6 xu huéng tién vé gan DS. Mot diéu can nhan manh 13 xu hudng
chung cla céc thuat toan nay 1a né git su 6n dinh, dic biét 1a véi LAA, RLA va
DS. Vi day 1a cdc thuat toan tit dinh. Thém vao do6, khi n, B ting 1én, cic thuat
todn clia ludn 4n vaAn cho chit lugng 18i gidi vudt troi ma sd luong truy vin néi
chung 1 t6t tuong duong vdi cdc thuat todn hién nay.

C6 thé thay DS luon giit luong truy van tdt so véi cac thudt toan con lai d6i
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Enron (n=36692)
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Hinh 2.6: Cic két qua cho KIMK, trudng hop khong don diéu trén dit liéu Enron:
(a) Gia tri hAm muc tiéu, (b) S luong truy van.

v6i moi tap dit liéu. Piém manh cia RLA 1a n6é van bam sat dudc DS, trong khi
d6 chat luong 15i giai lai ludn ludn t6t. Tham chi khi n ting (Hept, Enron), thuat
toan nay cho chit lugng t6t nhit. Sy danh ddi thé hién & day 1a RLA di chip nhin
méat thém mot ludng truy van, nhung van ddm bdo do phic tap 1a gan tuyén tinh
(qua chiing minh 1y thuyét va qua cdc dudng &n dinh trong thuc nghiém) nhung
chit luong 16i gidi ddm bao tot nhit.
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Vé miit Iy thuyét, chat luong 18i gidi cia RLA va DS 1a tuong duong nhung
s6 truy van dudc gidm hon. Phan thuc nghiém dudc thuc hién khong phai trong
diéu kién ly tudng khi cdc thuit todn do hé thong phai chia sé tai nguyén. Tuy
nhién, thuc nghiém da chi ra dugc sy tiém can giita thuc tién va Iy thuyét; cho thiy
su can bang, danh ddi gitia ti 1é xAp xi va do phic tap truy van cda cac thuit toan.
Ngoai ra, phan nay ciing khang dinh thdi gian chay, d6 phic tap truy van ctia cac
thuat todn 1a tit dinh va tuyén tinh. Diéu nay la rit quan trong dé€ cac thuat toan
néu trong luin dn c6 thé gidi bai toan KSMK véi dit liéu ¢6 kich thude 16n.

2.8. Két luin chuong

Luan 4n da trinh bay cic nghién ciu véi KSMK va dé xuit cac thuat toan gidi
v6i trudng hop ham muc tiéu don diéu va khong don diéu. P6i véi ham muc tiéu
don diéu, luan 4n déng goép 03 thuat toan xap xi, trong d6 IFA+ cho ti 1& x4p xi
1én t6i 1/3 — € v6i do phic tap tuyén tinh, tot hon thuat todn xap xi t6t nhat hién
nay. P6i véi ham muc tiéu khong don diéu, tac gia dé xuat thuat toan xip xi RLA
cho ti 1& dat 1/5 — ¢, tuong duong vé6i thuat toan xap xi tot nhat hién nay, nhung
giam dugc sd lugng truy van. Phan thuc nghiém so sanh giita cac thut todn cho
thay su tiém can vé ly thuyét vé6i thuc tién, cing cb két luan cac thuat toan do luin
an déng gop cai tién dang ké cac didm bao 1y thuyét.

Cic nghién citu gép phan thiic dy cai tién thuét todn tham lam bing phuong
phdp ngudng tham lam dp dung cho céc bai toan tdi tu ham submodular khéc. Céc
két qua nghién cifu cia luan 4n da dugc cong nhan tai cac bai bdo:

1. Fast Streaming Algorithms for k-Submodular Maximization under a Knap-
sack Constraint, IEEE 9th International Conference on Data Science and Ad-
vanced Analytics (DSAA), 2022 (ISI/RANK A);

2. Improved Approximation Algorithms for k-Submodular Maximization under
a Knapsack Constraint, Computers & Operations Research, 2023 (ISI/Q1).

3. Robust Approximation Algorithms for Non-monotone k-Submodular Maxi-
mization under a Knapsack Constraint, the 15th IEEE International Conference
on Knowledge and Systems Engineering (KSE 2023).
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) CHUONG 3
BAI TOAN TOI DA HAM SUBMODULAR PON DPIEU VOI RANG BUQC
CHI PHI CO NHIEU

O chuong trude, luan dn da tiép can huéng nghién ctiu md rong ham muc tiéu
tlf submodular sang k-submodular v6i nhiéu y nghia ly thuyét va thuc tién. Ta c6
thé thiy bai toan tbi uu t& hop ham dang submodular va k-submodular rit c6 gid
tri khi ting dung trong hoc mdy va tri tué nhan tao khi ting dung dudc trong nhiéu
linh vuc nhu t6i da 4nh hudng, dit cam bién, t6i uu tai nguyén... Tuy nhién khi
nghién cu vé cic bai todn nay, rit it tic gia dit van dé uSc luong ham muc tiéu
bi chi phdi béi nhiéu. Trong khi do, van dé véi nhiéu 1a mot van dé thudng gip va
tiéu tén rat nhiéu chi phi d€ xu 1y no.

Pit van dé nghién ctfu v6i nhiéu, ludn an gii bai toan tdi da ham submodular
vdi rang budc chi phi cé nhiéu (Submodular Maximization subject to a Knapsack
constraint under Noises - SMKN). Day 1a mot bai toan mdéi, hién chua c6 nghién
ctfu nao giai quyét bai todn nay. Thém vao d6, do kho clia bai toan NP-kho va rang
budc chi phi lam cho bai toan c6 tinh thach thiic hon.

O chuong nay, luan 4n da dé xuét hai thuat todn xdp xi 1a GUN, mét phién
ban ctia thuit toan tham lam va NS la thuat toan ludng. Thuit toan ludng dudc
thiét ké nham cai tién thuat toan tham lam vé véin dé thdi gian chay va b nhé. Bén
canh d6, luan 4n cling dua ra cdc thuc nghiém dbi v6i cac thuat toan nay.

3.1. Phat biéu bai toan, haim muc tiéu va mot sb6 quy udc quan trong
3.1.1. Phat bi€u bai todn

Rang budc chi phi tao ra mot 16p cic bai toan xuat phat tii thuc té can gidi
han vé s6 lugng, thdi gian, ngan sach... Vi du khi thuc hién lan truyén tiép thi, mot
cong ty mudn 16i kéo ngudi dung dén mua hang bang cach ting phiéu gidm gia
cho nhiing ngudi dung trén mang xa hdi. Ho chon ting cho mot sé ngudi ¢ tim
anh huéng nhat dinh vi ngan sach 12 hitu han. Tuong tu nhu vay, khi mudn giam sét
chit lugng nudc hay chit luong khong khi trong mot khong gian hay bé mit thi sd
lugng cam bién ciing c6 gidi han... Cac bai toan nhu vay déu c6 thé khdi quat thanh
bai toan tdi da ham submodular vé6i rang budc chi phi. Qua d6 cho thiy, cic bai
toan tbi wu c6 thém rang budc chi phi sé dap ting dugc nhiéu trudng hop thuc té.
Bai toan i da ham submodular véi rang budc chi phi (Submodular Maximization
subject to Knapsack constraint - SMK) c6 phét bi€u nhu sau:

Dinh nghia 3.1 (Bai toan SMK). Cho tip cd s V, mdi phan ti v € V c¢6 mdt
chi phi khong 4m, c(v) € R, can tiéu ton d€ phan ti ndy hoat dong theo muc
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tiéu, goi 12 chi phi d€ kich hoat phan t&. Cho truéc ham f : 2V — R, 1a mot
ham submodular khong 4m. Cho B > 0 1a ngan sich cho truée. Bai todn yéu cau
can tim tap 10i gidi S sao cho maxgcy.(s)<p f(S), voi ham chi phi 1a mot ham
modular, tdc 1a v6i moi tap S, c6 c(S) = > s c(v).

Bai toan SMK dang dudc quan tdm nhiéu hién nay [62, 70, 131}, 88]... Tuy
nhién, cdc nghién ctiu thudng bé qua moét chi tiét 12 tinh todn ham f ¢6 thé rat phiic
tap. Vi du véi bai toan tdi da dnh hudng [43]], IM, viéc tinh todn ham anh hudng da
dugc chiing minh la #P-kho [33),29]. Thay vi tinh toan chinh xac ham muc tiéu, n6
dugc udc lugng bang cach md phong lai qud trinh lan truyén thong tin ngiu nhién,
tao ra nhiéu (noise). Trong qu4 trinh phan tich, chi mot phan nho ctia dit liéu dugc
st dung dé danh gia, tao ra tinh todn nhiéu (evaluation noisy).

Trong mot nghién citu khac vé téi da ham k-submodular vé6i rang budc kich
thuéc, Lan Nguyen [[106] cting chi ra ham muc tiéu dudc dinh nghia v6i mdt tap co
s6 ma ta chua ro phan phdi va ta chi c¢6 thé quan sat hodc tim dugc mot ham nhd cac
ham tinh dugc tit phan phdi do. Vi vay, thay vi tinh todn mot cach chinh xac ham
f, ta phai udc lugng F cta f. F' nay dudc goi 13 wdc luong xdp xi (approximate
oracle) hay uéc luong nhiéu wdc lugng nhiéu (noise oracle) ¢ ctia ham muc tiéu.

Luan 4n dit vin dé xem xét bai toan SMK dudi su tac dong ctia nhidu dugc
mod hinh hod thanh bai toan SMKN. Hai loai nhiéu dudc xem xét 1a nhiéu cong
(additive noise) va nhiéu nhdn (multiplicative noise). Bai toan nay c6 dinh nghia
nhu sau:

Dinh nghia 3.2 (Bai tooin SMKN). Bai toan SMK c6 nhiéu ton tai mot ham F' 13
udc luong nhiéu ctia hAm muc tiéu f submodular don diéu. Goi € > 0 14 tham s6
nhiéu, ham f duéi su anh hudng ctia nhiéu cong hoic nhiéu nhan dudc x4p xi theo
udc lugng nhu sau:

- V6i nhiéu nhan ¢ [69, 117, [147]) c6:

(1 =€) f(S) < F(S) < (1+¢)f(S). (3.1)
- V&i nhiéu cdng e [40, [147]), c6:
f(S) —e < F(S) < f(S) +e (3.2)

3.1.2. Ham muc tiéu va mét s6 quy wéc quan trong

Dé thuan tién trong viéc dua ra cdc phat biéu tinh chit hAm muc tiéu, xay
dung cdc thudt toan va phan tich ly thuyét, Bang [3.1] tém tit cac ky hiéu thudng
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dung khi giai bai toan nay.

Ky hiéu | Mé ta
1% Tapcos6 V = {e1,e2,..,en}

n Kich cG cuatap V

c(e) Chi phi ctia mot dinh e € V bat ky
S Tap céc phan ti
B Ngén sach cho trude, B € Z

A(e|A) | Lgi nhuén bién (marginal gain) khi thém mot phan tii e vao tap S
f(A+e) | Cachviét tat cta f(AU {e})
S* opt | S*1a18i giai toi uu, opt = f(S*)

¥ v € (0,1) 1a mot tham s6 chinh xac cho trudc ctia thuit toan
€ ¢ € (0,1) 1a tham s6 nhiéu cho trudc cda thuat todn
m m = max.cy f(e) la gid tri 16n nhit ctia mot phan ti (maximal singleton value)

Bang 3.1: Cac ky hiéu thuong dung trong bai toan SMKN

Cu thé, ta stt dung ky hiéu A(e|A) 1a 1¢i nhuan bién. Ngoai ra, d€ don gian,
cdc phép todn tinh ham f(-) khi thém 1 phan tif e vao trong mot tip .S nao d6, cong
thic f(S U {e}) dugc viét thanh f(S + ¢). Nhu vy 1¢i nhuan bién khi thém mot
phén tif e vao mot tap A 1a: A(e|A) = f(A + e) — f(A). Trong chuong nay, dé
giai quyét bai todn, ta cAn st dung céc tinh chat ctia ham muc tiéu nhu sau:

- Tinh chdt lgi nhudn hiéu sudt giam dan tw nhién ciia ham submodular

Tinh chit 16i nhuén hiéu suit giam dan ty nhién ctia hAm muc tiéu phu hop
v6i cac phan tich cho ham submodular rdi rac. Ly do 1a vi tinh chét hiéu suit gidm
dan chi o dudc dong gép 10i ich ctia mot phan ti d6i v6i mot tp. Ngoai ra, né con
két hop dudgc véi tinh chét don diéu d€ tim ra cac gi6i han khi phan tich gi4 tri ctia
mdt tap. Do vay, né phit hop dé thiét k& va phan tich cac thuat toan.

Nhéc lai, tinh chit nay phét biéu ring véi cactip A C B C V,véimoie ¢ B
ta c6 1¢i nhuan bién khi thém mot phan ti vao mot tip hop thda man:

A(e]A) = f(A+e) = f(A) = f(B+e)— f(B) = Ale|B).  (33)

Nhu vay, tinh chit nay thé hién rang lgi ich thu dudc khi thém vao tap nhd
hon it nhét bang 16i ich thu dudc khi thém vao tap 16n hon.

- Ham don diéu tang

Lu4n 4n gi6i han pham vi giai bai toan SMKN véi gia thiét ham f 1a ham don
diéu ting. Tinh chit don diéu ting thod man bit dang thic sau:

f(A) < f(B) VACB.CV (3.4)
Bén canh do, trong tinh todn, cic thuit toan van st dung gia thiét ton tai mot
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hop den dé v6i moi tap A, déu trd vé gid tri cda f(A). N6 gin lién vé6i bai todn
luon gia st da cho ham f(-). Thém vao d6, ham f dugc chuan hoa, f(()) = 0, tic
1a gia tri ctia tap réng 1a khong c6 y nghia dong gép vao 18i gidi. Pong thoi, ta ky
hiéu S* 12 15i gidi t6i uu, gid tri toi vu la opt = f(S*).

3.2. Cac thach thirc cua bai toan

Vi bai toan SMKN, day 12 mot bai toan méi, viée dé xuit cac thuit todn xip
xi hiéu qua nham giai quyét bai todn can phai ddi mit v6i nhiéu thach thiic, c6 thé
ké dén nhu sau:

- Thach thic cla rang budc chi phi. Véi rang budc nay cic phan ti c6 chi phi
khdc nhau, 1am cho chi phi 16i giai khdc nhau véi diéu kién khong vudt qua B. Do
vay, bai toan sé co nhiéu 16i gidi du tuyén khac nhau. Vi thé thdi gian tinh toan 1a
kho xac dinh.

- Théch thifc vé kha niing mé rong ciia thuat todn. V&i van dé dit liéu 16n, khong
gian tim kiém 15i giai trd nén khdng 19, rit can cac thuit toan xp xi hiéu qua via
giam dung lugng bd nhé luu trii, thoi gian chay vita ddm béao chét lugng 16i giai.

- Thach thic khi xt 1y bai todan SMK véi nhiéu. Khi giai bai toan SMKN sé
gip nhiéu khé khin hon vi ham F c6 thé khong thita ké lai c4c tinh chat cia ham
f d& c6 thé van dung lai cic két qua khi phan tich mot thuét toan cho SMK. Thuc
té, mot vai tac gia da chi ra rang F c6 thé khong con 1a don diéu hoic khong con la
submodular trong nhiéu tinh hudng [106, [147]]. Thém vao d6, su khac nhau vé mit
ban chit gitta ham f va F dan ti cc hiéu qua khong ro rang khi 4p dung truc tiép
cac thuat toan da cé6 véi SMK cho SMKN. Cudi ciing, viéc phan tich cidc dam bao
hay cdc gi6i han cho 15i giai khi chi st dung u6c lugng nhiéu ciing rat khé khin.

- Théch thiic vé x4y dung udc luong F' ctia ham muc tiéu phu hop vdi tiing bai
todn ting dung cu thé. Hién nay, méi c6 céach tinh uéc luong F dua trén ludi dnh
hudng nguoc trung binh (average reachability sketch) dé xuat bdi Cohen va cdng
su [36] cho bai toan lan truyén thong tin gidi quyét uéc luong F c6 thé khong con
la submodular.

Tém lai, chua c6 tac gid nao dit vin dé nghién ctiu bai todn SMK véi nhiéu
va dé xuit thuit toan kha thi d€ gidi. Do vay, ludn 4n gidi bai todn 16i da ham
submodular vdi rang budc chi phi cé nhiéu, SMKN, bang cac thuit toan xAp xi
hiéu qua. Cac thach thiic trén day vira 1a khé khin vira 12 dong luc d€ luan 4n tién
hanh nghién ctu bai toan SMKN theo cac tiéu chi: giam thai gian chay cua thuét
toan, giam dung luong luu trif cAn cho cic phan ti va cai thién ti 1& x4p xi c6 thé
canh tranh dudc véi cac thuat toan tham lam.

DE c6 thé dé xuit cac thuat todn hidu qua gidi bai todn nay, viéc tim hiéu céc
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ky thuat hién nay 1a cip thiét. Phan tiép theo dé cip dén céac nghién ctiu c6 lién
quan, bao gdm cdc nghién cifu dbi véi bai toan SMK va cic nghién citu ap dung
md hinh nhiéu vao trong bai toan t6i uu ham submodular.

3.3. Cac van de nghién ciru c6 lién quan

Bai toan SMK can tim tip 10i gidi S vdi chi phi khong vudt qua ngan sich
B tic la ¢(S) < B. Nhu vay, bai toan cé thé cho rat nhiéu 16i giai cho chi phi
khac nhau va kich thuéc 16i gidi cling khac nhau. Nemhauser va Wolsey [146]]
khdi xuéng nghién cifu bai toan SMK va chi ra ring bai toan nay 1a NP-khé. Céc
tdc gid dé xuat mot thuat todn tham lam xap xi tudn tu chon phan ti e nao chua
dugc chon tli tAp cd s6 V co ti 1€ A(e|S)/c(e) dat gia tri 16n nhét. Cac tac gia cling
chi ra rang khi 19i giai cia thuit todn tham lam dat dugc chinh x4c ngén sach B,
thuat toan ddm bdo 10i gii x4p xi (1 —1/e) ~ 63% 10i giai t6i wu. Tuy nhién, cong
trinh cua Nemhauser va Wolsey khong chi ra do phuc tap tinh toan la bao nhiéu.

