
Image Blur Analysis for the Subpixel-level Measurement of

In-plane Vibration Parameters of MEMS Resonators

Ha Vu LEa, Michele GOUIFFESb, Fabien PARRAINb, Alain BOSSEBOEUFb and Bertrand

ZAVIDOVIQUEb

aCollege of Technology, Vietnam National University, Hanoi, 144 Xuan Thuy, G2-206, Cau

Giay, Hanoi, VIETNAM; E-mail: halv kcn@vnu.edu.vn
bInstitute d’Electronique Fondamentale, Bat. 220 - Centre Scientifique d’Orsay - F91405 Orsay

Cedex, FRANCE; E-mails: firstname.lastname@ief.u-psud.fr

ABSTRACT

The objective of this work is to develop a reliable image processing technique to measure the vibration parameters
on every part of MEMS resonators using microscopic images of the vibrating devices. Images of resonators
vibrating in high frequencies are characterized by the blurs whose point spread functions (PSFs) are expressed
in a parametric form with two parameters - vibration orientation and magnitude. We find it necessary to use the
reference image (image of the still object) when analyzing the blur image, to achieve a subpixel-level accuracy.
The orientation of the vibration is identified by applying the Radon transform on the difference between the
reference image and the blur image. A blur image is usually modeled as a convolution of the PSF of the vibration
with the reference image and added noise terms, assuming uniform vibration across the view. The vibration
magnitude could then be recovered by using a minimum mean-squared error (MMSE) estimator to find the
optimal PSF with the identified orientation. However, in real images only parts of the image belong to the
vibrating object and the vibration may not be uniform over all parts of it. To overcome that problem, we use
local optimization with a mean of weighted squared errors (MWSE) as the cost function instead of MSE. Indeed,
it is capable of suppressing non-vibrating high-frequency components of the image. Sensitivity analysis and
experiments on real images have been performed.
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1. INTRODUCTION

Measurements of in-plane motion/vibration parameters of micro-devices provide important information for an-
alyzing their dynamic characteristics. Several optical techniques are available for these measurements, but they
often require special settings in terms of optical devices and object surface structure, hence their application
is limited. Applying image processing methods on normally acquired microscopic images of operating micro-
devices is an inexpensive way to perform such measurements, and more importantly, these methods are much
less restricted in general. Although they are subject to the resolution limit of optical systems, image processing
techniques are able to go beyond the pixel toward subpixel-resolution computation.

An example of such a measurement is the vibration mode shape characterization. It requires the recovery
of vibration parameters for the entire visible surface of the vibrating device. The comb resonator displayed in
Fig.1 is a typical form of the vibrating MEMS devices. The structure of this device leads to some important
features of the images to be processed. The device has the drive combs that remain stationary when it operates
and the sense combs that make up the vibrating part. The vibrating part is usually a solid structure which is
clamped down at some places. That means the vibration will not appear uniform across the vibrating part of
the resonator. The vibration magnitude ranges from zero at the clamps to a maximum value which depends on
the amplitude of the drive signal. Thus, any image processing technique that aims at finding the accurate mode
shape of the vibration must be a local operator and have a subpixel resolution capability.

Images used for the measurements are microscopic images of vibrating MEMS devices, captured at common
video rates (15-30 frames per second). The vibration is excited by a sinusoidal signal, so its profile is also
sinusoidal. Reference images of the devices in static mode are also provided. Measurements are usually performed



Figure 1. Images of a comb resonator in static mode (left) and vibration mode (right).

when the devices operate at or near the resonant frequency which is in most cases are very high comparing to
the video rate. Given these conditions, the task of the image processing technique is to recover the vibration
field (orientation and magnitude in image pixels) for the entire field of view or a user-defined area.

In section 2 we investigate the existing image processing techniques in the literature which have been proposed
for the same or similar problems. Section 3 provides analysis of our approach to the problem, including the
solution formation and sensitivity analysis for the proposed method. Experimental results and analysis of the
results are presented in section 4. The last section of the paper includes suggestions and discussions for future
development and application of the proposed technique.

