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Abstract. This paper deals with dependability of imperfect implementations
concerning given requirements. The requirements are assumed to be written
as formulas in Duration Calculus. Implementations are modelled by continuous
semi-Markov processes with finite state space, which are expressed in the pa-
per as finite automata with stochastic delays of state transitions. A probabilistic
model for Duration Calculus formulas is introduced, so that the satisfaction prob-
abilities of Duration Calculus formulas with respect to semi-Markov processes
can be defined, reasoned about and calculated through a set of axioms and rules
of the model.

1. Introduction

Functional requirements and dependability requirements are two kinds of top-
level requirements on the design of computing systems which include software
embedded hard real-time systems. The functional requirements express what a
system must be able to do and what it must not do. The dependability require-
ments express that the probability for undesirable but unavoidable behaviour of
a system must be below a certain limit.

For the specification and verification of functional requirements for software
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Fig. 1. A system model

embedded hard real-time systems, many formal tools have been proposed, such as
Real-Time Logics [AlH89], Timed CSP [Sch91], Metric Temporal Logics [Koy90],
timed transition systems [HMP92], etc. Among them, Duration Calculus (DC)
[ZHR92] has proved to be a promising tool. One of the main features of DC
is that it can handle continuous time without explicitly referring to absolute
time. For dealing with the dependability requirements, the methods based on
principles from the fields of reliability engineering [Joh90] are used. The mathe-
matical foundation of these methods is the theory of probability and stochastic
processes (e.g. Markov processes). Clearly, a combined calculus capable of cop-
ing with both kinds of requirements would be desirable. Some attempts have
been made to extend DC to handle dependability requirements resulting in a
probabilistic DC [LSRZ94, LSRZ92]. However, these attempts are only for dis-
crete time. The model of implementations used in [LSRZ94, LSRZ92] is based on
probabilistic automata, in which transitions (events, actions) take place at dis-
crete time points represented by integers. The discrete time model is not suitable
for many practical applications because physical components work in continuous
time. As inspired by [SNH93], the present paper makes another attempt in this
direction. It uses probabilistic automata with transitions occurring in continu-
ous time to model implementations, and then establishes a probabilistic DC for
continuous time.

To illustrate our approach, let us consider an example. A simple and ab-
stract model of a system (computer system, telephone system, etc.) can be an
automaton consisting of two states: the operating state O and the failure state
F. Initially, the system is in state O. The system will be transited to state F
when failure occurs, which is modelled by the transition f from O to F . The
system can return to state O again when it is repaired, which is modelled by the
transition r from F to O (see Figure 1).

When the system enters state O, the transition f is enabled and happens
randomly, and therefore the delay time of f , denoted by tf , is a random variable
(or stochastic variable specifically). Similarly for the transition r. However the
delay time of r may be “less” random than the delay time of f , since system
repair may be more predictable than system failure. In order to characterise this
randomness, according to the probability theory, we can assume a function of t
and ∆t, denoted

P[t < tf ≤ t + ∆t],

defines the probability of an occurrence of f in the time period of (τ+t, τ+t+∆t],
under the condition that the system enters (or begins with) the state O at time
τ . Suppose that

lim
∆t→0

P[t < tf ≤ t + ∆t]/∆t = pf (t),
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then for a small ∆t, we have P[t < tf ≤ t+∆t] ≈ pf (t)∆t. In probability theory,
the function pf (t) is called the probability density function of the stochastic
variable tf . From the density function pf (t) we can calculate the probability
that the transition f occurs in (τ + a, τ + b] as

P[a < tf ≤ b] =
∫ b

a

pf (t)dt.

Thus, in an automaton, we associate with each transition a probability density
function characterising the randomness of its occurrence at each moment of time
after it becomes enabled. In reliability theory, the popular probability density
function for failure transition f is taken to be λe−λt (known as exponential
distribution [Joh90]), where λ is called the failure rate, since in this case

P[0 < tf ≤ ∆t] = λ
∫ ∆t

0
e−λtdt

= 1− e−λ∆t

= 1− 1 + λ∆t− (λ2(∆t)2)/2 + . . .
≈ λ∆t.

There are many well-known probabilistic distributions in the literature which
can characterise various stochastic variables.

In the previous paragraph, we have actually assumed that P[t < tf ≤ t+∆t]
is independent of system history and also of the time τ at which f becomes en-
abled, but depends only upon t, the length of time since f became enabled. This
assumption simplifies the model, and defines a so-called semi-Markov process
(see e.g. [Whi80]).