Sau dé, cic tac gia khac [131, [02] dé xuht cac 16i gidi gan dat ti 1& (1 —
1/e) nhung cac thuat toan ma ho dé xuét c6 do phiic tap truy van Ién t6i O(n®).
Leskovec va cong su [92] gidi thiéu mot cach tiép can méi dat dugc ti 1& xap xi
(1 — 1/e) cho trudng hop chi phi dong nhét, tic 1a moi phan tif déu c6 chi phi 1a
nhu nhau, va ti 1& (e — 1)/2e trong trudng hop chi phi khong dong nhét, nhung
thuat toan chay nhanh hon 700 1an so véi tham lam don gidn. Céc tac gid khéc
nhu [88] 28, 21), 48] da cb ging cai tién ti 1& xAp xi néi trén thanh (1 — 1/e + ¢)
hoic (1/e + ¢€), véi € > 0 goi 1a hing s chinh x4c, va cling md rong bai toan cho
truong hop tdng quat 1a ham f ¢6 th€ don diéu hodc khong. Tuy nhién, cdc nghién
cu ctia ho phai xt ly trudng hop mé rong ham f thanh ham tuyén tinh lién tuc
phtic tap va van can lan lugt O(n°), O(nlog®n), O(n) va O(nlogn) 15i goi ham
f. Khi stt dung phuong phép nay, cach tinh ham f thudng 1a phiic tap, can nhiéu
truy van c6 thé dan t6i két qua xau tiy y khé ludng trude [8].

Nham cai tién cac thuit todn, giam thdi gian chay, mot sb tic gia da st dung
cac phién ban thuat toan ludng khac nhau [70, 67], cic tac gid khac nghién ciiu
xay dung cdc thuat toan song song [27, [11]]. Ngoai ra, c6 mot s tic gia xem xét
bai todn v6i ham muc tiéu c6 thé khong don diéu [7, 51, 149, 86]]...

V6i bai toan SMK don diéu, Sviridenko [131]] da dé xuat thuat toan tham lam
dé gidi. Sau d6 Gupta va cong su [65] da dé xuit thuit todn cai tién dua trén cong
b ctia Sviridenko, cho ti 1 xAp xi1a oo+ 1/2(1 — 1/e) cho trudng hop chi phi céc
dinh 1a 1, va ti 1& x4p xi 1a (1/4 + «) khi f 12 khong don diéu. Tuy nhién do phic
tap truy van trong thudt todn ctia ho 1a O(n?). SO lugng truy vén nay rat 16n, nén
khi tap V 16n, sb 1an goi ham f ting 1am anh hudng t6i tc do thuat toan rat nhiéu.
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Gan day, cic tac gia nhu Amanatidis va cong su [[1, 2], Han va cong su [67]
da xay dung céc thuat toan ludng, thiét ké song song, ngudng tham lam gidm dan
dé dat dudc ti 1& xap xi 1a tit dinh t6t nhit v6i luong truy van va s6 vong lip tuan
tu chi con 1a tuyén tinh hoidc gan tuyén tinh. Cdc cong bd gan day dua rit nhiéu
cdc phuong phdp thiét k& khac nhau nhim cai tién giam s luong truy véan, gidm
thdi gian chay bén canh viéc cai thién ti 1& xip xi. Pic biét, xu huéng xay dung
cac thuat todn xp xi cho ti 1¢ 1a hing s6 dang dudc chi trong.

Cu thé, Amanatidis va cdng su [[1]] dé xuét thuat toan song song 1an dau tién
dat dugc ti 1& xAp xi tht dinh 12 (1/5.83 — €) véi trudong hop ham muc tiéu khong
don diéu, cho do phtc tap song song gan tbi uu la O(logn) va do phic tap truy
van 1a O(%log ). bac biét, Han va cong su [67] da thiét ké cac thuat toan ngiu
nhién va ludng dé€ gii bai toan SMK. Thuit toan ngiu nhién cta ho cho ti 1& x4p
xi 1/4 va do phiic tap truy vén la O(kn), thuat toan ngau nhién cdi tién cho ti 1¢ 1a
(1/4—¢€) va do phuc tap truy vin 1a O(2 log(£)). Trong khi do, thuat todn ludng lai
1an lugt cho ti 1& (1/6 — €) an(} (1/8 — e) v6i do phtc tap truy van 1a O(% log(B))
Cung véi do, st dung cach ti€ép can ludng, cac tac gia trong [70] cliing dé xuat 2
thut todn tra vé ti 1& 1an lugt 1a (0.363 — €) va (0.4 — e).

Tur bdi canh néu trén, co thé thay nghién ciiu vé bai toan SMK 1a dang la chi
dé dudc quan tim rong rai. Pong thdi, thiét ké thuat toan ludng giai bai toan nay
dang la xu hudng dudc quan tam hién nay.

Bén canh d6, viéc xem xét gidi bai todn tdi da ham submodular trong moi
trudng nhiéu da dugc dit ra [124] [61), 96]. Moi trudng c6 nhiéu la thudng gip
trong ty nhién. Vi du khi tién hanh 14y mau do tif cdc cdm bién, 4nh chup céc ddi
tugng ngoai ty nhién..., nhiéu sé anh hudng rat nhiéu dén két qua, do chinh xac va
thdi gian tinh toan [120] ctia thuat todn, vi thé rat can cic thuat todn hiéu qua dé
giai quyét bai todn van ddm bdo chat lugng 15i gidi.

Pau tién, Qian va cdng su da xem xét bai toan trich chon dic trung (mot thé
hién cta bai toan SMC) khi ¢6 ¢6 su tdc ddng clia nhiéu cong va nhiéu nhan [117].
Céc tac gia dé xuat phuong phap giai dua trén thuit toan tham lam. Sau dé, cic tac
gia trong [69] da xay dung md hinh téng quat cho bai todn t6i uu ham submodular
v6i nhidu. Mot s6 tac gia [147] da xay dung thuat toan ludng nham gii quyét bai
toan tdi da ham submodular v6i nhiéu. Crawford va cdng su [40] da gii bai todn
Tap pht trong mdi trudng c6 nhiéu nhan va dé xuat mot thuat todn tham lam cai
tién bing cich tinh todn dua trén udc lugng nhifu F thay vi ham f. Sau nay, Lan
Nguyen va cdng su [106] da xay dung cac thuit todn ludng nham gidi quyét bai
to4n t6i da ham k-submodular véi rang budc luc luong. Tuy nhién, nghién citu bai
toan SMK trong mdi trudng cé nhiéu lai chua dugc dé cap.
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Tu bdi canh nghién ciiu trén cho thay giai bai toan tdi da hAm submodular véi
rang budc chi phi trong moi trudng ¢4 nhi€u 1a mot bai toan quan trong phtt hop véi
xu thé nghién cifu hién nay. Day 1a dong luc d& NCS nghién citu giai bai todn nay
va dé xuat mot thuét todn ludng 1 1an quét véi do phuc tap truy van O(n log B).

3.4. Thuét toan xap xi cho bai toan SMKN
3.4.1. Két qua méi ctia luéin an

Pau tién, ludn 4n dé xuit mot phién ban thuat toan ctia tham lam x4p xi vé6i
diéu kién da biét uSc luong x4p xi F' cta ham muc tiéu. Thuat todn tiép theo 1a
phién ban cai tién dudc thiét ké trd thanh thuat toan ludng khi biét uéc lugng xap
xi F ctia ham muc tiéu. Muc dich ctia phién ban dau tién 12 thiét ké mot thuit todn
tham lam 1am cd s ban dau cho bai toan SMKN. Phién ban thd hai cai tién thuat
to4an tham lam, gidm thdi gian tinh todn va dung lugng luu trit v6i chat luong 10i
giai van dudc dam bio. Vi SMKN 14 mot bai todn méi, nén phan thuc nghiém sé
truc tiép so sanh va danh gid hai thuat todn nay.

Nhin chung, nghién ctu vé bai toan SMKN, luén 4n tap trung vao:

- Dé xuit thuat todn tham lam x4p xi gidi quyét bai toan SMKN;

- Pé xuit thuat toan ludng cai tién thuit todn tham lam nham duy tri ti 1& xép
xi tuong duong nhung van gidm thdi gian chay va bo nhd luu trit cac phan ti;

- Tién hanh thuc nghiém so sanh hai thuat toan da dé xut.

Luan 4n gidi quyét trudng hop ham muc tiéu 1a submodular don diéu. Thi
hai, luin 4n dua cdc mo hinh nhiéu cOng va nhiéu nhan va céc uéc ludng nhiéu
vao trong thuat toan. Cac phan ti dudc lua chon dugc danh gia dua trén ti 1& gitta
16i nhuén bién va chi phi cla cic phan ti d6. Thuat todn ludng cai tién tao nhiéu
161 giai du tuyén va thiét ké mot ngudng “sang” nham chi giif lai cac phan ti tot.

Tém lai, nhitng d6ng gop clia ludn 4n nay dbi véi bai toan SMKN don diéu
ting c6 thé ké dén la:

- Dé xuét thuat todn tham lam, GUN (Greedy Under Noises, Thuit toan [7),
cho I6i gidi f(S) > 3175 (1 — 1) (1 — %) opt ddi v6i nhiéu nhan, va f(S) >
% (1 — %) opt — 2¢(B + 1) ddi véi nhiéu cong. Thuat toan dua vao uée lugng nhiéu
e, F, ctia f va chon ra cdc phan tit ddm bao ti 1& gitta d6ng g6p 1oi ich va chi phi 1a
16n nhit.

- PBé xuat thuat todn ludng xap xi, NS (Noise-processed Streaming, Thuat
toénﬁ) cho chit luong 15i giai dat f(S) > (1= 6)2( 1=7) —opt véi nhiéu

e RGBS

nhén va f(5) > 1_Tvopt + € — 2¢B v6i nhiéu cong, trong d6 v € (0, 1) 12 mdt sb
cho truéc. Bac biét, thuat toan nay da chi ra dugc do phtic tap truy van va do phic
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tap bd nhd dbi v6i nhiéu nhan 1an luct 1a o(% log(BTE)) va O(E log(B1£)). Doi
v6i nhiéu cong 1an ludt can yéu ciu do phic tap truy vén 1a O( log(™E£<)) va
do phc tap bo nhé 1a O (n'log(nB)) O(Z log("%7))) O(lm/e) véie € (0,1) 1a
tham s6 nhiéu cho truéc, m = maz.cy f ( ). Thuat toan dugc xay dung dua trén

mdt tip O gidi han sd phan ti v 12 udc luong cla opt va xay dung S, cic 15i gidi
du tuyén tuong tng. Mbi S, s& c6 mdt ngudng sang chon ra cac phan ti tot.

- Tién hanh thuc nghiém trén mot trudng hop cu thé cia SMKN véi ting dung
t0i da anh hudng véi rang budc chi phi (Influence Maximization under Knapsack
constraint - IMK) trén 2 b6 dit liéu hang nghin dinh va vai chuc nghin canh. Két
qua thuc nghiém cho thiy su hdi tu gitta 2 thuat toan vé gia tri ham muc tiéu,
nhung NS tiét kiém thoi gian hon nhiéu so v6i GUN. Dic biét, sb truy van clia
NS c¢6 truong hop thﬁp hon t6i 266 1an so véi GUN. Thém vao d6, luan dn cing
tién hanh do bd nhé t6i da tap O can st dung. So sanh cho thiy thay vi phéi cp
phat bd nhé cho cic phan ti trong tip V' trong sudt qua trinh tinh toan, thuit todn
yéu cau mdt luong gi6i han cac phan ti ting vé6i tip O nhd hon rat nhiéu so véi tap
V, dac biét v6i B va V 16n.

Bang[3.2/so sainh GUN va NS theo 3 khia canh: chit luong 15i giai, do phic
tap truy van, va do phtc tap bd nhé. m = max.cy F((e), v € (0,1) 1a tham sb dau
vao, € > 0 1a tham s6 nhiéu. TT 1a viét tit cia thuat todn. Hai thuit toan GUN va
NS cho chit lugng 16i gidi trong mdi trudng nhiéu 1a khdng chénh 1éch qué 16n.
Véi GUN, céc do phic tap truy van va bo nhé 1a O(n?), trong khi véi NS, do
phtic tap bo nhd it hon so v6i d6 phiic tap truy vAn mot hé s6 12 n. Bd nhé trong
NS phu thudc chii yéu vao ngan sach B.

TT  Dam bao lvi giai Do phitc tap truy van D6 phie tap bd
nhd
Cho nhiéu nhén ¢
GUN f(S)> L1l (1-1) (1 _ A ) opt O(n?) O(n?)
NS f(9) > (%)26;)%2((1 A/)+B3‘ - )opt O(%log(B%—J_f)) O(%log(Bl—fE))
Cho nhiéu cong e
GUN [f(S)>5(1—1)opt—2¢(B+1) O(n?) O(n?)
NS  f(S) > “32opt + ¢ — 2B O(Zlog(m2Ee))  O(Z log(EEe)))

Bang 3.2: So sanh céc thuit toan xip xi GUN va NS cho SMKN.

3.4.2. Thuét toan tham lam x4p xi: GUN

V6i bai toan SMKN, dau tién, ta thiét ké mot thuat todn tham lam danh cho né.
Luan an gidi thiéu phién ban thuat toan tham lam, GUN (Greedy Under Noises),
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dugc thiét ké dua trén y tudng chon cac phan ti cho ti 1¢ dong gép 10i nhuin bién
va chi phi ctia phan ti d6 1a 16n nhit trong cac phan tit chua dugc chon. Y tudng
nay ban dau dudc dé xuit bdi cdc tac gid trong [76] khi gidi bai toan Tap phu tdi
da. Tuy nhién, viéc 4p dung giai cho SMKN can mot vai bién d6i. Thit nhat, GUN
st dung udc lugng F' dé€ thiét 1ap mbi quan hé gitia 161 giai t6i vu véi 16i giai du
tuyén dang xét. Thif hai, mo hinh nhiéu cong va nhiéu nhan dudc dua vao dé dap
ting su tic dong ctia nhiéu ddi v6i ham muc tiéu. Chi tiét clia thuat toan dudc gidi
thiéu trong Thuét toan

Algorithm 7 : GUN
Input: V, an approximation oracle F', € € (0, 1), budget B > 0
Output: A subset S

1. S + (Z), U+V

2: If F': e-multiplicative noise oracle then

3 for U = () do

4 € < arg max.cy % <F(1Ste) - Zigi))
5: if ¢(S + ¢') < B then

6 S S+¢€

7 end if

8 U<+ U\{c}

9:  end for

10: end if

11: if F': e-additive noise oracle then
122 forU =(do

13: ¢ < argmax.cy ﬁ (F(S+e)—F(S5))
14: if ¢(S + ¢') < B then

15: S+ S+¢

16: end if

17: U<+ U\{c}

18:  end for

19: end if

20: e, < arg max.cy F(e)

21: S 4 argmaxge(s,,,} F(5)
22: return S

Thuat toan khdi tao mot 19i gidi du tuyén S 12 mot tap rdng va tap cic phan
t tng vién U = V. V6i pha dau tién, thuat toan 1an lugt Iva chon mot phan ti ¢’

thda man:
1 F(S+e) B F(9)
1—¢€ 1+e€

/ —_—
¢ TS o)
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v6i nhiéu nhan ¢, va pha 2 1am viéc véi nhiéu cong e:

1
/
e =argmax — (F(S+e)— F(9)).
e o (F(S-+) = P(S)

Sau d6, e’ dudc thém vao 15i giai hién tai v6i diéu kién thém ¢’ vao tap S van
khong vudt qua ngan sach ¢(S + ¢’) < B. Cong viéc trén sé tién hanh 1dp di lap
lai cho t6i khi tdp phan tif dng vién réng. Ching ta c6 thé thiy thuat todn da dua
tu e khi thém vao tap S:

V6i nhiéu nhan:

1 (F(S+4+e) F(9)
c(e) l1—e¢ l4+e€)’
V6i nhiéu cOng:
1
— (F(S+e)—F(9)).
S (FS+0 = F(S)

Muc tiéu ctia thudt todn 13 tim phan ti e nao 1am cho ti 1& trén 12 16n nhéit.
Dong thdi, thuat toan ciing chon ra mdt phan tif e, = max.cy F(e) va tra lai 16i
giai tot nhat 12 15i giai cho gid tri F'(-) 16n nhét gitta S va e,,. Thém vao d6, khong
mat tinh tdng quat, c6 thé gid sit moi phan t e € V déu c6 chi phi c(e) < B, vi
néu c6 phan tif nao thuc su vugt hon, don gian ta c6 thé bé qua phan ti do.

.....

ta c6 B& dé 3.1

B6 dé 3.1. Pt S; = {s1, 82, ...,8;} la loi gidi ing vién cua thudt toan GUN tai
budc ldp thit i ciia vong ldp chinh.Véi nhiéu nhdn ¢, chiing ta co:

B 4e B
Opt _ f(SZ) S C(S'+1) (f(SlJrl) o f(S’L)) + 1 — EQOpt‘ (35)
Va vdi nhiéu cong e:
B
opt — f(SZ) < C(SZ‘+1) (f(SZ_Ar_]_) — f(SZ» + 4eB. (3.6)

Chitng minh. Dat S = S* \ S;. V6i nhi€u nhan, ta c6:
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( /US) f(S:)
f(S;+e)— f(S;)) (Vitinh submodular cia f)

opt — f(S )

IA

( (Si+e) F(S)

] T ) (F 12 udc lugng v6i nhi€u nhan € cla f)
—€ €

| AN

(F@—Hﬂ_fﬂ&v

1 —¢€ 1+ €

( )GES{
SBmM:I(HF+@_Tf)
— € €

F(Siv1) F(Sz'))

> (Do su lya chon cua thuat toan)

IA

(Vi e(si41) 2 1) va f(S:) < opt).

Tuong tu, v6i nhiéu cdng ta co:

—~
V%)
~.
_|_
—_
N

Ta c6 bd dé dudc chiing minh. O

Chét luong 15i gidi ciia thuat todn trén dugc thé hién qua Pinh ly :
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Dinh ly 3.1. Thudt todn GUN cho 1oi gidi S ddm bdo:

11 —¢ 1 4eB
f(8)251+e<1_2> (1_1—e2>°pt

cho nhieu nhdn € va

€

£(S) > % (1 - 1) opt — 2¢(B + 1)

cho nhiéu cong e.