2. PRELIMINARY WORK

Images of vibrating resonators are characterized by the blur regions at the high-frequency parts (edges) of the
images. Measurements of in-plane vibration parameters could be obtained from the orientation and the extent
of these blur regions. The image processing techniques we have investigated for this purpose can be divided into
three groups: optical flow, blur identification, and vibration blur model-based approaches.

- Optical flow techniques

An optical flow is a dense 2-D vector field, which features the motion in a dynamic scene projected onto
an image plane. Simply speaking, an optical flow technique can identify the displacement at every point in the
image plane, usually between consecutive frames of a sequence, and uses a 2-D vector field to represent the
displacements for the whole image. By computing the optical flow between the vibration-blurred image and the
reference image (image of the still object), we hope to be able to retrieve the orientation of the vibration and
the maximum displacement, i.e. the blur extent, along the vibration orientation at every point. A benefit of
employing optical flow techniques is that most of these techniques can achieve subpixel accuracy without having
to use subpixel interpolation.

We have tested two popular differential techniques on the vibration-blurred images – the Horn-Schunck1 and
the Lucas-Kanade2 techniques. The difference between these two methods is their flow smoothness constraint.
While Horn and Schunck’s algorithm uses a global smoothness constraint, Lucas and Kanade assume the flow is
constant within each local region. Our experiments with these techniques did not produce any positive result.
It is not difficult to realize that the biggest problem of these methods is their reliance on the constant intensity
constraint. This constraint definitely does not hold in the blur regions.

Another approach to optical flow estimation is based on correlation. This is a matching approach, which
recovers the motion vector field by finding correspondences of pixels between image frames. We have tried local
block matching between the blur image and the reference image. This technique finds the displacement by
locating the position of maximum cross-correlation between the blur image and the reference image within a
local block of the point of interest. Subpixel accuracy can be achieved by using a second-order estimation of the



cross-correlation function.3 Our experiments show that a reasonable result can be obtained with this method if
the vibration orientation is known, otherwise grossly false matchings are common, mostly due to the repeating
pattern that is typical for this kind of images. This is not a problem though, since there are more reliable
techniques to identify the orientation of the vibration. On the other hand, a good accuracy, not necessarily
subpixel, proved to be very hard to gain. The block size is also a factor that affects the accuracy of this method.
Like other optical flow techniques, this correlation matching-based technique assumes constant intensities for the
moving points between frames. As we stated above, this assumption is inappropriate for the blur regions of the
images.

- Blur identification techniques

The objective of blur identification methods is to identify the parameters that characterize the point spread
functions (PSFs) of the blur regions. Even though most of the blur identification methods we can find in literature
are not specifically aimed at vibration blurs, methods that can apply to linear motion blurs can also apply to the
blurs caused by vibrations. Indeed, these two kinds of blurs are quite similar in appearance. As in the case of
linear motion, characteristics of the vibration are directly related to the orientation and the extent of the blur.

Most blur identification techniques do not require the use of the reference image. This is an advantage, but
it also limits their accuracy because they ignore the point spread function of the imaging system.

Based on the observation that the linear motion blur led to a rippling effect demonstrated in the power
spectrum of the blur image, Rekleitis proposed a method that uses a set of steerable filters to extract the
orientation of the ripple, which is identical to the orientation of the motion in the spatial domain, then recovers
the blur extent by analyzing the 1-D cepstrum, which is the inverse Fourier transform of the projection of the
log Fourier spectrum of the blur image onto an axis along the motion direction.4 This approach performs well
only if the image is spatially isotropic. Unfortunately, that is not the kind of images we need to process.