The untimed behaviour of the system in Figure 1 can be described by transi-
tion sequences such as fr, frf , frfr, etc. In order to represent real-time system
behaviour, we use transition sequences with time stamps, which record transition
delay time. We write, for example, (f, t1)(r, t2) to mean two consecutive transi-
tions f and r with delay times t1 and t2 respectively. It represents a behaviour
of the system in which the system starts in state O at time 0, stays in state
O until making transition f at time t1, and then stays in state F until making
transition r at time t1 + t2. Let h = t1 + t2. Then h is the completion time of the
timed transition sequence. (If h < t, by saying that the timed transition sequence
(f, t1)(r, t2) is a behaviour of the system at time t, we mean additionally that the
system makes no transitions for a period of (h, t].) Then, h is also a stochastic
variable and, from the probability theory, the probability density function of the
transition sequence fr is

pfr(h) =
∫ h

0

pf (t1)pr(h− t1)dt1

where pf (t) is the density function of f and pr(t) is the density function of r. In
fact,

pf (t1)pr(h− t1)

is the probability density of the occurrence of r at h on the condition that f
occurs at t1. pfr(h) defines the probability density of the transition sequence fr
with completion time h. Similarly, we can derive the probability density function
of an arbitrary transition sequence of the system.

After deriving the density function of system behaviour, we can consider the
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satisfaction probability of a system requirement. Following the previous example,
a requirement of the system in Figure 1 may be that in the period [0, t] the total
time that the system is in state F must be less than 5 percent of t. The behaviour
(f, t1)(r, t2) satisfies this requirement iff

t1 + t2 < t and t2 < t/20,

and the behaviour (f, t1)(r, t2)(f, t3)(r, t4) satisfies the requirement at t iff

t1 + t2 + t3 + t4 < t and t2 + t4 < t/20.

The satisfaction probability of the requirement can be calculated by integrating
the probabilities of the system behaviours which satisfy the requirement.

In the following sections, we elaborate the ideas listed above. We define in
the next section finite automata with stochastic delays of state transitions which
model imperfect implementations of systems, and introduce a probability mea-
sure on the set of system behaviours to establish a probability space. In the third
section we give a brief summary of DC. Since behaviours of finite automata with
stochastic delays of transitions correspond to semi-Markov processes with finite
state space in continuous time, we can easily define the probability that a system
satisfies a DC formula in a interval of time [0, t]. The definition of satisfaction
probability of DC formulas is given in the fourth section.

Once the definition is given, one can deduce properties concerning satisfaction
probabilities of DC formulas. We establish a formal calculus to formalise property
deductions in the fifth section. With the calculus the satisfaction probabilities
of DC formulas can be reasoned about, estimated or calculated formally. The
calculus is for continuous time, but it shares some axioms and rules with the
probabilistic DC presented in [LSRZ94, LSRZ92] for discrete time.

The sixth section is devoted to an example, which uses (generalised) expo-
nential and normal distributions to model a gas burner. We apply the calculus
to reasoning about its dependability.

2. Continuous time probabilistic automata

In this section, we give a probabilistic model for analysing system dependabil-
ity. We introduce finite probabilistic automata with stochastic delays of state
transitions, and call them continuous time probabilistic automata.

Definition 2.1. A continuous time probabilistic automaton is a tuple M =
(S, A, s0, pA, qA), where

1. S is a finite set of states,
2. A is a finite set of transitions, A ⊆ (S × S) \ {(s, s) | s ∈ S} (here we reject

idle transitions, and therefore assume (s, s) 6∈ A for all s ∈ S),
3. s0 ∈ S is the initial state of M ,
4. pA is an indexed set of probability density functions:

pA = {pa(t) | a ∈ A} ,

5. qA is an indexed set of probabilities,

qA = {qa | a ∈ A}
which satisfies the condition below.
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Let a = (s, s′) ∈ A and As = {(s, s′) ∈ A|s′ ∈ S} . As mentioned in the
introduction, our intention of introducing pa(t) is to specify that if M enters the
state s at an instant τ of time, then the probability density that the transition a
occurs at τ+t (delay-time of a is t) and causes M to change to the state s′ is pa(t)
independent of τ , given that this transition is chosen to occur in the case that
there is more than one transition enabled in s. The probability that a is chosen
to occur when M is in s is given by qa. Thus, we require that

∑
a∈As

qa = 1 for
s ∈ S which satisfies As 6= ∅.