Chitng minh. Dit t 13 budc 1dp cudi cung cta vong lip chinh cla thuat todn, va
s;41 12 phan td dau tién dudc thém vao S; néu ching ta bd qua diéu kién va tdng
chi phi (dong 4 hoac cua Thuat toan [7

V6i nhiéu nhan, ta xem xét 2 trudng hop sau day:

- Néu f(S;41) > opt, ta co:

1
f(S) > T max{F(S;), F(en)} (Theo dong[21]cua thuat toan)
€
1 1—e€
=z 1 max{F(S), F(se)} 2 g max{f(S), f(s11)}
11 —e€ . )
Z 51T f(St+1) (Do tinh submodular cta f)
S 11—e€ ;
“ 0T+ ePr

-Néu f(Si11) < opt, tuong tu v6i cach phan tich ctia BS dé véi i < t bt
ki ta co:

B 4eB
C(Si—l—l) (f(SH-l) - f(Sl)) + 1 — 2

opt — f(.5;) < opt.

Bing cach sip xép cac bit ding thic trén va dp dung mot phuong phap suy
dién vdéi t, ta co:

4e B

— €

i) = (1= 7 ope 2 (1=

B
t
C(Si—H) 4eB
> .2 = 11— 1— .
2T (- ) (1 5 o
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C6 nghia la:

Vivay: f(S) > 3355/ (Se1) > 55 (1 —2) (1 — %) opt.
V6i nhiéu cong, chiing ta cling xét 2 trudng hop nhu vay:

-Néu f(S;1) > opt, ta co:

f(5) = max{F(5;), F(em)} — € = max{f(S;), f(em)} — 2e

f(SIH—l) — %%
2
o_pt — 2e.
2

1V

v

- Néu f(S;41) < opt, tuong tu v6i BS dé ta co:

B

c(5141)

opt — f(S5) < (f(St+1) — f(St)) + 4eB. (3.7)

Sap xép lai cic bat dang thiic trén, ta co:

F(Sier) — (opt — 4eB) = (1 ) (5(5) — (opt — 4¢B)

> —f[ (1 - C(Sgl)) (opt — 4eB).
i=0
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f(Si1) > (1 - %H (1 - C(g’))) opt + 4EBtﬁ <1 — C(;)) — 4¢B

1=1

=1

t+1 C(S')
> [1— 1 — ‘ opt — 4¢B
- ( ( c<st+1>)> °

B4t déing thic & giita 12 do biéu thic 4¢B ]! (1 _ CS;%‘)) > 0. Vi vy,

f(8) = — 2¢

1 1
>—(1—- - t—2¢(B+1).
_2( e)op e(B+1)

f(Sis1)
2

Két hop tat ca cdc trudng hop trén ta cé diéu phai ching minh. ]

Thuat todn nay c6 do phiic tap 1a O(n?) (vé thdi gian chay va bo nhé can st
dung, vi thuit toan 12 tuan tu). Ta c6 thé cai tién hiéu qua cia GUN bang cach cai
tién phuong phap dém dudc dé xuit trong [131] [76] nhung né lai 1am gia ting do
phtic tap clia thuit todn 1én O(n°). Diéu nay lam cho thuit toan trd nén khé khin
khi 4p dung v6i dit liéu 16n. Do d6, can dé xuét cac thuit toan hiéu qua hon vé
khong gian luu trii va thoi gian chay.

3.4.3. St dung k¥ thuét ludng cai tién thuat toan xap xi

Pé cai tién thuat todn tham lam, luin 4n dé xuit mot thuat toan ludng 1 1an
quét (tic 1a duyét tip co sé 1 1an) cho bai toan SMKN. GUN phai quét tap co sd
nhiéu 1an d€ chon ra phan ti cho ti 1& 16i nhuin bién va chi phi 16n nhit. Do dé,
lam ton thoi gian chay. St dung k¥ thuit ludng, tai mot thdi diém ta chi quét 1
lugng phan tif nhd so vé6i toan tip cd sé va luu trong bd nhé. Nhu vy, thoi gian va
dung luong bd nhé déu dugc gidm xudng.

Cu thé, thuat toan thiét 1ap mdi quan hé gitta 15i gidi hién tai dang xét véi 15i

e92e A

giai tbi vu bang 2 k¥ thuit sau:

- V6i mot phan ti duge quan sat, ching ta sé loc lai cac phan ti c6 dong gop
16n bang cach so sanh ti 1& gitta ham muc tiéu véi tong chi phi ctia mot 16 giai du
tuyén v6i mot ngudng da cho;

- Két hop véi phuong phap thiét ké ludng do Bandanidiyuru va cdng su dé
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xuat [3] d€ tu dong cip nhat gid tri 16n nhit cia mot phan t& (maximum singleton
value) e, = max.cy F(e).

PéE mo ta dé dang hon, dau tién ta tiép cin phuong phap bang cach dé xuét
mot phién ban don gian clia thuit toan. Ta gia st rang gia tri tdi vu opt da biét.
Téac dung ctia thuat toan 1a d€ gidi han khoang bao cla gia tri va phan tich do phiic
tap. Sau do, phién ban thuat toan chinh sé loai bd gi4 tri tdi uu nay di nhung giit
lai khoang bao cua no.

3.4.3.1. Thuét toan xap xi véi gia dinh da biét opt: optStr

Pau tién, ta tiép cin phuong phap nay biang mot phién ban don gian do6 la gia
st da biét 15 gidi t6i wu. Khi d6 thuat toan nhan v 12 mdt udc luong clia opt vdi
opt = f(S*) 1a gia tri ti wu ctia ham f(-) vé6i 10i giai toi wu la S*, sao cho v < opt,
va o € (0, 1] dugc st dung d€ diéu chinh diéu kién loc ddi véi mdt phan tit dugc
quan sat.

Su hoat dong cta thuat toan ddi véi trudng hop nhiéu nhan dudec mo ta nhu
sau (nhiéu coOng cling sé hoat dong twong tu). Thuat todn khdi tao méi 151 giai S 1a
mot tap rong. V6i mdi phan ti dang dudc xét e, thuit todn sé cip nhat e,, & dong
Thuat toan (8, sau d6 kiém tra diéu kién tng chi phi sau khi thém c(.S) + c(e) da
vugt B hay chua. Néu n6 chua vuot thi thuét todn sé thém e vao trong tip S néu:

F(S+e) Qv
S+a)(i-0=B

iR

Trong trudng hop ngudc lai, thuit todn sé bd qua e va xét phan tit tiép theo.
Buéc nay sé gitip cho thuit toan chon dudc mot phan i c6 déng gép 16n nhit dong
thdi loai bd cdc phan tit khong tht. Biu thic 5~
muc tiéu va tong chi phi clia 16i giai dang xét dudi tic dong cta nhiéu nhan. Sau
khi két thic vong lip chinh, thuat todn tra vé gid tri 16n hon gitia {e,,} va S. Chi
tiét ctia thuat toan dudc néu 6 Thuit toan 8, optStr.

Gia st dit S 12 10i gidi du tuyén sau khi két thiic vong 1ip chinh, d€ phan tich
hiéu qua cta thuit todn can st dung cac bd dé dudi day.

do ti 1€ gitta gia tri ham

B& dé 3.2. Dudi mo hinh nhiéu nhén, gid sir ring khong cé phdn tir e € S* \ S
F(S+e) > avc(S+e)
l-e — B

nao thoa man . ta co:

f(S)>v—av (1 i -+ ((316__52))3) : (3.8)
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Algorithm 8 : optStr
Input: V, F,e € (0,1), B, o, v: v < opt
Output: a solution S
S+ 10
2: foralle € V do
3 ey & argmaXee(ee, ) F(€)
4. if ¢(S)+ c¢(e) < B then
5: if F': e-multiplicative noise oracle then
6
7
8
9

. F(S—l—e) av
if W Z B then

S <+ S+ {e}
end if
end if
10: if [': e-additive noise oracle then
1: if L5 > U then
12: S+ S+ {e}
13: end if
14: end if
15:  end if
16: end for

17: return arg maxgeg, sy F(S’)

Chiing minh. Tu gia thiét cia b6 dé, néu véi bat ki e ¢ S, ta sé c6 F(ls_te) >
O‘“Cg+e) vac(S +e) > B. Vi vay:
F(S+e) F(9)
— _£(S) < _
F(elS) = F(5+¢) — f(5) < 2t T
_F(S+e) 1-€F(S
R l1+el—e
av (c(S+e) 1—c¢ F(S)
< = — S Vi > c(S
<5 (T ) Rz as)
ave(e)  av(3e — €*)c(S)
~ B(l—¢) B(1 —€?)
avc(e) N av(3e — €2)
~ B(l—¢) (1—¢€?)
bit S* = {s1,59,...,5} 1a 1\6i gidi toi uu, S’ = S*\ S = {s],sy,...,5;}, va
S!={s,sh,...,s:},i < j. Bang tinh chit submodular va don diéu ting cta f(-),
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ta co:

FSUS) = £(8) < DI (FSUSH— F(SUSL) D FelS)  (39)

i=1 , ecS’

avc(e av(3e — €
()
< 105_06 + 316__;22@1)3. 3.11)

Suy ra: ) ; ,

€—¢€
f(S)>v—av <1_€—|— 1_623).

Ta c6 diéu phai chiing minh. []

B4 dé tuong tu véi nhiéu cdng dudc xay dung.

B& dé 3.3. Dudi mé hinh nhiéu cong, gid sit khong cé phdn nit e € S* \ S nao thoa

man (f;f);re > L, taco: f(S) > v(l —a) — 2B,

Chitng minh. Chiing minh tuong tu v6i B& dé[3.2] v6i mot phan tii e € S* \ S, ta
co:

F(e|S) < F(S+e) — F(S) + 2 < C@;O‘“ + 2.

Vivay, f(SUS*) — f(S) <> cq felS) < av+ 2eB. Suy ra, f(S) > v(1 —
a) — 2eB. O

DPam bdo hiéu qua cla thuat toan optStr dudc thé€ hién qua Dinh 1y [3.2| va
binh 1y [3.3| dudc trinh bay duéi day.

Dinh ly 3.2. Du6i mé hinh nhiéu nhdn, thudt todn optStr trd vé mot loi gidi S,
thoa man:

. 1—e\?aw 1 3e — €2
f(Sstr) > min T e 5V T v 1_€+1_€2B . (3.12)

Chiing minh. V6i mot phan ti e € S*\ S, ta c6 thé thiy e khong théa man diéu
kién néu & dong|6] (hodc [ 1)) Thuat todn [ hodc e lam cho ¢(S + ¢) > B.

Néu (li()i% < %, thi dinh Iy nay s€ thoa man do B§ dé 3.2l Vi vay, ta sé xem
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xét truong hgp con lai. Do tinh submodular cta f(+), ta co:

F(S+e) 1—€c¢F(S+e)
FS)+1(e) 2 [+ 2 D o L EZD T

>1—eavc(S+e) >1—e

“T+c¢ B “1+c
Suy ra, mot trong 2 gid tri f(.S) va f(e) sé it nhit bing ﬁ% Suy ra:
F(Sstr> 1
Sstr) > > F(S), F(en 3.13
£(Sur) 2 522 > max ——{F(S), Few)} 3.13)
1
> max {F(9), F(emaz)} (3.14)
I+e€
1—e€ 1 —€,av
> - S max > 2_. 3.15
> Tt ma{f(S), flema)} 2 (VS (319
Két hop tat c cdc trudng hop trén, ta c6 diéu phai chiing minh. ]

Tuong tu v6i Dinh ly ta cling c6 ti 1& xap xi clia thuat toan optStr dudi
md hinh nhiéu cOng tuén theo dinh ly sau:

Dinh ly 3.3. Dudi mé hinh nhiéu céng, thudt todn optStr trd vé 1oi gidi S, théa
man:
. [au
f(Sstr) > min {7 —3e,v(l — ) — 263} .

T Pinh 1y [3.2| va Dinh ly ta dé dang suy ra dudc hé qua sau chi ra gi4 tri
clia o d€ thuat todn dat duoc ti 1& xap xi tdt nhat.

Heé qua 3.1. 77 1¢ xdp xi ciia thudt todn optStr dat gid tri [6n nhdt la

(1 — 6)2 v
1—€e\92 1 3e—¢€2
L+e (527 +2(= + Bi=%)
khi « = ————2——— vdi nhiéu nhdn €; va dat gid tri [6n nhdt la
(1+E) +2(1_5+ ﬁ)
v
—+€—2eB
3
khi oo = 2 + 2¢ — 8 xé1 ygi nhiéu cong e.

3.4.3.2. Thuét todn xap xi tdng quat: NS

9 A

Khi gidi bai toan thuc t&, phai bd di gia thiét da biét 10i gidi tdi wu. Phan nay
s& gi6i thiéu thuit todn ludng tdng quat, NS (Noises processed Streaming), dua

113



trén céc thiét 1ap tuong tu nhu thuit todn optStr.
Dau tién giai quyét bai todn véi nhiéu nhan. Thuit todn nhan mot tham sb dau

vaola~y € (0,1) va gid tri cia a dugc thiét 13p bing o = 2 2 dé dat
(59242 +B3=5)

dugc ti 1& xap xi tét nhat. Dit e,,,, = argmax.cy f(e) vae,, = arg maxeev F(e),

ta co:

F(em)
1+ €

S f(emaa?) S Opt S Bf<emax> S B. (316)

Céc biéu thic trong (3.16) cho ta mot gidi han cla gid tri tién dodn ciia v cla
opt. Tap O sé gom céc gi4 tri tién dodn nay va dudc st dung dé gi6i han céc 15i
gidi du tuyén dugc xem xét. Vi vy ta stt dung cac gid triv = (1 +)/ € O cho
tap O dudc gan bang:

0= {1+ P <4 qy < Tl ez,

1 —

Tuy nhién, d€ tim dudc e,,, can dit ra yéu cau rang phai c6 it nhat 1 1an quét
tap V. Vi vay, thuat toan sé van dung phuong phap cip nhat tu dong dugc dé cap
trong [5]]. Trong thuat todn nay, ho cip nhat m = max{m, F'(¢)} v6i mot phan ti
e da quan sat d€ du doan mién ctia gi4 tri t6i vu sé nam trong khoang nao. Phuong
phdp nay gidp thuat toan c6 thé duy tri mot udc luong tot cho 1i gidi tdi uu, khi
khodng dang xét do ting thém thi cdc phan tif tiép theo sé dudc xem xét tiép.

Véi méi v € O, thuit toan cip nhat 19i giai S, bang cach thém mot phan th
mdi e néu ¢(S, +¢e) < B va F(ffe) > cwc(S +e)
s€ ¢ mot gia tri v € O sao cho (1 — y)opt < v < opt. Cubi cung thuit todn sé

. Sau khi két thiic vong lip chinh,

chon 10i giai tot nhit gitta cac 16 gidi du tuyén S, néu trén bang tim kiém nhi phan.
V6i nhiéu cdng, thuat toan hoat dong tudng tu, nhung lic nay tap O sé la:

O = {(1 +7)j‘F(6m) —€< (1 +7)j < (F(em) +€)Baj < Z+}'

Véi mbdi v € O ta thiét 1ap o, = 2 + £ — @ nhu da dé cap & phan trén. Chi tiét
cua thuat toan sé dudc mo ta trong trong Thuat toan [
B4 dé sau xay dung mbi quan hé gilta gid tri uSc luong v va opt:

Bé dé 3.4. Ton tai mot gid triv € O théa man (1 — ~)opt < v < opt.

Chitng minh. Vi opt € [Ffif), BE( em ], ddt j = |log,,.opt] va nhan thay khi

= (1 + v)/, ching ta c6: v = (1 +9) <opt < 2% vavivay:v > (1+
) loBrs (P -1 — 2P > opt(1 — ). 0
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Algorithm 9 : NS

Input: V, F.e € (0,1),B,v € (0,1)
Output: A solution S

1:m<+—0,0={1+7)i€Z,}

2: forallv € O do

3: Sv = @

4: end for

5. if f :an e—multiplicative noise oracle then

7.  foralle E v do

8: m < argmaXgcye, o F'(€), m < f(em)
9: O={1+7){ <A +9) <bBmieZ.}
10: Delete S, for each v ¢ O

11: forallv € O and ¢(S, +¢) < B do

12: if £5ete) > oveBute) ghep

13: Sy Sy + {e}

14: end if

15: end for

16:  end for
17: else if f: e-additive noise oracle then
18:  foralle € V do

19: em ¢ argmaxpcye, o F'(€'), m < f(en)
20: O={1+y)m—-e<(1+7)<B(m+e),i€Z,}
21: Delete .S, for each v ¢ O

22: for all v E O and c(Sy+¢e) < Bdo

23: a, 24240

24: if F(S + e) + € > O‘UC(S ) then

25: Sy Sy + {e}

26: end if

27: end for

28:  end for

29: end if

// Binary Search on S,
30: Find S, < arg Mmaxge{s,:veO}U{en} F(Sv) by BS
31: return Sy,
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Tur d6 xay dung dudc dinh ly phan tich ddm bao ly thuyét sau:

Dinh ly 3.4. Vi nhiéu nhdn €, thudt todn NS la thudt todn luong 1 ldn quét cho
do phiic tap truy vdn O(% log(B%E)), do phiic tap bo nho O(% log(B%)) va co

)2 (1-7) ;
e e eg)

ti 1é xdp xi la (=<

Chitng minh. Thuat toan c6 do phuc tap truy van 1a O(% log(B E)) vi ¢6 nhiéu
nhét %1og(B j%i) phan tlil' trong O va \mSi 16 giai dy tuyén S, can O(n) truy van.
Mit khac, moi S, c6 nhieu nhat B phan tt, khong gian luu trir 1a O(% log(B1)).

Tu Bo dé s& co modt v € O sao cho (1 —)opt < v < opt. Ap dung Pinh
ly va thiét 1ap gid tri clia a trong thuat toan, c6 dudc:

1—e¢ v 1—¢ (1 —y)opt
f(SStT> = ( >2 —€ e—€2 = ( )2 —€ e—€e2\ "

L+l (FoP+2+ Bis) — 14 (507 +2(5= + BES)
Ta c6 diéu phai chiing minh. ]

Tuong tu v6i Dinh ly dam bao chét luong 15i gidi ciia Thuit toan @ duagc
khang dinh bang dinh ly sau:

Dinh ly 3.5. Dudi tdc dong cia nhiéu céng e, thudt todn NS la thudt todn luong
1 ldn quét véi do phiic tap truy van la O( log(mB“Le)) do phitc tap bo nhd la
O(B log(™E£)) va trd vé két qud S, théa man f(Ss,) > 1—opt + € — 2eB, vdi
m = max.cy F(e).