In the motion blur identification method proposed by Yitzhaky and Kopeika, motion direction is identified by
measuring the direction where the power spectrum of the blur image derivative is lowest.5 The autocorrelation
function of the blur image derivative along the motion direction should then have the distance from the zero-shift
point of the autocorrelation to its global minimum equal to the blur extent. Their method for identifying the
motion direction is also based on the assumption that images are spatially isotropic, that would make the image
resolution decreased mostly in the direction of the motion. That method could not work on the images having a
lot of parallel isolines like the ones used in our experiments. If assuming the motion direction is known, our tests
showed that their technique was able to recover the blur extent with an accuracy depending on the contrast of
the image.

- Vibration blur model-based approach

A subpixel-capable method for the measurement of the vibration magnitude for MEMS devices was demon-
strated by Burns and Helbig.6 Using the image of the device at rest, they synthesized the vibration-blurred
images for different values of the vibration magnitude, then decided the best value by finding the best fit to the
actual blur image. The coefficients they used for synthesizing blur images are identical to the coefficients of the
discrete 1-D point spread function of a sinusoidal vibration. They were able to achieve a 10-subpixel resolution.
However, there are several limitations with their system. First of all, they consider the vibration orientation a
known parameter. Secondly, they measured the vibration magnitude only along a line parallel to the vibration
orientation within a local region at a vibrating edge in the blur image. It means they assumed the vibration
magnitude is uniform along the line within this local region, which is not always the case. We will discuss these
points later.

Among all the approaches we have presented, the model-based method of Burns and Helbig is a good scheme
to start with, even though it lacks the capacity of a full-image processing technique. In the next section we will
present our development of such a capacity.

3. THEORETICAL FOUNDATION

Measurements of in-plane vibration characteristics are required in various systems to analyze the properties and
performance of micro- and nano-devices. Those measurements are diverse in range, accuracy, and processing



time requirements. The objective of our work is to develop a technique that can accommodate even the most
demanding measurements.

3.1 Point Spread Function of the Vibration

In a commonly-used model, an image i is modeled as the convolution of an object o with the point spread
function (PSF) h of the camera system, with some additive noise denoted by n: i = o ∗ h + n. If the object is
moving and its motion is characterized by a PSF p, its image captured by the same camera system is modeled
as g = (o ∗ p) ∗ h + ν, where ν denotes the additive noise in the image g. Let i0 = o ∗ h, we will have i = i0 + n
and g = (o ∗ p) ∗ h + ν = (o ∗ h) ∗ p + ν = i0 ∗ p + ν. Thus, it can be stated that the image of a moving object,
noise subtracted, is a convolution of the reference image of the object before it starts to move, noise subtracted,
with the PSF of the motion. By utilizing the reference image, we no longer have to worry about the parameters
of the imaging system as long as we keep them unchanged. Note that this model is correct only if the object
makes up the entire view or its images are taken against a solid background. It is rarely the case in the real
world, however the model is still widely-used with the assumption that it is valid at least at some local level.

Now consider the case of vibration. The continuous PSF of a sinusoidal vibration is given by the following:

p(x, y) =
1

Te

∫ Te

0

δ[x + d sin(2πft) cosα, y + d sin(2πft) sin α]dt (1)

in which, Te is the exposure time, f is the vibrating frequency, d denotes the vibration magnitude and the angle
α indicates the orientation of the vibration, and δ() is the 2-D Dirac delta function. Another way to express this
2-D PSF is to consider it a rotation by an angle α of the following 1-D PSF:

p(x) =
1

Te

∫ Te

0

δ[x + d sin(2πft)]dt (2)

In this case, δ() is the 1-D Dirac delta function.

To derive p(x), consider the vibration of a step edge, expressed in the form of the convolution r(x) = u(x)∗p(x)
between the step function u(x) and p(x), or by the integral:

r(x) =
1

Te

∫ Te

0

u[x + d sin(2πft)]dt (3)

For a high-frequency vibration, (3) can be approximated by taking the integral over just a single period of the
vibration, i.e., let Te = T0, where T0 = 1/f . By analyzing the sinusoidal vibration of the step function in a
period of the sine function, we obtained the following formula for r(x):

r(x) =
1

π
arcsin

x

d
+

1

2
, |x| < d (4)

Take the derivative of r(x), we have:

d

dx
r(x) =

1

π
√

d2 − x2
, |x| < d (5)

The derivative of r(x) can also be written in the following form:

d

dx
r(x) =

d

dx
[u(x) ∗ p(x)] =

d

dx
u(x) ∗ p(x) (6)

Since the derivative of the step function u(x) is the Dirac delta function δ(x), we can write:

d

dx
r(x) = δ(x) ∗ p(x) = p(x) (7)



From (5) and (7), we finally get the analytical form of the continuous PSF p(x):

p(x) =
1

π
√

d2 − x2
, |x| < d (8)

A same PSF was given by.7 However, some details on how they derived the PSF are missing, so we provide our
own derivation of the PSF because we will need those details for the sensitivity analysis part.

Note that this approximation does not depend on the exposure time and the vibrating frequency. It is a
function of only two variables, the vibration orientation, represented by α, and the magnitude d.

We need a discrete version of p(x), called p(n) (n = ... − 2,−1, 0, 1, 2...). Let ∆x be the interval and define
p(n) as:

p(n) =

∫ n∆x+∆x/2

n∆x−∆x/2

p(x)dx =

∫ n∆x+∆x/2

n∆x−∆x/2

1

π
√

d2 − x2
dx =

1

π
[arcsin

∆x(n + 1

2
)

d
− arcsin

∆x(n − 1

2
)

d
] (9)

Formula (9) can be used only for such n that [∆x(n− 1

2
), ∆x(n+ 1

2
)] lies inside [−d, d]. If [∆x(n− 1

2
), ∆x(n+ 1

2
)]

does not overlap [−d, d], p(n) will be zero. At the boundaries of the range [−d, d]:

p(n) =
1

2
− 1

π
arcsin

∆x(n − 1

2
)

d
], ∆x(n − 1

2
) < d < ∆x(n +

1

2
), or (10)

p(n) =
1

2
+

1

π
arcsin

∆x(n + 1

2
)

d
], ∆x(n − 1

2
) < −d < ∆x(n +

1

2
) (11)

Figure 2. Plot of the 1-D PSF of a sinusoidal vibration with a 2-pixel magnitude.

3.2 Identifying the Orientation

When the motion orientation of a moving object is constant over time, the sum of intensity values of all pixels
lying on a virtual straight line cutting through the view in the image capturing the object at any moment is
expected to be constant or to change the least if the line has the same orientation with the orientation of the
motion. Therefore, if we perform Radon transforms on the reference image and on the vibration-blurred image
over a same axis for both images, the difference between the two sets of Radon data will be minimum if the
selected axis is perpendicular to the orientation of the vibration while it will be maximized if the axis is parallel
to the orientation of the vibration. In reality, these two statements are not equivalent. The maximum-based
method is strongly affected by the anisotropic characteristics of the images, while the minimum-based method
is not. For example, if a vibrating line is neither parallel nor perpendicular to the vibration orientation, the
maximum change of intensity projections will appear along the orientation perpendicular to the line, not along
the orientation of the vibration. This example is illustrated in Fig.3.

We have developed an algorithm for identifying the vibration orientation. The algorithm can be described in
the following steps:



Figure 3. Images of a horizontal line (left) and its blur (right) caused by a vibration along the orientation of 20◦. The angle
resulted from the minimum-based angle identification method is 19◦, while the result produced by the maximum-based
method is 90◦.

1. Subtract the reference image from the blur image to obtain what we call the difference image.

2. Perform Radon transforms on the difference image over different axes with angles ranging from 0◦ to 180◦,
step of 1◦. The algorithm for Radon transform is described in8

3. The vibration orientation is identified as the one which is perpendicular to the axis associated with the set
of Radon data whose sum of the absolute of all values in the set is the smallest, or as the orientation of the
axis associated with the set of Radon data whose sum of the absolute of all values in the set is the largest.