3.5. Nghién ciru thuc nghiém

Vé mit 1y thuyét, cac thuat todn ludng dudc dé xuat sé tdi vu vé mit thdi gian,
s6 lugng bd nhé can luu trit va s6 ludng cau truy van can ding dé€ goi t6i ham
F. Pé cu thé hda, luan 4n dua ra mot sd thuc nghiém dé€ so sanh cic thuat toan
da dé xuat cho mot trudng hop cu thé cia SMKN, d6 1a xét udc lugng nhiéu trén
t6i da dnh hudng véi rang budc chi phi (Influence Maximization under Knapsack
constraint- IMK).

3.5.1. Ung dung IMK dung cho thuc nghiém
IM 12 mdt bai todn quan trong trong nghién cttu vé anh hudng xa hoi va lan
truyén tiép thi [43} (133, 132, [71, 30]. Muc tiéu ctia bai to4an nay 1a tim mot tip k
ngudi ding cé thé anh hudng tdi cdc ngudi ding khic trong mang xa hdi 1a 16n
nhat. Lic nay, bai todn 13 t6i da ham submodular véi rang budc luc lugng. Tuy
nhién, ta cling c6 thé coi k nay 12 ngan sach tdi da d€ chon ra tip ngudi dung lam
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hat giébng trong viéc lan truyén thong tin. Nhu vay, ching ta c6 thé xem xét bai
toan IM vé6i rang budc ngan sach dé giai bai toan tong quat khi ma thuc té ring
mdi ngudi ding khac nhau cin c6 mot chi phi khac nhau dé€ bit dau gy anh huéng
dén ho [105]]. Bai todn tré thanh t6i da dnh hudng vdi rang budc chi phi - IMK.

Dé gidi bai todn nay can thuc hién cic budc xdy dung mé hinh, xay dung
thuat todn dé€ giai. Mo hinh dudc xdy dung dua trén mo hinh lan truyén thong tin
Bac doc lap, IC, dudc dé xuit bdi Kempe va cong su [43]. Sau d6 luin 4n s& dua
ra dinh nghia bai toan IM véi rang budc chi phi dua trén mo hinh nay.

a) Mo hinh lan truyén théong tin IC

Cho do thi G = (V, E) biéu dién mot mang xa hoi trong d6 tap dinh V biéu
dién ngudi ding va cic canh E 1a cdc lién két xa hoi (két ban, like, comment...).
Mbi canh (u, v) c6 mot xéac suét p(u,v) € [0, 1] d€ bi€u dién sy truyén tai thong
tin tif u dén v. Trong V, mot tap hat giébng hay con goi 1a tAp ngudi gy anh hudng
(seed set), S C V, tién trinh 4nh hudng dudi mé hinh Bac doc 1ap [43]], IC, xay ra
theo cac budc rdi rac nhu sau:

- Tai budc t = 0, moi niit trong S déu bi anh hudng; Nhiing niit bi dnh hudng
goi la nat dudgc kich hoat; Nhitng nut chua bi anh hudng goi 1a chua kich hoat;

- Tai buéc ¢t > 1, mdi nuit v da bi &nh hudng tai budc ¢t — 1 sé chi c6 mot co hoi
duy nhit d& anh hudng tdi nit hang x6m v ma chua bi 4nh hudng ctia né v6i mot
xé4c suat thanh cdng 12 p(u, v). Néu mot nit da bi anh hudng, thi né sé dugc duy
tri trang thai nay cho t6i két thic qua trinh 4nh hudng.

- Tién trinh 4nh hudng nay sé két thuic tai budc thid ¢ néu khong c6 mot nit méi
nao dudc kich hoat tai budc nay.

b) Bai toan IMK

bit f : 2V — R, 13 mot ham 4nh hudng ctia mot tap hat giébng S nao dé.
Pay 132 ham s6 ngudi 4nh hudng mong mudn sau khi qua trinh 4nh hudng thong
tin x4y ra. Kempe [43] da chi ra ring f 1a don diéu va submodular khi lan truyén
thong tin dudi mé hinh IC. Gia st ring méi niit v ¢6 mét chi phi c¢(u) > 0 biéu thi
ve su "cb ga“ing bao nhiéu" hodc "can ton bao nhiéu" hoic "can cb bao nhiéu" dé
dinh d6 sé bat dau gay anh hudng t6i nhitng dinh khac. Cho mdt ngan sach B, bai
todn yéu cau can tim tap hat gidng S véi tong chi phi >, ¢ < B d€ f(S5) 1a cuc
dai. Hién nhién, d€ dinh u d6 gy dnh hudng t6i cac dinh khéc, thi u ciing dudc
goi 1a mdt dinh bi anh hudng.

Mic dii ¢6 rat nhiéu phuong phap gii bai toan IMK [105], [104], nhung nhin
chung déu dua trén phuong phap Ldy mdu dnh hudng nguoc (Reachable Influence
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Sampling - RIS) do Borg va cdng su [[16] dé xuat, d€ dat dugc mot ude luong F
cho f v6i F' ciing la don di€u va submodular.

Ngudc lai, cdc thuat toan x4p xi trong luan 4n 1a cdc thuat toan dau tién gidi
cho IMK véi ham uéc Iugng xap xi c¢6 thé khong con 1a submodular.

¢) Udc luong nhiéu ciia ham muc tiéu

Vi tinh toan ham f 1a #P-khé duGi mé hinh IC [33]], nén ta tim ham F' 1la mot
uSc luong nhiéu e cua f. Ta sé ap dung phuwong phdp tinh dva trén ludi (sketch-
based method) cua Cohen [36].

Cho k € Z,, uSc lugng F' dudc xay dung nhu sau: Moi nit v duge gan mot
cdp “node-instance” (v,i) € V x {1,..,1} trong d6 [ > 1 la s6 th€ hién biéu
thi cac dang ctia do thi G dudc biéu dién trén Iudi. Mbi cip (v,4) c6 mot gid tri
xép hang (rank) doc 1ap ¢ ~ U[0, 1] v6i U[0, 1] 1a phan phdi chuén trong mién
[0, 1]. V6i moi dinh v € V, cdc ludi goi 1a ludi lién két c6 thé dén duoc (combined
reachability sketches) X, 1a cdc gia tri k nhd nhat trong {r!|(v,i) € R,} v6i R,
bao gdm céc niit v c6 thé dén dugc tif mot niit v nam trong G,

Nhu da dugdc dé cap dén trong nghién citu ctia Kempe [43]], G 12 mot thé hién
clia d6 thi dudc sinh ra trong mé hinh dnh hudng. Vi vay, st dung {GV} d& biéu
dién tap céac thé hién lan truyén thong tin dugc sinh ra bsi 1y mau Monte Carlo
tuy thudc vao mo hinh anh hudng.

Cohen [36] da chi ra ring 4nh hudng ctia tap S dbi vdi cac thé hién {G?} c6
thé udc luong theo cong thiic:

mfE®),8) =2 S 1 RE )l =1 Rl

1€l uesS uesS

Vi vay kich thudc cua tap hop | |J,.q Rl s€ duge ude lugng béi ludi lién két
X, v6iu € S.Bén canh d6, ham udc lugng 1a F(X) v6i X C S. St dung xép hang
theo ngudng (threshold rank), 7,,, cho mdi nit u sao cho: 7, = k' (r!|(v,i) € R,)
13 k gid tri xép hang nho nhét trong R,,. Cohen [36] ciing chi ra rang khi | X,| = &,
ham uéc lugng sé la: F/(X) = (k—1)/(Im,) va F(X) = | Uyex | /I trong trudng
hgp ngudgc lai (c6 nghia la | X, | < k v6i 7, = 1).

V6i mot hing sb ¢ > 0, k = ce 2log(n), cic tic gid da ching minh dugc F
1a u6c lugng nhiéu nhan € cla f véi xdc sult it nhit 1a 1 — 1/n°"2. Bén canh do,
Crawford [? ] ciing da chiing minh ring F c6 thé khong con la submodular. Do
do, udc luong F ctia Cohen dé xuit c6 thé u6c lugng nhiéu € cho ham f. Vi vay,
phan thuc nghiém ctia luan 4n da st dung phuong phap ctia Cohen d€ tinh F.
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3.5.2. Thiét 1ap cho thuc nghiém

Bai toan SMKN la mot bai toan méi nén trong thuc nghiém ta s€ so sanh
hiéu qua ctia hai thuat toan GUN véi NS nay. D€ so sanh, phan thuc nghiém da
tién hanh cac phép do quan trong vé: udc lugng ham anh hudng, thoi gian chay, sb
lugng truy van va bod nhd.

3.5.2.1. Tap dit liéu

Phan thuc nghiém dudc tién hanh trén 2 bd dit liéu vé mang xa hoi 1a Face-
book [136] va mang ludi tham khao HEPT [71] 1a nhitng b6 dt liéu thuong dudc
st dung trong céc thuc nghiém trong cac cong bd vé ham submodular, nhu 12 tbi
da 1gi ich [103]], lan truyén tiép thi trén mang ludi c6 quy mo hang ti canh [71]]
hodc xAp xi ham submodular [40]. B6 dit liéu gdm bo nhé hon, Facebook, da gdm
hon 1 nghin dinh (1.4K) va gan 60K canh. HEPT 1a bo dit liéu 16n hon véi 15K
dinh va 59K canh.

Bang [3.3{dua ra cidc md ta tom tat vé cac tap dif lidu nay.

Bang 3.3: Thong ké dit liéu

Tapditlitu S6dinh Sécanh  Loai  Bac trung binh
Facebook [93] 1.4K 59.6K  Co huéng 82
HEPT [32] 15K 59K C6 hudéng 4.1

3.5.2.2. Cac thiét 1ap tham so

V6i bai todn nay, sé c6 mot vai thong sb thuc su anh hudng t6i chit luong va
thdi gian tim ra I6i giai la: ngan sach B, chi phi ¢(e) ctia mdi dinh e trong V; k,
| va ¢ d€ dung 1én céc 1ué6i; va hé sb e ctia mo hinh nhiéu. M6 phdng theo thuc
nghiém ctia tac gia [40], F' 1a mot xAp xi € cta f bang cach chon k hop ly: Véi
c >0,k = ce ?log(n). Tac gia da thiét 1ap [ = 128 d€ dung cac 1uéi va tinh todn
ham F. Trong phan thuc nghiém, thiét 1ap ¢ = 0.5 (gidbng mot trudng hop thuc
nghiém cua [40]), gid tri ctia v cling dudc bién d6i d€ thé hién vai trd clia n6 va
dat ¢ = 3 nén ta c6 k = 115 khi thuc nghi€ém vd6i NS.

Bén canh do, kich thuéc cda tap dit liéu dau vao ciing sé anh hudng t6i thoi
gian chay va bd nhé can thiét. Tir cdc quan sat, tic gid da tao ra cac thuc nghiém
v6i cAu hinh: Thay d6i cac gid tri ctia B va y d6i vé6i ca 2 bo dit liéu Facebook va
HEPT. Vi vay, phan thuc nghiém dudc tién hanh 2 trudng hop: Pau tién, thi vé6i
bd dit liéu nhd, Facebook, v6i B tir 100 t6i 500 va  dudc gan lan ludt tir 0.1 téi
0.5. Thi hai, thuc nghiém véi bd dit liéu 16n hon, HEPT, véi B dugc gan lan luot
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la 30, 50, 70 va 100; v 1a 0.1, 0.2 va 0.3.

D& tién biéu dién va ki hiéu trén hinh V&, ta quy uSc cic 1an chay NS khi v
thay déi tir 0.1, 0.2, 0.3, 0.4 dén 0.51a NSy = 0.1, NS.y = 0.2, NS.v = 0.3,
NS~ = 0.4va NSy = 0.5. Cic ki hiéu K, M 1an lugt viét tit cho hang nghin
va hang triéu. Luan 4n ciing st dung phuong phap md phdng Monte Carlo d€ dat
dudc udc luong cho ham anh hudng f véi 10,000 1an mo phong [43].

Céc thuc nghiém dudgc chay trén hé diéu hanh Linux véi cAu hinh 2 x Intel(R)
Xeon(R) CPU E5-2697 v4 @ 2.30GHz va 4 x 16 GB DIMM ECC DDR4 @
2400MHz.

3.5.3. Nhan xét két qua thuc nghiém

Phan két qua thuc nghiém cho thy vé chit luong 18i gidi GUN cho két qua
tot nhét, nhung NS thip hon khong dang ké. Nguoc lai, N'S lai cho thy su vuot
trdi khi gidm sb luong truy van, thdi gian chay va bo nhé dung cho tap di liéu khi
chay thuat toan (Hinh 3.1/ &én Hinh [3.3)).

a) Udc luong ham dnh hudng

Hinh 3.1|minh hoa cac gia tri cia ham F', mot udc lugng cia ham f phu thudc
céac gid tri cia B. V6i hinh a), dudng mau dé biéu dién cho GUN, nam cao
hon so véi cic dudng khdc tai tat ca cdc mbc B trong khi cdc dudng ctia NS gan
nhu 12 gidong nhau. Cho du céc gia tri F cia GUN cao hon NS, thi su cao hon
nay ciing khong ding ké.

Ly do gia tri ' ctia GUN cao hon NS vi GUN chon tét ¢4 céc e théa man
diéu kién trong khi N'S chi giif lai nhiing e nao viia thda man diéu kién ma viia
vudt qua dudc ngudng. Tuy nhién, cdc gid tri nhd hon ctia N'S 1a chip nhan dugc
vi né giam thdi gian chay va s6 lan truy vAn 15i goi ham. Hinh [3.1((b) chi ra su hoi
tu cia nhitng dudng thang nay. Tai mbi mdc cla B, gia tri F cia GUN khong cao
hon 12 bao so véi cia N'S. Nhitng két qua nay chi ra rang khi gid tri ctia B hoic
kich ¢d dau vao ting 1én , NS sé cho céc udc lugng ctia ham f khong hé kém hon
so vdi GUN hay tham chi tét hon. Pay 1a mot két qua quan trong bdi vi NS can
phai can bang giita chit lugng 15i gidi va thdi gian chay, dic biét khi dit liéu dau
vao co kich thudc 16n.

b) Thoi gian chay

Hinh [3.2(a)(b) so sanh thdi gian chay theo gidy cia GUN va NS theo su
thay d6i ciia B va . Hinh a) minh hoa 5 gia tri cua v v6i NS, 5 gia tri cia B
tr 100 dén 500 trong khi Hinh b) minh hoa 3 gia tri cia v ti 0,1 dén 0,3 va 4
gid tri khac ctia B tir 30 dén 100. Hinh minh hoa cho thiy 1an chay GUN thuc su
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Estimation of f(S) on Facebook
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(b)
Hinh 3.1: Gi4 tri uSc Iuong ciia ham f v6i cac mbc B trén 2 bd dii liéu Facebook
va HEPT.

ton nhiéu thdi gian hon cdc 1an chay khdc. Gia tri thip hon clia v cling khién mat
nhiéu thdi gian hon d€ chay NS, tuy nhién, sy khac biét cia cac trudng hop nay
12 khong dang k€. Mit khéc, thdi gian chay cia GUN x4p xi cao hon NS vai lan
khi gid tri cia B hoic kich thudc cta dit liéu dau vao ting 1én. Piéu nay ching t6
viéc ap dung thuat todn ludng cho dit liéu 16n t6 ra vudt troi hon so véi tham lam.
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Number of queries on Facebook
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Hinh 3.2: Thoi gian chay (a, b) va s6 ludng truy van (c, d) v6i cac mbc B khac
nhau trén 2 b0 dit li€u Facebook va HEPT
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c¢) So truy vin

Hinh [3.2(c)(d) hién thi hang nghin truy vin ma ca hai thuat todn can dé tim
ra 10i giai S. K&t qua chi ra ring NS vuot troi dang ké so véi GUN trong moi
trudng hop clia B trén ca Facebook va HEPT. Trong qua trinh thiét 1ap B tir 100
dén 500 hoic tir 30 dén 100 cho médi bo dit liéu va ~ tir 0.1 dén 0.5, GUN phai st
dung hon 87K cho dén gan 1.044M truy van dé thu thap cac phan tit cho S. Nguoc
lai, NS v6i v = 0.5 gidm xubng v = 0.1 chi danh khoang hon 3K truy van dén
khong qué 53K, trong d6 N'S.y = 0.1 cAn nhiéu truy vin hon dang ké so véi khéc
~ vi s6 lugng truy van ctia né da ting tir khoang 9K 1én khoang 53K theo su ting
trudng cua ngan sach B.

Két qua trén day rat c6 y nghia khi sd luong truy vin can thiét trong NS
thdp hon ddng ké'tir 10 dén 20 lan so v6i GUN. Ngoai ra, khi kich thudc cta dit
liéu dau vao ting 1én dbi v6i HEPT, su chénh 1éch sd ludng truy van cia GUN
va NS tré nén ro rang hon nhiéu. GUN cao hon 82 ldn cho tdi 266 ldn so véi
NSy = 0.3 va cao hon 72 cho t6i 192 lan so v6i N.S.y = 0.1. Két luan 1a khi dau
vao ting 1én, sb luong truy van trong GUN ciing nhanh chéng ting 1én va GUN
can nhiéu truy vin hon NS dé tim ra 16 giai.