By exploiting the reference image, this technique outperforms all the methods mentioned in section 2 in
finding the orientation of the vibration, as we sill see in the experimental part.

3.3 Finding the Optimal PSF

Once the orientation has been computed, the PSF is now a function of just a single variable d. We can use
a similar scheme as of Burns and Helbig,6 finding the optimal magnitude value that minimizes the following
mean-squared error MSE = E[(i ∗ p − g)2]. However, problem arises when the vibration is not uniform across
the view and there are non-blur high-frequency components in the real blur images. These non-blur components
either belong to the non-vibrating parts of the scene, or are artifacts of the imaging system. Local processing is
necessary, but not enough to eliminate the problem at every point. It is reasonable to assume the vibration is
locally uniform, but we can not assume the non-vibrating edges do not appear near the vibrating ones.

We propose to employ a mean of weighted squared errors (MWSE) as the cost function instead of the MSE.
The weights used in this function are the absolute values of the difference between the reference image and the
blur image: MWSE = E[|i − g|(i ∗ p − g)2]. The primary advantage of the MWSE is its capability to suppress
the contribution of the non-vibrating high-frequency components, that remain constant.

Plots of MSE and MWSE versus the vibration magnitude d computed at different local regions are shown in
Fig.4. To obtain these plots we used the real blur image shown in Fig.1. The local window size used in all these
examples is 9 × 9.

In the first example, the selected region is on a blurred edge (the position marked with number 1 in the image
in Fig.4). The vibration appears uniform for the entire region. This is an ideal case for both the MSE and the
MWSE, therefore both curves are smooth and each has a single minimum (both minima appear to be in a same
place).

The local region in the second example contains both vibrating and non-vibrating edges (near the cross at
the center of both images – the position marked with number 2 in the image. While that condition strongly



affects the MSE and eventually leads to a minimum located at a point several pixels away from the likely optimal
magnitude value, the MWSE curve appears closer to its ideal form.

The third example is an interesting case. The selected location is on a narrow beam that connects a clamped
end to the rest of the sense comb (the position marked with number 3 in the image. This beam appears in
the reference image as two very close parallel edges, only a single pixel apart from each other (i.e., there is a
high frequency component with the period of 2 pixels). Both are blurred edges in the blur image because of
the vibration of the beam. It results in the appearance of two minima in the MWSE curve with the distance of
approximately 2 pixels. This phenomenon may occur when there is a dominant spatial frequency component in
the image region of interest. The pattern of these curves can be better interpreted by considering the following
quantitative approximation of the MSE as a function of vibration magnitude in the Fourier domain:

MSE(d) = E|I(f)P (f, d) − I(f)P (f, D)|2 = E[|I(f)|2|P (f, d) − P (f, D)|2] (12)

where, I and P are the Fourier transforms of i and p, respectively, f is the frequency parameter, d is the
magnitude parameter, and D is the real vibration magnitude. If there is a dominant frequency f0 in the image
i such that, ∀f 6= f0 : |I(f)|2 << |I(f0)|2, (12) can be written in the form MSE(d) = λ|P (f0, d) − γ|2, in
which λ and γ are some constants. According to,9 the Fourier transform P (f0, d) is a zero-order Bessel function:
P (f0, d) = J0(2πf0d). Since that Bessel function has a wave form with the frequency f0, the MSE function will
also have a periodic component with the same frequency. A similar analysis can be drawn for the MWSE.

Figure 4. Top left: marked positions in an image of a comb resonator. Others: Plots of the MSE and the MWSE computed
within a local window of size 9 × 9 centered at point 1 (top right), point 2 (bottom left), and point 3 (bottom right),
respectively, in the image (the MWSEs have been scaled by a constant for better visualization).