NS can it truy vin hon GUN vi NS loai bo tit ca cdc phan ti e khong thé
duy tri diéu kién ctia tap hop O (dong @ va dong 20| trong Thuit toan @) Ngoai ra,
diéu kién & cac dong (12| va dong 24| trong Thuit toan @ cling lam giam khong gian
tim kiém. Do d6, s6 luong truy van gidm manh. Piéu ndy ciing gidp thdi gian chay
ctia NS cuc ky nhanh hon GUN. Nhin chung, it truy van hon chting minh ring
thuat toan N'S c6 hiéu suit cao hon GUN.

d) Kich thudc cua cdc tdap O khdc nhau

Bang 3.4: St dung bo nhé (MB) cua cac thuat toan trén Facebook

Ngan sach B
100 200 300 400 500

NS.v=0.1 22732 22572 22588 22588 22968
NS.y =0.2 22600 22732 22600 22600 22856
NSy =10.3 22588 22572 22588 22584 22860
NS.y =04 22732 22716 22716 22732 22864
NS.v= 0.5 22600 22732 22728 22584 22872
GUN 22600 22716 22600 22728 22860

Thuat toan
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Bang 3.5: St dung bo nhé (MB) cua cac thuat toan trén HEPT

Ngan sach B
30 50 70 100

NS.y =0.1 55864 40524 40464 40396
NS.y=10.2 40140 56376 56312 56316
NSy =10.3 56440 40080 40296 55740
GUN 37432 56056 40076 55864

Thuat toan

Bang 3.4 va[3.5|cho biét mic st dung bd nhé trung binh ctia bd nhé vat ly va
bd nhd 4o, khi GUN va NS chay v6i B va « khac nhau. V6i moi cot B, gid tri
toi thiu dugc in dam. Két qua cho thiy su khac biét vé bd nhé dudc st dung bdi
chinh c4c thuat toan 13 khong dang k€. Tuy nhién, néu chiing ta phan tich luong dit
liéu dudc luu trit cho mdi thuét toan, su khac biét 12 rat rd rang.

Thay vi tim kiém c4c phan ti trong toan bo tip hop V nhu GUN nhiéu lan,
IN'S chi xem xét cdc phan tit trong tip hgp O bi gidi han & O(% log(B1))) do
phiic tap bd nhé. Diéu nay giip NS hoat dong t6t vé6i dit liéu c6 kich thudce 16n.

Pé kiém tra hiéu suit cia NS khi thay ddi tham s6 dau vao, NS dudc chay
v6i nhiéu gid tri B va v sau d6 thu thap so nut tdi da dugc luu trong tip hop O dé
tim ra gidi phap S. Sau d6, luin 4n so sanh nhiing con s nay véi kich thuéc clia
tap hop co s6 V dé cho biét NS tiét kiém bo nhé nhu thé nao (Hinh [3.3).

Hinh so sanh s6 niit dudc Iuu trong tap hop O va kich thudc cta tap hop
V cho tiing trudng hop v va B. Hinh [3.3|(a) vé két qua ctia dif liéu Facebook vdi y
tir 0.1 dén 0.5 va B tir 100 dén 500 va Hinh b) minh hoa két qua cta dit liéu
HEPT véi v ciing tir 0.1 dén 0.5 va B trong {30, 50, 70, 100}. Ta c6 thé thiy ring
bd nhé can thiét cho O ludn thip hon bo nhé cia V. Véi B = 100 trén Facebook,
su chénh léch gitta bd nhd ctia O va bo nhé ctia V' 1a 16n nhit. Tuong tu, su khac
biét vé bd nhd gitta O va V trén HEPT 1a 16n nhit tai B = 30. Dic biét, mot tap
dit liéu 16n nhu HEPT véi 15K niit, bd nhé ctia O dic biét thip hon bd nhé caa V.
Ngoai ra, gia tri cia B ciing anh hudng t6i su chénh léch gitta O va V. Hinh[3.3|(b)
v6i gid tri B nho va gia tri V' 16n bi€u thi su gidm kich thuée cua O.

Thém vao do, viéc thay doi v ciing ¢6 anh hudng t6i O. v = 0.5 ludn lam cho
cac nut dugc luu trit cia O nho nhét trong khi cac nit khac 1am cho kich thuée
thay ddi khong nhét quan. D6 1a bdi vi O trong NS khong chi phu thudc vao B
hay v ma con phu thudc vao viéc lua chon e gitp téi da héa F'(e). Tuy nhién, su
khéc biét vé kich thudc ctia O véi cac y khac nhau tai cing mot B 1a khong dang
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Data storage of NStream algorithm on Facebook
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Hinh 3.3: Kich thuéc ciia O v6i cac B va v khac nhau trén 2 bd dit liéu Facebook
va HEPT

ké. Nhin chung, thif nghiém cho thay NS tiét kiém dang ké dung ludng luu trit dit
liéu so v6i GUN. Do d6, ludng 12 mdt gidi phap phut hdp cho van dé dit liéu 16n.

3.6. Két luan chuong

Trong chuong ndy, ludn 4n da trinh bay hai thuét toan vdi su ddm bao vé miit
ly thuyét dé giai quyét van dé t6i da héa ham submodular véi rang budc chi phi
khi c6 nhiéu (nhiéu cong hodc nhiéu nhan). Thuit toan dudc dé xuét dau tién 1a
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GUN cung cip ti 1& xap xi

11 —¢€ 1 4e B
il 1— = 1—
21+ ¢ e 1 —¢2

khi ¢6 nhiéu nhan €, va trad vé nghiém S théa man

1 1
£(8) > 5 (1 _ E) £(S") = 2¢(B +1)
khi ¢ nhiéu cong e.

Tuy nhién, thuat toan tham lam GUN mét rat nhiéu thdi gian chay khi di
liéu ting 1én vé kich c¢3. Do d6, luan 4n da cung cAp mot thuat todn ludng 1 1an
quét, NS, v6i cdc ddm bao vé mit 1y thuyét. Cu thé, khi c6 nhiéu nhan €, NS tra vé

214 vAm w7 15 (1=€)\2 (1—) SX A 2 X A N

ti 1€ xap xi la (H€) (5= Trong nhicu cong €, NS tra vé mdt nghiém
Sy thoa man f(S,.) > 1*va(S*) + € — 2¢B. Két qua thi nghiém cho thay ring
NS khong chi cho ham muc ti€u gan véi GUN ma con nhanh hon nhiéu lan so

v6i GUN. Diéu nay lam co sé dé cac nghién ctiu tiép theo ta c6 thé van dung

thuat todn ludng dé€ giai quyét vao nhiéu bai toan khac ciing nhu 4p dung xi 1y vdi
nhiéu trong céc bai ton tdi wu ham submodular khéc.

Céc nghién ctiu trong chuong nay da dugc cong bd trong bai bdo Submodular
Maximization Subject to a Knapsack Constraint Under Noise Models, tap chi Asia-
Pacific Journal of Operational Research, tap 39, so 6, (2022) (ISI/Q3).
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CHUONG 4
BAI TOAN PHU SUBMODULAR PON PIEU TREN LUGI NGUYEN

Chuong 2 luan 4n da nghién cttu vin dé mé rong ham submodular thanh k-
submodular ddp ting mot s6 tinh hudng khi can phan 16p cac phan t thanh cic tap
khong giao nhau, phuc vu mét s6 tinh hudng thuc tién nhu t6i da anh hudng k-chii
dé, dit k loai cam bién... Tuy nhién, trong thuc té con ton tai cdc tinh huébng mot
phan ti tot co thé dwgc lua chon nhiéu lan vao tap 10i gidi. Vi du khi mot cong
ty chon cac dai ly t6t d€ tiép thi san pham, cong ty sé cé xu huéng chon di chon
lai cac dai Iy mang lai 1¢i nhuin cao. C4c tinh huéng nhu vdy can md rong ham
submodular trén luéi nguyén.

Lu4n 4n dit van dé nghién citu bai toan Phii Submodular (Submodular Cover
- SC) don diéu trén ludi nguyén do tinh mdi cia bai toan nay. Cac nghién cttu hién
nay con mot s6 han ché khi ham muc tiéu cho gia tri nguyén hoic do phic tap truy
van cao. Ludn 4n giai quyét bai todn bang thuat todn xAp xi tiéu chi kép dudgc thiét
ké song song véi do phtc tap truy van va do phiic tap song song thip, khic phuc
cac han ché cta cac nghién citu hién cé.

P6i v6i bai todn ndy, luan 4n dua ra cac két qua nghién cttu ly thuyét véi cac
dong goép vé chat ludng 10i gidi, do phic tap song song va do phtc tap truy van,
dugc chiing minh chit ché qua cdc BS dé va Pinh ly. Bai todn SC trén 1udi nguyén
12 hudng nghién ctiu méi, cac cong bd chd yéu hién nay 1a dua ra cac dam bao ly
thuyét thuan tdy.

4.1. Phat biu bai toan, hAm muc tiéu va mot sb6 quy udc quan trong
4.1.1. Phat bi€u bai todn

Hién nay c6 nhiéu bai toan thuc tién dang thu hit nhiéu su quan tim nhu t6i
uu ngan sach, t6i uu luc luong véi yéu cau 1oi ich thu dudc tbi thidu dat miic nao
d6 1a chip nhan dugc. Cac nghién citu nhu vy, c6 thé dp dung trong lan truyén
tiép thi [63], 140, 114, 113]], phan chia tai nguyén [128], hé théng tu van [98], tém
tat dit lidu [99], chon bd kich hoat [107]... Mot dang téng quat clia cdc bai toan
nay la Pht Submodular (SC) dugc dinh nghia nhu sau:

Pinh nghia 4.1 (Bai toan SC). Cho mo6t ham submodular don diéu khong am
f 2V = R, v mot ngudng o > 0, bai todn yéu cau tim mdt tap 10i giai S C V
véi luc lugng nhd nhét sao cho f(S) > a.

Trong chuong nay, ludn an md rong nghién ciu giai bai toan SC trén ludi
nguyén, véi ham muc ti€u submodular dugc mé rong thanh ham DR-submodular
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(Disminishing Return Submodular). Bai toan SC dudc tong quat hod thanh Phu
DR-Submodular (DRSC) dugc phat biéu nhu sau:

DPinh nghia 4.2 (Bai toan DRSC). Cho mot ham DR-submodular don diéu f :
ZY +— R, mot sO nguyén duong B 1a gid trj 16n nhét trén mot truc toa do bat ky
clia mot vec-to trong Z", va mot ngudng o > 0. Bai todn can tim vec-to 19i gii
x < B ¢6 luc lugng nhd nhit sao cho ham muc tiéu khong nho hon «, hay:

min ||x[|; st f(x)>a,0<x<B, 4.1)

trongdo B = B -1 va (x| =) ..y x(e).

P6i v6i ham submodular 12 ham tip hop, mot phan ti e cia tip co sd chi
dudc chon mdt 1an. P& phan tif e dudc chon lai nhiéu 1an can cé su md rong tip
hgp trén ludi nguyén. Khi do, tap hgp trd thanh da tap hop {x}, tuong tng vdi
mot vec-td x € ZY. S6 1an phan ti e xult hién goi l1a x(e). Vi du, cho tap co 8
V = {ey, e9, €3}, vec-td x = (2,4,0) trén ludi nguyén bicu dién da tap hgp {x}
tuong Ung {ei1, 12, €21, €92, €93, €2y, €21 }. VOi mdt tdp con A C V bt ky, kich cd
chaxla ||x[j; = .. 4 x(e), 1a tdng s6 phan tit c6 mit trong da tap hgp {x} tuong
ting, trong vi du trén 12 7 phan ti.

4.1.2. Ham muc tiéu va mot s6 quy wéc quan trong

Khi haim submodular f 12 ham tip hop, f : 2" — R., n6 thda man tinh
chit 1gi nhuan hiéu suét giam dan (Pinh nghia [I.4). Tuy nhién, trén ludi nguyén,
tinh chit submodular va tinh chit 16i nhuin hiéu suét gidm din khong con 1a mot.
Submodular Iic nay dugc phan tich thanh 16i nhuin hiéu suit gidm dan va lattice
submodular [[128]].

- Loi nhudn hiéu sudt gidm dan trén ludi nguyén

Loi nhuén hiéu suit giam dan (Diminishing Return submodular), thudng goi
12 DR-submodular, 1a tinh chét tdng quat ciia submodular trén 1udi nguyén [128].
Tinh chét niy manh hon va phd dung hon so véi lattice submodular vi né lién
quan truc tiép dén 10i ich thu vé khi thém mot phan tG vao mot tap trén ludi
nguyén [128]].

D& phat bi€u tinh chat DR-submodular, ta can xiy dung cic quy udc tip hop
nhu sau:

Cho mot s6 nguyén duong k& € N, ky hiéu [k] dai dién cho tap {1,...,k}.
Cho tap co s6 V' = {ey,...,e,}, ta ky hiéu x(e) 1a gia tri toa do cia vec-to
x € ZY tng v6i phéan ti e nao do. Ta ciing ky hiéu vec-to don vi thit e (e-th
unit vec-to) 12 y, véi xo(t) = 1 néut = e va x.(t) = 0 néut # e. P& nhit
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quan, ky hiéu f(x.|x) = f(x+ xe) — f(x) la 1gi nhuan bién (marginal gain) khi
thém mot phan ti e vao trong tip hop do vec-td x biéu dién. Pong thdi, ky hiéu
f(xly) = f(x+y) — f(y) lalgi ich dong gop cuia vec-td y vao vec-td x.

Thém vao d6, véi moi vec-td x,y € ZY, néi rang x < y néu va chi néu
x(e) < y(e),Ve € V. Lic nay, ham f : ZY ~ R, thda man tinh chit DR-
submodular khi va chi khi:

fx+xe) — f(x) > fly +xe) — f(y), (4.2)

VOl X,y € ZK,X <y.

- Tinh chdt don diéu ting xét trén ludi nguyén

Bai toan DRSC dang dudgc xét v6i f la ham don diéu. Ham f 1a ham don
diéu tang khi va chi khi:

fx) < fly)vx<y. (4.3)

D& thuan tién trong xay dung cac thuit todn va phan tich ly thuyét, Bang
sé tom tat cac ky hiéu thuong dung trong chuong nay. Ngoai ra, d€ gidi bai toan
ndy, ta cling can gia st cach tinh ham f da cho trudc thong qua mdt hdp den c6 thé
udc luong gia tri (uéc lugng truy van cia ham muc tiéu). Tidc 12 v6i moi vec-to x
bat ky, ta déu tinh dudc f(x). Khong gidm tdng quat, gia st f(0) = 0.

4.2. Ung dung ctia bai toan

Bai toan c6 ting dung khi mot phan ti cho 1gi ich “t6t” dudc lua chon nhiéu
1an. Mot s6 tinh hudng thuc tién dugc dit ra can gidi quyét véi DR-submodular
dugc xem xét dudGi day.

1. Pat cam bién. Gia st c6 mot sb loai cam bién véi céc miic nang lugng khac
nhau. Gi dinh c6 su ddnh d6i don gian gitta thong tin thu dudc va chi phi ton kém.
Céc cam bién & miic ning lugng cao cé thé thu thip mot luong dang ké thong tin,
nhung phai tra chi phi cao cho viéc dit chiing. Cam bién miic ning ludng thap c6
thé dudc dit vé6i chi phi thap, nhung ching chi c¢6 thé thu thip thong tin han ché.
Trong kich ban nay, ching ta mudn quyét dinh loai cdm bién nao sé dudc dit tai
mdi vi tri, thay vi chi quyét dinh c6 nén dit mot cam bién tai vi tri d6 hay khong.
Hay mot vi tri c6 thé dit nhiéu cam bién d€ thu dugc lugng thong tin tuong Ung,
nhung chi phi ré hon so véi dit mot loai cdm bién khac ton chi phi hon. Mot kich
ban nhu vy nim ngoai cdc md hinh dya trén cac ham tip hdp submodular. Ta can
phai xét giai bai toan trén ludi nguyén.

2. T6i wu phan bd tai nguyén, ngan sach. Mot tinh hubng tuong tu ciing nay
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Mo ta

Tapcos6 V = {e1,ea,..,en}

Kich cG cuatap V

Céc tham s6 chinh xéc cho truéc, €, A € (0, 1)

Tap hop gdm m s6 nguyén duong, [m] = {1,2,...,m}

21w tan 7V
Vec-to bat ky trén Z

Vec-to dudc tao bdi tién t6 clia a; trong diy A, y; = 23‘:1 Xa,

Gia tri cia ham muc tiéu

.....

Vec-to don vi ctia phantiie € V

Pa tip hop (multiset) chia tit ca cdc phan tif clia vec-to x,
trong d6 mdi e € V xuit hién nhiéu 1an

Gia tri toa do ctia phan tif e trong vec-td x batky, véie € V

JESIR

Kich ¢d chuén ciia x v6i ||[x|[1 = D",y x(e)

Phép toan lay gid tri nhd nhét trén tiing toa do,
tic laVx,y vaVe € V, x Ay(e) = min{x(e),y(e)}

Phép todn lay gia tri 16n nhat trén tiing toa do, tic la vx,y
vaVe € V,x Vy(e) = max{x(e),y(e)}

Téng 2 vec-to véi da tap hop {x + y}
trong d6 cdc dinh e € V xuit hién x(e) + y(e) lan

Ngudng t6i thiéu ctia ham f

Ngudng tham lam gidm dan ctia thuit todn

Luc luong t6i da trén 1 truc toa do, B > 0

Vec-to 0, trong d6 mdi phan td e € V' déu xuét hién 0 1an, 0(e) = 0

Vec-to biéu dién tap V, trong d6 mdi phan ti ctia V' déu dugc chon

Vec-td chan trén clia moi vec-td x trén ludi nguyén, B = B.1

f(xelx) = f(x+ xe) — f(x): 16i nhudn bién (marginal gain)
khi thém mot phan tif e vao x

fxly) = fx+y) - f(y)

Day cédc phan td dugdc rit ngau nhién lién tiép, A = [ay, . . ., am]

Diy cdc phan ti dugc lay tot V/

Daiy cdc phan ti dugc lay tit X dé bd sung vao x

Tap con dudc 14y ngiu nhién tit X

S6 phan tii ctia R dugc lay ra tit X

Tap hop céc vi tri o; sap xep tdng dan cua cac xau con R, cia R

Tap hop gi6i han cac phan ti v 13 u6c luong clia opt

Bang 4.1: Cac ky hiéu thuong dung trong bai toan DRSC

sinh trong bai todn phan bd ngan sach tdi wu. Trong van dé nay, chiing ta mubn
phin b8 ngan sach gilia cac ngudn quing cdo sao cho (it nhat) mot sb lugng khach
hang nhit dinh bi 4nh hudng trong khi gidm thi€u tdng ngin sach. Mot 1an nita,
chiing ta phéi quyét dinh nén danh bao nhiéu ngan sach cho méi ngudn quang céo.

Do d6, ham tap hop khong thé gidi quyét dudc tinh hudng nay.

Céc tinh hudng tuong tu nhu trén thiic ddy cac nha nghién ctiu tim hiéu cic
phién ban tdng quat héa clia tinh submodular va 1¢i nhuin hiéu suat gidm dan dudc
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dinh nghia trén cic ludi nguyén (Integer lattice), trd thanh DR-submodular. Néu
ta xét thém diéu kién gidi han vé luc lugng it nhat ma van thu dudc t6i thiéu luogng
thong tin «, bai todn trd thanh thé hién ctia bai toan DRSC.

4.3. Cac thach thire caa bai toan

Soma va Yoshida [128] 14n dau tién md rong ham f trén 1uGi nguyén, tic 12 2Y
tré thanh ZK, va xem xét submodular vdi cac tinh chit tdng quat hon trén mién nay.
Cic ong ciing khang dinh tinh chit 10i nhuén hiéu suét giam dan trén 1udi nguyén,
DR-submodular, 12 phién ban tdng quat nhit cia submodular trén 1u6i nguyén.

Viéc nghién ctiu giai bai toan Phu Submodular don diéu trén ludi nguyén la
mot bai todn mdi hién nay, va c6 nhiéu thach thic dit ra:

- Mic du da c6 nhiéu cong trinh nghién ciu dé giai SC, thach thic khi gii
DRSC gip phai 1a céc tinh chét cia submodular sé khong con gitt nguyén khi xét
trén lu6i nguyén ma c6 su md rong va khai quat hon. Do vay, cac phuong phap
thiét ké thuat todn theo huéng xap xi 15i giai tdi vu da c6 dbi v6i ham tap hop
submodular chua chic da 4p dung dudc trén luSi nguyén, hoic khong dat dugc két
qua t6t nhu v6i ham tap hop;

- Bai toan SC la bai toan NP-kho, cho nén bai toan DRSC ciing 1a bai toan
NP-kho;

- Vi khong gian tim kiém 14 khong gian nhiéu chiéu, Z", nén s6 t6 hop can
tim sé ting 1én rit nhiéu, 4nh hudng tdi thoi gian tim kiém 16i gidi ctia thuat toan.
Dong thoi, s6 luong truy van 16i goi ham ciling ting nhanh theo;

- Pay 1a huéng nghién ctiu méi, can déng gop cac thuit todn xap xi c6 gid tri
vé mit ly thuyét. Bai todn sé tré nén kho giai khi phai ddm bdo 2 rang budc, tim
16i gidi t6i wu o € Z, c6 kich thudc (hodc chi phi) nhd nhit va gid tri hAm muc
tiéu cua 161 giai vugt nguong cho trudce.

Ta ciing c6 thé din ham f DR-submodular trén ludi nguyén vé ham tip hop.
Khéi quat, gia st ¢c6 tap V' = {e1,eq,e3}, cho r € Z, 1a gidi han sb 1an chon
nhiéu nhat cta timg phan ti ctia V. Mot vec-td x = (2,4,0) € ZY tic la ¢6
2 phan i e;, 4 phan ti ey va khong cé phan ti e3 nao ducc lya chon dua vao
vec-to. Khi dua ham f tif khong gian 1u6i nguyén vé ham tap hop, khong gian
tim kiém sé& 13 tdp co sé mdi V' méi gdbm B phan tif e;, B phan tif e, va B
V'| = B.|V| gdm

/ A A .
V' = {ei, e, ..., €1, €21,€2,...,€p,€31,€3,...,e3p}. Nhu viy khong gian

phan t e3. Tuy nhién, hé qua 1a tip co s sé c6 kich cd 1a
tim kiém sé ting 1én nhiéu khi V' 1a tap dit liéu c6 kich thude 16n. Ngoai ra, cich

din vé ham tap hop nay ciing khong thé 1am viéc dugc khi f 1a ham lattice sub-
modular [128].
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V6i bai toan DRSC, ta ciing c¢6 thé van dung truc tiép cac thuit toan da
gidi cho SC sang DRSC nhd van dung phuong phdp din vé clia Ene va Huy
Nguyen [47], bi€u dién ludi nguyén thanh da tap hop kich thuéc n3. Tuy nhién,
cdc thuat toan nay chiém Q(nB) truy van dé udc lugng ham f. Piéu nay lam cho
giai bai toan sé khong con 1a da thic khi tap di liéu dau vao cé kich thuée 1a
O (nlog B). Nhu vay, phuong phap din vé chua thé gidi quyét DRSC mot cach
hiéu qua.

Ti cac thach thic nay, luan an dit vin dé nghién ciiu mot hudng tiép can gidi
bai todn t6i uu ham submodular phd bién hién nay dé 1a thiét k& thuat todn song
song nhiam giam thdi gian tinh todn. Pong thdi, luan dn dé xuét thudt todn xdp xi
tiéu chi kép (bi-criteria approximation algorithm) hiéu qua, ci tién hon so véi cac
tac gia st dung giai phap tuong tu [63, [128] cho hai bai toan DRSC va SC.

Dé xay dung dudc thuit toan giai hiéu qua can phai c6 cic nghién ciiu vé cac
bai todn SC va DRSC. Phan tiép theo sé& ban vé bdi canh nghién cifu hién nay.

4.4. Cac van de nghién ciru co lién quan

Pé giai bai toan SC, cic nha nghién ciu da tip trung dé xuét cdc thuit todn
xap xi canh tranh dua trén thi tuc tham lam [145] 163], (107, 98]. Tuy nhién, bai
toan 12 NP-khé va khong thé tinh xap xi véi ti 1& (1 — o(1)) log(n) trit khi NP C
DT 1M E(nPUoslen)) trong d6 n 1a kich thudc ctia tip co s& [54]. Wolsey va cong
su [145] 1an dau tién dé xuit mot thuat todn tham lam don gidn nhung hiéu qua
véi ti 16 xap xi 1 + In(max.cy f(e)/B) trong d6 f 1a sb thuc va 3 1a miic ting 1o
nhun bién khac 0 nhd nhat ctia bat ky phan ti nao dudc thuit toan tham lam thém
vao 101 giai.

Sau d6, Wan va cong su [139] da giai bai toan Phu Submodular v6i chi phi
t6i thi€u (Minimum Cost Submodular Cover - MCSC). D6 1a mot phién ban tong
quat ctia bai todn SC trong d6 méi phan ti e c6 chi phi duong c(e) va ham chi phi
c 1a ham cong, nghia 1a ¢(S) = > s c(e). Bai toan yéu cau tim nghiém S C V
sao cho ¢(.5) 1a nhé nhat. Cac tc gia da dé xuAt mot thuat toan tham lam véi ti
1& x4p xi 1a pIn(max.cy f(e)), trong d6 p = min > ees.scy c(e)/c(S) duge goi la
do cong (curvature) cia ham c. Céc tac gia trong [63] da dé xuét mot thuat todn
tham lam khdc tra vé gidi phap xap xi (1 + In(a/€), 1 — €) cho bai toan MCSC.

Gan day, Soma va Yoshida da gi6i thiéu bai toan SC trén ludi nguyén [128].
Bén canh viéc néu 2 tinh chét lattice submodular va DR-submodular, cic tic gia
cling da dé xuit mot thudt toan x4p xi véi 2 ti 1& x4p xi dugc dua ra 12 o; cho ham
muc tiéu, v o5 cho ham chi phi. Cho nén, céc thuat todn dudc goi 1a thut toan xap
xi tiéu chi kép. Thuat toan ctia ho thuc hién trong O (n log(Bn) log B) truy vén.
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Tuy nhién, ho xem xét bai toan tong quat cia SC trén ludi nguyén véi ham
muc tiéu f la DR-submodular don diéu tang va ham chi phi la ham gid cdng
tinh (subadditive) ¢ : ZY + R, c6 nghia 13, c(x +y) < ¢(x) + ¢(y) v6i moi
x,y € ZY. Bai toan ho nghién ctiu yéu cu can tbi thi€u héa chi phi c(-) dé
f > avéi a > 0 la mot nguong cho trudc. Thuit toan cua ho cho 161 giai x
thoa man c¢(x) > (1 + €)p(1 + log(d/B)c(0)), va f(x) > (1 — N)a, V6i p la
mot do cong clia ¢, d = max.cy f(.) 12 gid tri 16n nhit cla f trén tit ca cac
vec-to don vi chuin va 3 1a gid tri nhd nhét cla s6 gia duong cia f trong mién
kha thi, e, A > 0 Ia cic tham s6 dau vao. Thuit todn clia ho can thdi gian chay
12 O(nlog(nBcmaz/ (Acmin)) 10g(B)/€), VOi Cin, Cmae 1an lugt 1a céc chi phi nhd
nhat, 16n nhét cta cac dinh.

Do su ting trudng theo cip s6 nhan clia dif liéu trong céc ting dung SC va
DRSC (vi du: ting trudng clia ngudi ding trong cac mang xa hoi), can phai dua
ra cdc thuit todn hiéu qua khong chi cung cip ciac dam bio xap xi ma con c6 thé
md rong quy mo dit liéu 16n vé kich ¢d. Mot phuong phap don gidn d€ cai thién
hiéu qua ctia thuat toan 12 gidm do phuc tap cla truy vin, qua dé gép phan gidm
thoi gian chay vi do phuc tap cla truy vén 13 van dé chinh chi phéi thdi gian chay
cua thuat toan.

Tuy nhién, khi kich c¢& ctia dit liéu ting 1én, phuong phap nay ¢ thé khong
du. Thudt todn song song hoa 1a mot thiét ké tdt dugc lua chon trong nhiéu cong
bd gan day [11, 2 [1]. Thiét ké song song dua trén khdi niém vé dé phitc tap song
song (adaptivity hodc adaptive comlexity) dudc Balkanski phat biéu nhu sau:

Dinh nghia 4.3 (D0 phuc tap song song [10]). Cho mot cach ude lugng ham f, do
phiic tap song song ctia mot thuat toan 1a sd vong lip téi thi€u can dung dé€ trong
mdi vong lip d6 thuit todn tao ra mot sd luong da thiic cdc truy van téi udc lugng
ham f mot cach doc 1ap v6i nhau.

Day 13 phép do quan trong d€ xac dinh hiéu suit cla thuit toan song song
thiét k& cho bai toan tdi uu ham submodular. P9 phiic tap song song 1a sd vong
tuan tu tdi thiéu trong d6 mdi vong tao ra mot sd truy van f dudc tién hanh song
song, doc 1ap v6i nhau. Do d6, thuat todn c6 do phiic tap song song thip sé giam
dugc s6 vong tuan tu can phai thuc hién. Cach tiép cin nay cho hiéu qua dé cai
thién céc thuit toan, gép phan lam giam thdi gian chay cho bai todn t6i vu ham
submodular.

P6i véi bai toan SC, céac thuit toan tham lam dudc thiét ké tuan tu thudng c6
dd phuc tap song song 1a (]S]) va c6 thé dat t6i O(n), trong d6 S 1a nghiém tra
vé va | S| c6 thé 16n t6i n. Do d6, cac thuat todn nay mit qud nhiéu thdi gian dé

134



tim kiém dugc 15i giai. Ngoai ra, mot thuat toan ludng dé giai SC da duogc dé xuat
trong [[108]]. Trong cong b ciia ho, thuit toan da trd vé mot gidi phap xap xi tiéu
chikép (1—1/1og(1/¢),21og(1/¢)) nhung né vin yéu cau sd vong dé€ song song la
O(n). Thém vao d6, Fahrbach va cong su [52]] da dé xuat thuét todn ngiu nhién c6
ti 1& x4p xi O (log ) theo ky vong nhung yéu cau O (log(nlog(a))log(a)) vong
lap cho SC.

Gan day, Ran va cong su [119] 1an dau tién cung cAp mot thuét toan song song
hiéu qua va ngau nhién cho bai toan SC. Trong d6 f c6 gia tri nguyén, chay trong
O (log(n) log(m)log®(mn)/e*) vong, cho t 1& xép xi H (min{o, a}) /(1 — 5e)
trong d6 H 1a sb Harmornic, m = f(V) > a vae € (0,1/5). Trong trudng hgp
nay, thuat toan cla tdc gid cdi tién dang ké do phic tap song song 1én téi O(logn)
cho cic 10i gidi x4p xi cung theo tiéu chi kép. Tuy nhién, ho chi gidi v6i ham f c6
gia tri nguyén.

bbi v6i DRSC, cic cong trinh cia Soma va Yoshida [[128] 1a cong trinh
dau tién nghién cdu vé DRSC bang cich xem xét ham DR-submodular trén ludi
nguyén ZY (DRSC) véi ¢ 1a ham gié cong tinh. Vi DRSC tdng quét héa SC, nén
n6 ké thita do khé ctia SC da dudc dé cap trong [54]. Trong [128]], céc tac gia da
gi6i thiéu thuat toan tham lam gidm ngudng trd vé gidi phap xap xi tiéu chi kép
(1 + 3e)p(1 +log(d/B)),1 — \), trong d6 e, A € (0, 1) 1a cac tham sb dau vao,
d = max.cy f(x.) va p la do cong cta c. Thuit toan da thuc hién s truy vin
14 O (log(nBcmaz/ (Acmin)) log(B) log(n)/e€). Tuy nhién, n cling chay trong cac
vong tuan tu 1a O (nlog(nBcmaz/ (Acmin)) log(B)/€) nén khé c6 thé song song
héa mot cach hiéu qui. Tuy nhién, cdng trinh clia céc tic gid nodi trén 1a co sG dé
cic nghién cttu khac khi nghién citu tdi da hdéa cdc ham DR-submodular véi céc
rang budc khac nhau [[128, [129]].

Mot huéng nghién ciiu khac la cta hai tac gia Ene va Huy Nguyen [47]. Ho
da gi6i thiéu mot phuong phap dan vé tit DR-submodular vé submodular. Cong
bd ctia ho cho phép gidi quyét bai todn tdi da ham DR-submodular v6i rang budc
Iuc lugng va chi phi trong thoi gian da thic véi kich ¢d diu vao 1a O(nlog B). Y
tudng ctia ho do 1a biéu dién x(e) dudi dang nhi phan cho mdi phan tiie € V va
tao ra mot tap cd s co kich ¢6 O(nlog B).

Ta c6 thé 4p dung thuit todn cho do phiic tap song song thap cia [52,[119] cho
DRSC bing phuong phap din vé ctia Ene va Huy [47]. Tuy nhién, sb vong lip tuan
tu va do phtc tap truy van clia thuét todn c6 dudc 16n hon rat nhiéu so véi thuat
todn dugc dé xuit bdi luan 4n nay, (xem Bang 4.2 d€ so sanh). Gan diy, Ene va
Huy da cong bd mot thuit toan song song cho cuc dai ham DR-submodular [49]].
Song thuét toan ndy can mot udc luong tién doan cho gradient ctia phan mé rong
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lién tuc ctia ham DR-submodular. Vi vdy, né khong thé ap dung mot cach truc tiép
cho bai toan DRSC trén lu6i nguyén dudgc.

Nhu vy, c6 rit nhiéu thuét todn tich cuc cho SC va DRSC trong nghién ciiu;
tuy nhién, mot sb d6 c6 do phiic tap song song cao khi ching lién tuc phai tinh
toan cac ham muc tiéu [145, 163, 98, [107], trong khi mdt s khac chi ap dung cho
SC [52, [119]]. Hién nay, chua c6 thuat toan xap xi ndo cho DRSC véi do phiic
tap song song thap. Piéu nay da thiic ddy tic gia va nhém nghién cifu dé xuit mot
thut todn dam bao hiéu suét 1am giam dang ké do phiic tap truy van va do phic
tap song song so vdi cdc thuat toan hién dai ddi vdi ca hai bai toan DRSC va SC.

4.5. Thuét toan xap xi cho bai toan DRSC
4.5.1. Két qua méi ctia luéin an

Viéc tim dudgc 1i gidi tdi wu sao cho chi phi nhé nhit véi rang budc ham f(-)
la ham submodular lam cho bai toan tré nén khé khan hon khi phai thoa man ca
ham chi phi va ham submodular. Do d6, luan 4n st dung thut toan x4p xi tiéu chi
kép d€ tim mot thuét todn xap xi hiéu qua gidi bai toan DRSC. Thuét todn xap xi
tiéu chi kép dudc dua ra khi ndi long cac rang budc cua bai toan, cho 16i giai c6
hai ti 1& x4p xi, dudc dinh nghia nhu sau:

Dinh nghia 4.4 (Thuat todn xap xi tiéu chi kép (o1, 02)). Thuat todn 1a x4p xi tiéu
chi kép véi ti 1€ (o1, 02) cho bai toan DRSC khi né tra lai 16i giai x thda man
Ix||1 < o1 - |lo|ls va f(x) > o9 - av6i oy > 1,09 > 0, va o 1a 15i giai tbi uu.

DPé dé tiép can vdi phuong phdp gidi, trudc tién ludn 4n gidi thiéu mot phién
ban don gidn héa cia thuit todn dudc dé xuit véi gia dinh opt da biét (Thuat
toan , v6i opt 1a kich thudc cta giai phap t6i uu. Sau d6, phan gia dinh nay
s€ dudc loai bo trong phién ban chinh (Thuat toan khi x4p xi opt trong mot
khoang thich hgp.

Céc déng gop cuia luan 4n c6 thé ké dén nhu sau: Luan 4n dé xut mot thuat
toan xAp xi tiéu chi kép ((1-+¢)(1+log(1/X)), 1—\) cho bai toan DRSC, véie, A €
(0,1) 1a cac dau vao da cho. Thut toan can O ((n + log(n) log(B)) log(nB)) truy
vAn va chay vé6i do phic tap song song 1a O(logn). Nhu vy, thuit todn dugc
dé xuat khong chi cdi tién dudc ti 1& xip xi ma con thuc su gidm dang ké do
phiic tap truy vin va do phiic tap song song so vdi cac thuat todn tién tién hién
nay [[128, 52, 119} 47]. Cdc déng gép dugc md ta chi tiét nhu dudi day:

1. Vé mit chét luong 16i giai. Thuat toan cho 15i gidi xAp xi vdi ti 18 hing
s6 12 (1 + €)(1 + log(1/N)) va gia tri ham f gan tly y v6i o (trong gidi han sai
s6 A > 0). Nhu vy, thuit toan cda tdc gid cho ti 1& x4p xi t6t hon so véi thuat
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toan tat dinh t6t nhat dugc dé xuit bdi Soma va Yoshida [128]. Thuit toan cia
ho thuc té phu thudc vao O(log d), véi d = max.cy f(x.)). Thuat toan dudc néu
trong luan 4n cling ddm bdo xip xi tot hon thuit todn ngau nhién tét nhat hién
nay néu két hop hai phuong phdp dudc dé xuit bdéi Ran [119] vé thuat toin song
song va phuong phap ctia Ene va Huy Nguyen [47] din DRSC vé SC. Ti 1é xip
xi ctia thuat todn c6 dudc khi két hop cac phuong phép cta ho sé phu thudc vao
O(H (min{max,cs f(e),a})). Ngoai ra, luu y ring thuit toan ctia ho chi gidi quyét
truong hdp ham muc ti€u mang gia tri nguyén.