Subpixel resolution can be obtained by using subpixel image interpolation or by using curve interpolation on
the values of the cost function. We can reduce the cost for interpolating image subpixels by using 1-D interpolation



instead of 2-D interpolation when the vibration orientation is parallel to one of the two axes of the image plane.
If the orientation of the vibration is not parallel to either of the two axes, we could rotate the image by the angle
of the orientation, but the rotation would require 2-D interpolation of image subpixels to reduce bias introduced
by itself. While linear interpolation is usually applied for image subpixel interpolation, there are several popular
methods for curve interpolation. We have tried two piecewise second-order curve interpolation techniques: cubic
spline interpolation and shape-preserving piecewise cubic interpolation.10 Performance comparison between these
two techniques will be presented in the experimental part.

3.4 Sensitivity Analysis

The goal of this part is to identify the theoretical sensitivity limit of our technique. One of the best case scenarios
is a step edge in the reference image which rises from the minimum intensity value, let it be zero, to the maximum
intensity value, let it be one, right at the border of an image pixel. Assume that the orientation of the step edge
is perpendicular to the x axis. The profile of the step edge along x is then represented by the step function u(x).
Let ρx and ρy are the sizes of each image pixel along x and y axes, respectively. The intensity value of a pixel
on the higher part of the edge is then given by s = ρxρy. Blur this edge by the PSF of a sinusoidal vibration
whose orientation is perpendicular to the x axis and the vibration magnitude is d. In our algorithm we used a
discrete version of the PSF, but with the step edge the discrete PSF will be able to produce an exactly identical
result as of the continuous PSF if we perform an η-subpixel interpolation, in which η is a common divisor of ρx

and d. Therefore, we will use the continuous PSF in our computation for this part. Then, the profile of the blur
edge along the x axis is the convolution r(x) = u(x) ∗ p(x), in which p(x) is the PSF given in (8). The analytical
form of r(x) has also been shown in (4). We therefore can calculate the intensity value of a pixel on the blur
edge corresponding to the one on the higher part of the edge in the reference image:

s′ = ρy

[

∫ d

0

r(x)dx +

∫ ρx

d

dx

]

= ρy

[

∫ d

0

(

1

π
arcsin

x

d
+

1

2

)

dx + (ρx − d)

]

(13)

= ρy

[

1

π

∫ d

0

arcsin
x

d
dx + ρx − d

2

]

= ρy

[

1

π

(

x arcsin
x

d
+

√

d2 − x2

)

|d
0

+ ρx − d

2

]

= ρy

(

ρx − d

π

)

(14)

Let L be the maximum number of intensity levels in the images. For the vibration to be realized, we must have
s − s′ > s/(2L), meaning d must be greater than π/(2L) of a pixel. For our imaging system, L = 256, so the
vibration magnitude must be greater than 1/162 of a pixel, or we could say the sensitivity of the measurement
is 162. In real images, the sensitivity must be much lower than this level because of noise and low contrast.

4. EXPERIMENTAL RESULTS

Images used in our experiments were taken with optical microscopes. The sample in these images is a MEMS
comb resonator which has the resonant frequency of about 8kHz. We used both simulated and real images in
our experiments. For the simulation cases, real reference images were used to simulate reference and blur images
with various vibration orientations and magnitudes, and noise was added to both simulated reference images
and blur images in order to evaluate the performance of the technique at different levels of signal to noise ratio
(SNR).

To measure the performance of the orientation identification algorithm, reference-blur image pairs were
generated with randomly selected vibration angles in the range [0◦, 180◦] and magnitudes within 1 and 10 pixels.
The angular resolution is 1◦ and the magnitude resolution is one pixel. Function radon of the Image Processing
Toolbox is used to execute Radon transforms in our MATLAB implementation of the algorithm. We tested both
implementations of the orientation identification algorithm, one is based on finding the Radon data set with the
minimum sum and the other searches for the maximum.