2. Vé db phite tap. Thuit todn ngu nhién cho do phic tap song song tot nhét
12 thuat toan két hop gitta [119] va [47]. So vdi cac két hop nay, thuit todn trong
luan 4n cho do phiic tap song song thap hon 1 hé s6 1a Q(log(m) log?(mn log B)
(1 + log(log B)/log(n))). Dong thdi, thuat toan cling cho do phiic tap truy van
thip hon 1 hé s6 1a Q(min{log(n) log(B)/log(nB),n}-log(m) log*(mnlog(B)))
v6i m = f(B - 1). So sanh véi thudt todn tit dinh cho do phiic tap truy van
tot nhat clia Soma va Yoshida [128]], thuét toan cho dd phiic tap song song va
do phiic tap truy vén it hon 1 hé s6 lan lugt 1a Q(min{n/log(n),log(B)}) va
Q(nlog(B)(1+ log(B))).

3. Vé giai bai toan SC. D€ giai bai toan SC, thuat todn cho 15i giai x4p xi tiéu
chikép ((1+¢)(1+1logl/A),1— ) v6i do phiic tap song song la O (logn) va do
phtc tap truy van 1a O (nlogn). Pay la cdc ddm bdo ly thuyét c6 gid tri va vuot
trdi hon so véi cdc thuat toan xAp xi hién nay dugc dé xuat béi [119] 52]].

4. Ky thuat dude sit dung. D€ gidm do phiic tap song song, luan an da van
dung y tudng k¥ thuat Ldy mdu song song tudn tu (adaptive sequential sampling)
ctia Balkanski néu trong [10] nhung can mot s6 bién ddi phu hop: (1) iy miu mot
diy cac phan ti trén 1u6i nguyén, va (2) lip di lip lai thém mot vec-to vao vec-to
16i gidi khi n6 c6 ti 1 16i nhuan bién véi kich c& ciia n6 tot.

Mic du céc thuit todn ngiu nhién gan diy cho ti 1& song song thip cia Ran
va cong su [119], va ctia Ene va Huy Nguyen [47] cling van dung y tudng 1y miu
song song tuan tu, nhung viéc sinh ra cdc mau trén tip co s6 V clia cac thuat todn
nay lam cho dd phtc tap cua né tang 1€n khi ap dung trén ludi nguyén. Bén canh
do, thuat toan cua ho tai st dung phuong phap cua Blelloch [[14]] chi ap dung dudc
cho bai toan Tap phu cuc dai (Set Cover), va n6 ciing chi lam viéc dugc v6i ham
muc ti€u c6 gia tri nguyén.

Khdc véi cac cong bd trén ddy, luan 4n st dung mot thudt toan ldy mau dé
sinh ra mot ddy cac phan ti thda man rang budc trén ludi nguyén. Sau do, céc tién
16 (prefix) ctia day phan ti nay sé duodc 14y ra va danh gid, so sanh dua trén 7/ [¢
giita loi nhudn bién ciia tirng tién té khi thém vao tap 10i gidi vdi kich cd cla no.
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Bén canh d6, luan 4n két hop véi phuong phdp ngudng gidm dan (decreasing
threshold), 13 phuong phap dudc dé xuét bdi Bandanidiyuru va cong su [6]. Phuong
phdp 4p dung trong bai dé tao ra mot giSi han cac phan ti dé chat luong 15i gidi
tot hon va phu hop khi ham muc tiéu 1a sé thuc. Theo cich nay, thuit todn dugc
dé xuét chi can s6 vong ldp tuan tu 12 O(log(n)). Tai mdi vong, n6 dong thdi chon
tién t6 tot nhat dé thém vao gidi phdp ctia minh va loai bd cdc phan ti c6 ti 1& thap
cho cac vong sau.

D& gidm thém dd phiic tap clia truy van, luin 4n st dung phuong phap lay
mAu dé 14y mot tap hop con ngiu nhién dong nhat ctia X (tap hop cic phan tif con
lai) thay vi tat ca cac phan td trong X. Cudi cing, bang cach tim kiém trén mot
pham vi thich hop va dit diéu kién dirng hop 1y, thuit todn dam bao su can bing
gitta ddm bao hiéu suét cla gidi phdp va do phiic tap thich ting.

Bang cung cap cai nhin tdng quan khi so sdnh céc thuit todn cho bai
DRSC va SC. Bang niy so sanh céc thuat todn xap xi gitta BA 1a thuat todn dugc
dé xuit cda luan 4n v6i mot s6 thudt toan tién tién. Cac thuat toan dudc so sanh
theo céc tiéu chi: ti 1& x4p xi, do phtc tap truy van, do phuc tap song song. Ngoai
ra, cdc thudt toan con dudc phan loai theo thuit todn ngau nhién hay thuét todn tt
dinh. Ky hiéu 7T 1a Thuat toan. Céc bd c6 dang (x, y) nham ky hiéu cho thuat toan
tiéu chi kép cho ti 1€ (z,y). C6 n' = nlog(B), H(-) 1a s6 Harmonic, m = f(V)
cho SC, va m = f(B - 1) cho DRSC, 3 1a 1¢i nhuan bién nho nhét cta bat ky
phan tif nao dugc chon bdi thuat todn, d = max.cy f(Xe)- €, A 1a cic tham s6 dau
vao. Cac ky hiéu [52] + [47] va [119] + [47] ngu y su dung két hop cac thuat
toan ctia [52, [119] v6i phuong phdp din vé ctia [47]. Luu y ring cic thuat todn
trong [52,[119] chi hitu dung khi f 13 s6 nguyén.

Pé phan tich cdc ddm bdo ly thuyét khi thiét ké thut todn, ludn 4n ciin cd vao
B§ dé vé gidi han Chernoff nhu sau:

B6 dé 4.1 (Gi6i1 han Chernoff (Chernoff’s bounds) [[100]). Pdtr X = Zle X, la
tong ciia c bién ngdu nhién dugc ldy mdu trong phdn phéi 0, 1] vdi trung binh .
Vi bdt ky a > 0, ta co:

_ (12(!/1.

Pr[X —cpu > acu] < e 7t (4.4)

azcy

Pr[X —cp < —acp] <e 2. 4.5

4.5.2. Thuit toan véi opt da biét: AdaptDRSC
Pau tién, mot phién ban gia st da biét gia tri tdi wu nham don gidn cic budc
tinh toan trung gian dudc xay dung, thuat toan Adapt DRSC. Thuat toan nhan
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TT Ti 1€ xap xi Do phic tap truy van Do phitc tap song Loai

song
Cac thuat toan cho DRSC
[128]] (14 3e)(1+ log(%)), O (n'log(nB)) O (n'log(nB)) Tat dinh
1—X)
1521+ [471 O(log(«)) O(n'log(n'log()) O(log(n'log()) NgAu nhién
log(0)) log(a))
(119] + [47) H(min{maxees fle).0}) (n log(n')log(m)  O(log(n’) log(m) Nghu nhién
log?(mn')) log?(mn))
BA ((1+€)(1+log(3)), O((n+log(n)log(B)) O (logn) Ngéu nhién
1-X) log(nB))
Cac thuat toan cho SC
[145] 1+ In(maxees £57) Q(n|S)) Q(|S)) Tt dinh
1631 (1+1og(2),1—¢) Q(nlS|) Q(|S)) Tét dinh
[52] O(log(a)) O(nlog(nlog(a)) O(log(nlog(a)) Ngu nhién
log(a)) log(a))
(119] H(min{mﬁxjis f(e).a}) O(nlog(n)log(m) O(log(n) log(m) Ngu nhién
log?(mn)) log?(mn))
BA ((1+€)(1+log(3)), O (nlogn) O (logn) NgAu nhién
1—M\)

Béang 4.2: So sanh cac thuat toan x4p xi cho DRSC va SC. BA Ia thut toan cla
luan an.

hai tham s6 dau vao cho trudc e € (0,1), A € (0,1) va mot gid tri tién doén clia
gia tri t6i uu, v, sao cho (1 — 5e;)v < opt < w, Véi ¢ = €/50. Pit g(x) =
min{a, f(x)}, d& dang thiy ring g ciing 12 mot ham DR-submodular don diéu.

Thuit todn bao gdm hai vong lip va trong mdi budc ldp cia vong lip bén
trong, thudt todn tao ra mot mau chudi ngau nhién (random sequence sample)
bang cach goi RanSample (Thuit todn lam chuong trinh con. Chuong trinh
con nay nhan dau vao 12 15i gidi mot phan x, mot tap hop cac phan ti kha thi X,
s6 nguyén duong B va trd vé mot chudi A = [ay, ..., a,,]. Mbi phan tif a; cia A
dudc rit ngiu nhién lién tiép va déu trong sd cdc phan ti a con lai cda X sao cho
dém bao didu kién x + 377} Xa, + Xa < B.

biaty, = 23:1 Xa, 1a vec-to dugc tao bdi phan trudc cia A t vi tri 7. Ta
can chon mot tién td cia A véi ti 1& mikc ting loi nhudn bién so vdi kich thudc
cao dé€ thém vao vao 10i gidi hién tai bang cach tim vi tri nhd nhét i* sao cho
| X | < (1 =€)

Xi+{e€ X :g(Xe|x+yi-1) > 0and x +y; 1 + x. < B} (4.6)

Thuat todn c6 v6i moi i € [m] va loai bd € phan cdc phan tii trong X tai mbi budc
1idp. 0 12 ngudng dé€ loc ra dugc cac phan ti ¢6 10i nhuin bién cao. Tuy nhién, thao
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tac nay c6 thé yéu cau n - m = O(n?B) danh gid ham muc tiéu, tic 1a khong con
da thiic phu thudc vao kich thuée dau vao. Néu st dung thuit toan tim kiém nhi
phan dé tim 7*, thi thuat toan nay can O(n log(nB)) sb 16i goi ham trong cc vong
tuan tv 12 O(log(nB)). D€ giam dudc ca do phic tap song song va truy van, ta sé
chon ngéu nhién mot tap con R c6 kich ¢d N = O(log(1/€)/€?) tit X (dong [6|ctia
Thuat toan |1 1)) va tim s6 nguyén nho nhét o;- € [ d€ |R,,.| < (1 — 2¢;)|R| trén
tap [ thay vi [m], c6 nghia la chon ra:

Ri+{e€R:g(xe|x+yi1) >0andx+7y; 1 +x. < B} 4.7
va gi6i han tap I:
I={[(1-€)nB]:1<[(1-¢e)nB] <nB,jcN}. (4.8)

Nhu vay, lic nay thao tic can O(log(nB)log(1/€)/€®) 18i goi ham va 1 vong
lip tuan ty. Thuat todn s& cAp nhat x va tip kha thi X (dong trong Thuat
toan (11)).

Vi tri 0+ dan t6i hai thudc tinh quan trong ctia vong 1ip bén trong:

- C6 it nhit €,-phan ciia cac phan td bi loai bd khdi X theo ky vong (theo B
def4.2)).

- vec-t0 y,..—1 c6 kha ndng dong gbp gid tri cao cho giai phap hién tai (theo
B& dé [4.4).

Vong 1dp bén trong két thiic sau O(log(n)/€) bude 1dp hodc f(x) > (1 — N
va chuyén sang budc 1ip tiép theo clia vong 1dp bén ngoai. N6 tiép tuc cip nhat
ngudng 6 va két thic sau O(log(1/))/¢) budc ldp clia vong 1ip ngoai hodc diéu
kién f(x) > (1 — \)a dugc dap ung.

Algorithm 10 : RanSample(x, B, X)
Input: x, a positive integer B, set X
Output: sample A

A+ 0,i+1

2: while X # () do
3 X%{CLEX:X%—Z;;X%—%X&SB}
4:  Draw q; uniformly at random from X
5: A+ [al,...,ai_l,ai]
6
7
8

14— 1+ 1
. end while
. return A
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Thuit toan RanSample trd vé A 1a mot diy cac phan ti kha thi dudc chon
ngau nhién. Ro rang, thuit todn nay khong can mot 18i goi ham f nao, nén dd phiic
tap song song 1a 0. Thuat toan AdaptDRSC sé goi dén RanSample va dua ra
mot thiét ké song song kh thi.

Algorithm 11 : AdaptDRSC(f, B, a, €1, A\, v)

Input: f: ZK — R, a positive integer B, «, a guess of optimal value v, param-
eters €1 € (0,1), A € (0,1)

Output: vector x

1: t(—l,ElF%,é()(—El(].—él)
2. while f(x) < (1 —A)aandt < 5—; log () do
30 X« V,0+ (1=5e)(a—gx)/v,l+1

4. while f(x) < (1 = Naand! < %logn do
5.

A = [ay,a9,...,a,] < RanSample(x, B, X) // Generate a sequence
sample by Algorithm

6: N «+ E%ﬁrf;) log(é), R « Sample(X, N) /I Generate a random set
from X

7: I < {o1,00,...,00:01 <03 <...<o0p} + {[(1=—6)nB]:1<

[(1—€)nB] <nB,j €N}
i S Xay L€ [m],yo < 0

9: Ry < {e€ R:g(Xe|x+¥o-1) 2 0and X +y5 1 +Xxe < B} o €1
10: Find 0;- «+ min{o; € I : |R,,| < (1 —2¢)|R|}
11: Update the solution and feasible set x <— x+y,.—1, X < X,., [ < [+1

12:  end while
13: t+—t+1
14: end while
15: return x

D& phan tich cdc ddm bio ly thuyét clia thuit toan, ta ¢ cic bd dé va dinh 1y
dui day.

B§ dé 4.2. Tai bt ky budc ldp nao cia vong ldp bén trong ta co:

a)Xis1 € X;,0 = 1,...,m — 1, véi m = |A| tai dong |5| cia thudt todn
AdaptDRSC.

BYE[X,. ]| < (1 — )| X| va B[IXi[] = (1 — e)(1 — 36))|X|, ¥l € [m],] <

Oj+_1.

Chiing minh. Chung minh tung truong hop:
- Chiing minh a): Véi e € X, bat ky, n6 phai théa man diéu kién g(y.|x +y;) >
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6 and x + y; + x. < B. Do tinh DR-submodular cta f, ta cd g(x|x + yi—1) >
gxelx+yi) > 0vax+yi1+xe <B,suyrae € X;,nén X;1; C X;.

- Ching minh b): Bat i, = |X;|/|X]| va fu = |R)|/|R| v6i l € [m]. Vi [i,,. =
|R,..|/|R| < 1 — 2¢;, ap dung bét déng thiic trong B& dé 4.1/ v6i a = €, va
c = N, taco:

PrX,.| > (1 - @) X[] = Prlug, > 1— e
1— 261
1— €1

1— €1

>
< Prlps,. > ] (Vll—QZ%)

1—

< Pr[,uai* > ] = Pr[,&oi* — Hoyx < _Elluai*]

2
_El'N'/Lo'i*

<e 2 (Bing cich dp dung bat dang thic (#.3) )
€2(1—e¢ 24€ og(L
Cqaeepy TV A
S (& 2 = e 2

_ 1
<e 1Og(fl) < €1.

Vi vy Prl|X,.| < (1 —e)|X|] > 1 — & Két hop véi | X,...| < | X], ta c6:
E[|Xo,.[] < (1 —e)|X|Pr (| Xo,.| < (1 = e)[X]) + [ X0 | Pr(|Xo,.[ > (1 —e)[X])
<1 -ea)l—ea)X[+ealX]|

= (1—e(1—€1))|X].

Dé théy Riy1 € R,V € [m]. Nén iy > 1 — 2¢e1,1 < 04 1. Ap dung bat dazmg
thiic (4.4]) trong B6 dévéi a = €1/ taco:

Pr{|X;| < (1 —3e)|X|] = Prlw <1 — 3¢]

a2N,ul
<Priy <jy—e] <e 2
62 Eaa| lo 1
_gv o Agae e
<e 2uta <e 2uter <e Al <.

Vivay Pr[|X;| > (1-3€6)|X]|] > 1—¢€,nén E[|X;]] > (1 —¢€1)(1 —3¢1)|X]|. O

B& dé 4.3. Tai mdi budc lap cua vong ldp trong, ddt | < o1,V € [m), ta co:
Elg(Xa|x + yi-1)] = (1 =€) (1 — 3e1)0.
Chiing minh. Pit X(I) ={e € X : x+y; 1+ x. < B}, vdibatky [ < o;-_1, tu
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B6 dél4.2] ta co:
E[|Xi|] = E[|Xo.._,[] = (1 —e)(1 = 3e1)| X[ = (1 — e1)(1 — 3er)[ X (1)].

Goi mot quy trinh ngiu nhién 14 H; &€ bit sy kién tao tién td A; = [ay, .. ., a;],
a; dudc rdt ngau nhién dong nhét tir X;. Cho truéc H,;_ 1, cac tp hop A;_1, X (1)
va vec-t0 X + y;_1, la cac gia tri xac dinh, trong khi phﬁn con lai ctia chudi A 1a
ngau nhién.

Phan tif e € X (1) bAt ky dugc lua chon dong nhit véi xdc suét p, = 1/ X (1)|
bing cach sit dung RanSample(x, B, X), ta c6:

Elg(Xa [x + yi-1)[] = Elg(Xa/|x + yi-1)[Hi-1] (4.9)
= E[E[g(Xa|x + yi-1)][Hi-1] (4.10)
=E[ > peg(xelx + yi-1)[Hi1] (4.11)
eeX(l)

> E[)  peg(Xelx + yi-1)[Hi-i] (4.12)

eeX;
E[) " peb|Hi-] (4.13)

ecX;
= E[(1 - )(1 — 3e1)0|Hy1] (4.14)
= (1—¢)(1—3¢)0. (4.15)

Trong d6 cac bat dang thiic (@.9) va (@#.13) dam bao bési luat tdng ky vong. Bat
dang thiic (@.13) c6 dugc bdi dinh nghia ctia X;. H

Bing cach sit dung B& dé4.3) cdc tinh chat clia o va tap I, thi vec-to y,.. 1
¢ gid tri ti 1& cao dbi véi ||y,,._1]1 trong BS dé 4.4l

B& dé 4.4. Tui bdt ky budc ldp cua vong ldp trong, ta co:

Elg(yo,-1/x)] = (1 = 5e1)0E[|yo. [l ] (4.16)

Chiing minh. T dinh nghia cia I, o« — 1 > o041 + 1, gid stt 0+ = [a], a =
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(1 —¢€1)'nB v6imot vai j € N, tacéd: o1 = [(1 — €1)a], vi vay:

1Yol = 1¥o._illr = [a] = (1 +[(1 = er)a])
< [a] = (fa] + [(=a1a)])) = =[(-a1a)]
1

61(02'* — ) €1
1 — e 1 . q”yai*—lHl'

= |aa] < €a <

Vay nén ||y,._, |h > =2y, 1/l Mét khdc, tit BS dé 4.3} ta co:

Elo(yo %)) = BIY 0 b+ ;1)
> E[(1—€)(1 —3e1)0 Z_]

= (1 —e)(1 — 3e1)0E[[lyo,._, [l1]-

Ap dung bét dang thiic trén va két hop véi tinh don diéu clia g, co:

El9(yo,.—11%)] > E[g(¥o,_,[%)]
> (1 —e)(1—3e)0E[|yo._, 1]
> (1= 26)(1 = 3e1)0E[||yo,. -1 ]1]
> (1 = 561)0E[|lys,.—1]h]-
Ta c6 diéu phai chiing minh. ]

Néu vong ldp bén trong bao gdm log(n) /ey budc lip, BS dé 4.5 cho thiy mot
tinh chat quan trong dé phan tich ddm béo hiéu suit ctia thuat toan.

B& dé 4.5. Pt x; la x & cudi budc Idp thit i ciia vong ldp ngodi. Néu né bao gom
1/€eglog n vong ldp bén trong, ching ta co E[X] = 0 va:

opt(1 — Se1)(a — Elg(xi-1)])

a—Elg(x;)] < ”

Chiing minh. Tu BS dé c6 it nhit €y phan clia cic phan ti trong X bi loai bd
& moi 1an Idp clia vong 1dp bén trong theo ky vong. Do do, tai budc ldp log(n) /e,
chiing ta c6 E[| X|] < n(1 — )8/ < 1. Nhu vay E[X] = 0.

Néu X = 0, c6 X,,. = () sau budc ldp thi log(n) /ey clia vong 1dp bén trong.

144



Vi vay, v6i bt ky phan tii e € X : x; + x. < B nao, ta cé g(x.|x;) < 0, suy ra:

goVx;) — g(x;)

S Z g(Xe’Xi)

66{0\/X7;—Xi}

Z g(Xelxi)

ec{o—oAx;}
< > 0
ee{o—oAx;}

< opt(1l — 5ep) (v — g(X¢_1)).

a—g(x)

Trong d6 biéu thic thi 2 theo phép todn dong nhit x Vy —y = X — X A 'y Vi
x,y € ZY. ]

Tir cac B& dé trén, ta dua ra dudc Dinh 1y 4.1/ vé ddm bao 1y thuyét.

Dinh ly 4.1. Vdi tién dodn gid tri t6i wu v, vdi (1 — 5e1)v < opt < v, thudt
todn AdaptDRSC cdn O ((n + log(n) log(B)log(1/€)/€*) log(1/\)/€*) truy
vdn, chay trong O(log(n)log(1/\)/€*) vong ldp tudn tu.

NG trd vé mét 1oi gidi xdp xi tiéu chi kép dat t11¢ ((1 + €)(1 + log(1/A)), 1 — )
theo ky vong.

Chitng minh. Thuit toan bao gdom hai vong 1ip, do d6, ta can phan tich do phic
tap clia truy van va do phiic tap song song clia tiing vong 1ip. Vong 1ip bén ngoai
chay t6i da log(1/))/(5¢;) vong tuan ty. Tai bat ky bude 13p nao ctia vong 1dp bén
ngoai, c6 nhiéu nhét log(n) /e, bude ldp clia vong 1dp bén trong.

Tai mbi budc ldp clia vong lip trong, thuit todn can tinh toan Ry vOio; € 1
dé tim o;- (dong @) Thao tic nay can nhiéu nhit N log(nB)/e; phép tinh ham muc
tiéu. Thudt todn sau d6 tim X, trong | X| < n phép tinh ham muc tiéu (dong [10).
Do d6 hai nhiém vu nay c6 thé thuc hién song song chi trong mot vong. Vay do
phiic tap song song cta thuit toan tbi da la:

1.1

1 1 1
— log(~)—logn = O(= log(<) logn).
D€] €0 €2 A
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Va s6 lugng truy vin nhiéu nhét la:

1 log(n)/eo N
€1

—log(nB) +n(1 — 61)l>

€ €1 €0
N log? N1 log(B
< og'n  Nlog(n)log( ))+ n>
1
A

1 1. (logn N
< g log(5) < %2R 2 log(nB) + ﬁ)
1
A

€p€1 €1€0 €1

0 (1 lo5(3)(n + 5 Log(2) log(n) 1og<B>>) .

Dé didm bao hiéu suat, trude tién dit [, 1a s6 1an lip cla vong lip bén trong cla
budc lip thi ¢ clia vong ldp ngoai. Gia st rang thuat todn két thic sau T lip lai
vong lap bén ngoai, ta xem xét hai truong hop sau.

- Trudng hop 1. Néu T < log(1/))/(5¢;) va lp < log(n)/ey, thuat toan gip
diéu kién f(x7) > (1 — A tai buée 1dp T' va khong gip diéu kién nay tai cac
budc 1ap sém hon. Vi vdy, ching ta phai c6 l; = log(n) /ey, Vt < T'. Tai budc lap
thi ¢ cua vong lap ngoai, dat:

+/y! 1ay,. 1 khi két thic budc 1dp [ ctia vong I3p trong.

+/ x! 1a x khi két thic budc 1dp [ ctia vong 1dp trong va x¥ = x;_;.
+/ x; 12 x khi két thiic vong 1ip ngoai.
Tai bat ky budc lip ¢t < T ctia vong lip ngoai, st dung B3 dé4.4|cho ta:

Elg(x:) — g(xt-1) >E[Z g(xt) — g(x; )] (4.17)

Iy
> (1 - 56)0E[|ly}ll1] (4.18)

=1
— (1 — 5€1)0C, (4.19)

Trong d6 C, = S0 E[|ly!]]1]. Vi vay:
1 — 5¢1)?

Elgx) — o) > oG- gxi). (420)
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Sap xép lai bat dang thic trén, ta cé:

(1 - 561)2

a—Elg(x)] < (1-— Cy)(a — g(x¢-1)). (4.21)

Véi moi t < T. Ap dung lién tiép bat dang thic trén, ta dudgc:

a\ < a — E[Q(XT_l) (4.22)
1 — 5¢;)?
<(1- %C’T—l)(@ — g(xr-2)) (4.23)
1 —5€)3
<1 -0 i ger) (4.24)
opt
7(1—551)3 Cr_;
<e om (0 — g(x7-2)) (4.25)
< <L A, (4.26)
< e Bl g, (4.27)

Trong d6 bit dang thiic (#.24) 1a do v < opt/(1 — 5e;) va bat dang thic (@#.23) 1a
do e* > x + 1, Va. Bit dang thic (#.27) ngu y rang

opt 1
log —.

Ele(xp-1)] < m 3

Mt khdc, tif bat dang thic @.20) véi luu y rang g(x7) < a, ta co:

v Q(XT) - Q(XTA)

Cr < 4.28
T = (1—-56)% a—g(xr_1) ( )
opt  g(xr) — g(xr-1)
4.29
(1 —=56)2 a—g(xr_q) ( )
opt
< e (4.30)
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Nhu vay:

Elllxz[l1] < E[lxz[h] + Cr

1
(1+log X)opt

1
< (14 10€)*(1 + log X)opt

AN

o (1 — 561)3

1 1
< (14 50€1)(1 + log X)opt = (1+¢)(1+log X)opt.

Trong d6 bt diang thic thd hai do ¢; = ¢/50 < 1/50.
- Trudng hop 2. Néu T = log(1/))/(5€1) va lp = log(n) /ey ta c6: E[X] = ().
Theo B6 dé ta co:

a — Elg(xr)] < opt(1 — 561)(a — E[g(xr-1)])/v
(1 —5e1)(a — E[g(xr-1)])
ce S (1 — 561)TOK

—561% log(%)

VAN VAN VAN

IN

e
Q.

«

Do d6 E[g(x7)] > (1 — N)a ngu y rang E[f(x7)] > (1 — Ao

Miit khéc, trong trudng hop nay, thuit toan khong thoa man diéu kién ding.
Do d6, f(xr_1) < (1 — Aa ngu y ring o — g(xr_1) > a). Bing lap luan
tuong tu cua trudng hop 1, ta cling c6 Ele(xr_1)] < log(1/A)opt/(1 — 5¢1)? va
Cr < opt/(1 — 5¢1)?. Do do, trong trudng hop nay co:

Eflxz]] < (1+€)(1 + 1og(§))0pt.

Ta c6 diéu phai chiing minh. ]
4.5.3. Thuat toan chinh: BA

T thuat toan AdaptDRSC, luin 4n xay dung thuat todn xAp xi tiéu chi kép
BA (Bi-criteria Algorithm) vé6i gia thiét opt da biét dudc loai bd. Thuat todn chinh
nhan cdc tham s chinh xéac € € (0,1), A € (0, 1) lam dau vao. Vi 1 < opt < Bn,
ta cO thé dodn dugc v ctia opt thda man (1 — 5e;)v < opt < v, trong d6 €; = ¢/50
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bing cach tim kiém trén tap
C = ! 0< <1 ( B),jeN
— 0] 1 n .
(1—56) ) = 08 ()]

Péi v6i mdi v € C, ta tim cac 15i gidi Ging vién bang cach diéu chinh thuit toan
AdaptDRSC va chon giéi phdp c6 luc lugng nhd nhét x théa man f(x) > (1 —
A)a. Chi tiét day di cda thuat todn chinh dudc trinh bay trong Thuat toan (12| Hiéu
suit ctia thuit toan dugc néu trong Dinh ly .

Algorithm 12 : BA
Input: [ : ZY — R, a positive integer B, a, € € (0,1), X € (0, 1)
Output: vector x

1: 61<—50,Ce{ 10<j <log_1_ (nB)}
2: forallv e C (1n parallel) do

3: X' < AdaptDRSC(f, B, a, €1, A\, v)

4: end for

50 X <= arg Milyey. f(x0)>(1-Aa [l

6: return x

Pinhly4.2. Véi X € (0,1), € € (0,1), thudt todn BA chay trong O (log(1/X) log(n)/€?)
vong ldp tudn 1. N6 ton O ((n + log(n) log(B) log(1/€)/€*) log(nB) log(1/A)/€?)

truy vdn va trd vé Loi gidi xdp xi tiéu chi kép dat t11¢ ((1 + €)(1 + log(1/X)), 1 — \)

theo ky vong.

Chiing minh. Vong 13p chinh bao gébm nhiéu nhét log(nB)/(5¢1) budc 1dp va né
c6 thé dugc thuc hién song song. DO phiic tap song song cua thuit toan [12]1a
O (log(1/X)log(n)/€?) va do phic tap cia truy vén la

5ilog<nB>-o(%1og<§>< Slog(Dlog(m)log(E)) @31

€1

:O< log()\)log(nB)(n—i— log( )log( )10g(B))>. (4.32)

Ton tai mot v € A nao d6 théa man (1—5e;)v < opt < v. Dt j' = [log, /s, (opt)]
vaiv =1/(1—5¢),tacév > opt va

log_1_(opt) > [log 1_(opt)] =j'—1.
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Vi vay:

opt > > (1— 5ep)v. (4.33)

(1—5e)i—1 =

Bing cich st dung thuat toan AdaptDRSC, 15i giai x* dat dugc dam bao hiéu
suét nhu trong Dinh ly Vi thuit todn chinh trd vé 13i giai cho kich thudc nhod
nhat ma diéu kién chinh x4c dudc théa man. O

Luu y ring ta c6 thé giam s6 luong truy van cla thudt toan xudng

0(6 lo5(+) log( 1) log 1og(n ) (n + & log(1) log(r >1og<B>>)

= O ((n + log(n) log(B)) log log(nB))

néu st dung thii tuc tim kiém nhi phan d€ tim x. Tuy nhién, trong trudng hop nay,
do phuc tap song song tang tit O (logn) thanh O (log(n) log log(nB)).

Déi v6i trudng hop ciia bai toan SC, tic 1a B = 1, thuat toan nay van ddm
bao cung ti 1& x4p xi tiéu chi kép va do phiic tap song song. Po phiic tap truy van

lic nay giam xubng con O (nlog(n)log(1/))/€*). Tu Dinh ly 4.2} ¢6 hé qué cho
SC dudi day.

Hé qua 4.1. Déi vdi truong hop ciia bai todn SC, tiic la B = 1, thudt todn BA
6 d¢ phiic tap song song la O (log(n)log(1/))/€*), cdn d¢ phiic tap ciia truy
van la O (nlog(n)log(1/X)/€*) va trd vé loi gidi xdp xi tiéu chi kép vdi i I¢
((L+€)(1+1log(1/A)),1 — X) theo ky vong.

4.6. Két luan chuong

Trong chuong nay, ludn 4n d& xuit mot thuit todn song song hiéu qua cung
cAp giai phdp xap xi tiéu chi kép va cai thién dang ké ca do phtc tap song song va
truy van ctia cac thut todn hién c6 cho céc bai toan DRSC va SC.

Cho DRSC, thuat toan xap xi tiéu chi kép nay cho ti 1& ((1+4¢)(1+log(1/X)), 1—
A), v6i e, A € (0,1) la cic tham s6 dau vao da cho. Thuat toan can O((n +
log(n) log(B)) log(nB)) truy van va chay véi do phiic tap song song 1a O(log n).
Cho nén thuat toan ciia ludn 4n dadm bao do phtic tap song song va truy van tdt hon
so v6i cac thudt todn tién tién hién nay.

D€ gidi bai toan SC, thuat toan cho 15i gii xAp xi dat tiéu chi kép ((1+4¢)(1+
log(1/X)),1 — ) vé6i do phuc tap song song 1a O (logn) va do phuc tap truy van
la O (nlogn).
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Céc dam bao ly thuyét trén day déu c6 gid tri va vugdt troi hon so véi cac thuat
toan xap xi hién nay. Mit khac, thuat todn ndy ciing c6 thé phat trién trong tuong
lai khi dua thém céac rang budc nhu chi phi, matroid... giai trén IuGi nguyén.

Céc két qua nghién cifu ctia luan 4n da dugc cong nhan tai bai bao "A note for
approximating the submodular cover problem over integer lattice with low adap-
tive and query complexities", tap chi Information Processing Letter, Tap 182, 2023

(ISI/Q3).
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KET LUAN

Luan 4n nghién cifu thuit todn x4p xi cho bai toan t6i wu t& hop véi dit licu
16n, trong d6 tap trung nghién ctiu mot sd bai toan thudng gip trong phan tich di
liéu. Tir d6, khai quat thanh bai toan t6i da hAim submodular c6 rang budc va céc
bai todn mS rong khac. Cu thé, cac bai toan ma ludn 4n da trinh bay gdm: Bai
toan t6i da ham k-submodular véi rang buodc chi phi - kKSMK; Bai todn t6i da ham
submodular véi rang budc chi phi ¢6 nhiéu - SMKN; Bai toan Phi Submoudlar
trén ludi nguyén - DRSC. V6i mdi todn, ludn 4n dua ra céac thuat toan xap xi giai
quyét bai todn cho ti 1& x4p xi canh tranh, giam do phtic tap truy vin hoic do phic
tap song song, qua d6 gép phan giam thdi gian chay. Cic déng gép ciia luin 4n
bao gom:

1. D6i v6i bai toan kSMK, luan an dé xuat thuat toan FA dua do phiic tap truy
van vé tuyén tinh, trén co sé d6 dé xut thuat todn cai tién IFA, cdi tién ting cudng
IFA+ gidi quyét bai toan vé6i trudng hop ham muc tiéu don diéu. IFA+ cho ti 1&
xap xi t6t hon so vdi thuat todn t6t nhat hién nay, véi dd phic tap truy van gidm
xudng mot hé sb. Luan 4n ciing md rong két qua nghién ciu giai quyét véi ham
muc tiéu khong don diéu, dé xuét thuét toan xip xi tuyén tinh ting cuong RLA,
cho ti 1& x4p xi t6t tuong duong vé6i thuit todn t6t nhat hién nay nhung do phuc tap
truy van ciing gidm xuéng mot hé sb.

2.Dbi vé6i bai toan SMKN, luan 4n dé& xuit thuit toan tham lam GUN gidi
quyét bai todn. D€ cai thién tdc do cla thuit toan va khong gian luu trit, ludn 4n
da dé xuét thuit toan ludng IN'S d€ giai bai todn nay.

3. Ddi vé6i bai toan DRSC, luan 4n xay dung mot thuat toan song song tiéu chi
kép BA cho dd phiic tap truy vin va do phiic tap song song tét hon han céc thuat
todn tot nhat hién nay. Cac két qua c6 thé ap dung dudc sang bai toan SC va cho
két qua vugt troi hon cac két qua hién nay.

Trong tuong lai, NCS tiép tuc mé rong nghién ctiu cic bai toan bién thé khac
ctia bai toan toi da hAim submodular. Cc vin dé c6 thé md rong nghién ciu:

1. T6i da ham submodular véi rang budc d-knap;

2. Toi da ham non-submodular;

3. Bai todn kSMK trong moi trudng nhiéu;

4. Cac bai toan SM giai trén luéi nguyén.

Céc huéng nghién cifu bao gom:

- Tiép tuc phét trién cac thuat toan hiéu qua cho cdc bai todn;

- Nghién cuu cdc ting dung trong hoc may va tri tué nhan tao 1a thé hién cua
cac bai todn t6i da ham submodular.
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