The means and standard deviations of errors of the angles computed by the minimum-based method at three
levels of SNR – 30dB, 20dB and 10dB, are presented in Table 1. For this method, we also computed the mean
error corresponding to each value of vibration magnitude (Fig.5a). The figures indicate a good performance at
low noise level (30dB SNR). At that noise level, this method becomes very accurate (errors smaller than 5◦)



when the vibration magnitude is large (greater than five pixels). But even a mean error of nearly 30◦ at the
magnitude of one pixel is not too bad comparing to the angular resolution of 45◦ at one-pixel distance.

The performance of the maximum-based implementation was extremely good at all noise levels in our ex-
periments, as shown in Table 1. However, it is necessary to point out that in the blur images used in these
experiments a large number of blur edges are either parallel or perpendicular to the vibration orientation. The
images were simulated in such a way which is consistent with the real vibrations of the comb resonator, but that
also results in some bias in favor of the maximum-based method.

SNR Minimum-based Maximum-based
(dB) Mean angular error Standard deviation Mean angular error Standard deviation
30 7.60◦ 9.85◦ 0.35◦ 0.55◦

20 15.50◦ 13.90◦ 0.36◦ 0.56◦

10 29.45◦ 19.87◦ 2.04◦ 9.92◦

Table 1. Mean angular errors and standard deviations of angular errors of the minimum-based and maximum-based
methods.

For testing the vibration magnitude computation algorithm, images were simulated with the same range and
resolution for vibration orientation as in the first part, but the range for the magnitudes was [0,10] with the
resolution of 32-subpixel. Correct values of vibration orientation were fed to the test program. As for the above
experiments, images were generated at three levels of SNR – 10dB, 20dB, and 30dB. Several different combina-
tions of subpixel image interpolation and MWSE curve interpolation were tested. We use MATLAB functions
interp1 and interp2 for the interpolations. Function interp2 is used for 2-D image interpolation, while function
interp1 is used for 1-D image interpolation and for MWSE curve interpolation as well. Five levels of image
interpolation were used: no interpolation (pixel level), 2-subpixel, 4-subpixel, 8-subpixel, and 16-subpixel. Linear
interpolation was the only method tested for image interpolation. For MWSE curve interpolation, however, the
curves were always interpolated at the resolution of 32-subpixel but with two different methods – the piecewise
cubic spline interpolation and the shape-preserving piecewise cubic interpolation.

Fig.5b shows the computed mean magnitude errors at all three levels of SNR. These numbers are the composite
mean values across all levels of image interpolation. We can see in this figure that the use of the shape-preserving
interpolation allows higher accuracy at low and medium noise levels (30dB and 20dB SNRs), but when the noise
level is high (10dB SNR) the spline interpolation-based implementations performed better.

Figure 5. (a) Plots of mean angular errors versus vibration magnitude for different SNRs, produced by the minimum-
based method. (b) Mean magnitude errors of the spline interpolation-based and the shape-preserving interpolation-based
methods at three levels of SNR.

Figs. 6 and 7 show the mean magnitude errors of the methods based on the spline interpolation the shape-
preserving interpolation of the MWSE curves, respectively, but this time they were computed for separate ranges
of vibration magnitude and image interpolation level. Only the measurements at the SNR of 30dB were used to



plot these two figures. Note that, while increasing the resolution of subpixel image interpolation usually helps to
improve the performance of the shape-preserving interpolation-based method (Fig.7), the same does not apply to
the spline interpolation-based method (Fig.6). As shown in Fig.6, subpixel image interpolation is not necessary
when using spline interpolation for the MWSE curve if vibration magnitude is greater than four pixels. These
figures also present the percentage errors for vibration magnitudes. According to them, large percentage errors
occur mostly with vibration magnitudes less than one pixel. Graphs in Figs. 8 and 9 present the same error
statistics as in Figs. 6 and 7, but for subranges of the subpixel range (0,1) of vibration magnitude. In general,
we were able to achieve the accuracy of about 0.05 pixel in all ranges.

Figure 6. Mean magnitude errors (left) and means of percentage errors (right) in different ranges of vibration magnitude
and subpixel image interpolation level of the spline interpolation-based method at 30dB SNR.

Figure 7. Mean magnitude errors (left) and means of percentage errors (right) in different ranges of vibration magnitude
and subpixel image interpolation level of the shape-preserving interpolation-based method at 30dB SNR.

In reality, the measurements are reliable only at or near the edge points in the images, in our technique only
the areas around edges are processed. Fig.10a displays a binary mask which is used for marking the regions to
be processed. The mask was generated from the reference image by using a Sobel edge detector.

The amplitude of the sinusoidal drive signal that were used to produce a series of real blur images used in our
experiments varies from 0Vpp to 7Vpp. The amplitude value associated with each blur image was provided. 16-
subpixel image interpolation and 32-subpixel spline interpolation for MWSE curve approximation were applied.
Fig.10b presents the plot of computed vibration magnitudes in pixel versus the amplitudes of the sinusoidal drive
signal for the image series under consideration. The magnitudes were measured at the position marked with
number 1 in Fig.4). The theoretical form of this plot is a straight line going through the origin. The sensitivity
of these measurements is about 1/0.05 as seen in the graph.



Figure 8. Mean magnitude errors (left) and means of percentage errors (right) in subpixel ranges of vibration magnitude
and subpixel image interpolation level of the spline interpolation-based method at 30dB SNR.

Figure 9. Mean magnitude errors (left) and means of percentage errors (right) in subpixel ranges of vibration magnitude
and subpixel image interpolation level of the shape-preserving interpolation-based method at 30dB SNR.

5. CONCLUSIONS AND DISCUSSIONS

We have presented an image processing technique to measure pixel-wide vibration orientations and magnitudes
from the blurs in microscopic images of vibrating MEMS resonators. In our experiments this technique was able
to achieve the accuracy of about 0.05 pixel in vibration magnitude for simulated blur images, and the sensitivity
of about 1/0.05 for real blur images. Even though this sensitivity is much smaller than the best-case sensitivity of
162 we obtained in sensitivity analysis part, it is still very good considering that the best interpolation levels used
in these experiments were 16-subpixel for image interpolation and 32-subpixel for MWSE curve interpolation.
We also would like to discuss few points that can either improve or affect the performance of this technique in
practice.

Image noise can be removed by a noise removal filter, but it also results in loss of information. Moreover,
image noise usually has a lower resolution than the subpixel resolution we desire, and the loss of information
resulted from noise removal is likely be at the same low resolution. That is why we must be very careful when
applying noise removal filters. Fortunately, microscopic imaging systems commonly have very low noise level
(SNR between 30dB to 50dB), and it appeared to us that the noise level can be further reduced by averaging
the images over a long sequence.

There are other types of noise affecting the PSF. For examples, vibration of the imaging system, or a
translation introduced by the offset in the drive signals of the resonator. If we are unable to limit the interference
on the PSF, a model-based scheme like what we have done is not the best approach. A likely better way then is



Figure 10. (a) A binary mask that shows the edge regions which will be processed. (b) Plot of computed vibration
magnitudes versus the amplitudes of the sinusoidal drive signal.

estimating the actual PSF, then trying to extract the sinusoidal vibration component from that PSF. The first
part of this approach is similar to what have been investigated by many blind deconvolution techniques.11

Local window size is an important factor to the performance of our technique, yet there is no effective way
to find an optimal size automatically, if there is one. In general, the local window at each point must be large
enough to cover the entire extent of the blur of that point, but not too large so the vibration within the entire
window can be considered uniform. It means, to decide the local window size we should have some approximation
of the range of vibration magnitudes appearing in the images. Moreover, a larger local window size leads to
higher computational cost, but it could also help reduce noise-induced errors.
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