From the model, it follows that if M enters the state s at time τ , then the
fact that M remains in the state s during (τ, τ + t] is equivalent to the fact that
no transition in As occurs in (τ, τ + t]. Therefore, the probability that M is still
in the state s during (τ, τ + t] given that M enters the state s at time τ is

us(t) = 1−
∑

a∈As

qa

∫ t

0

pa(t)dt

independent of τ , where qa

∫ t

0
pa(t)dt is the probability that a is chosen and

occurs within (τ, τ + t]. Clearly, when As = ∅, us(t) = 1 for all t.
Exponential distributions form an interesting special case of probabilistic

automata. In this case, for s ∈ S, there is λa > 0 assigned to each a ∈ As such
that

pa(t) =

( ∑

a′∈As

λa′

)
e
−t

∑
a′∈As

λa′ ,

qa = λa/

( ∑

a′∈As

λa′

)
,

us(t) = e
−t

∑
a′∈As

λa′ .

Then, for this case, we can prove that for all a ∈ As

pa(t + t′) = us(t)pa(t′).

Since us(t) is the probability that M stays in state s during [τ, τ + t] given that
M enters s at time τ , the equation means that, given that M remains in s at
time t, the probability of occurrence of a at t′ time units later is independent of
t. This property is known as the Markovian property in probability theory. In
this paper, when we say that M has the Markovian property in the state s we
means that pa(t + t′) = us(t)pa(t′) holds for any t, t′ ≥ 0.

For convenience, for a = (s, s′) ∈ A, we denote s and s′ by a− and a+

respectively.
A behaviour of the automaton M is a sequence σ = (a1, t1)(a2, t2) . . . (an, tn)

of transitions with delay-times such that a−1 = s0, a
−
i = a+

i−1 for i = 2, 3, . . . , n,
and ti > 0 for i = 1, 2, . . . , n. The projected sequence a1a2 . . . an is the sequence
of transitions of σ. The behaviour is characterised not only by the transition
sequence, but also by the transition delay-times. Hence, unlike in the case of dis-
crete time as in [LSRZ94, LSRZ92], the set of all behaviours of M is uncountable.
As mentioned in the introduction to the paper, given that M starts at time 0
in state s0, the probability density that the transition sequence w = a1a2 . . . am
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Fig. 2. A behaviour of automata

finishes exactly at time h (i.e. the last transition in the sequence takes place at
time h) is

pa1a2...am
(h) =

∫ h

0

pa1a2...am−1(t)pam
(h− t)dt

given that the sequence is chosen to occur.
For a behaviour σ, its prefix (a1, t1)(a2, t2) . . . (am, tm) is called its prefix at

t if it is the maximal prefix of σ with the property
∑m

i=1 ti < t. It implies that
until time t the behaviour σ performs the sequence of transitions a1a2 . . . am,
but no more.

For a transition sequence w = a1a2 . . . am accepted by finite automaton M
and for a time t > 0, the set of behaviours of M having prefix at t with w being
as the sequence of transitions (its projection on transitions) is denoted by Bw,t.

We can conclude that a behaviour σ of M is in Bw,t iff it satisfies (see fig. 2):

1. w is a prefix of the transition sequence of σ,
2. if h is the occurrence time of the last transition am of w, then h < t, and
3. within (h, t] there is no occurrence of transitions.

Hence, the probability P (Bw,t) that M performs a behaviour in Bw,t can be
calculated as follows (ε denotes the empty sequence).

P (Bw,t) =
{

us0(t) if w = ε

qw

∫ t

0
pw(h)ua+

m
(t− h)dh otherwise,

where for w 6= ε, qw = qa1 . . . qam is the probability that w is chosen to occur,
pw(h) = pa1a2...am(h) is the probability density that w finishes at h, given that
it is chosen to occur, and ua+

m
(t− h) is the probability that no transition occurs

within (h, t] given that w occurs at h. P (Bw,t) can be written in the following
form

P (Bw,t) =
∫

∑m

i=1
ti<t,

∀i:ti>0

(
m∏

i=1

(qaipai(ti))

)
ua+

m

(
t−

m∑

i=1

ti

)
dt1 . . . dtm .

Notice that, given t, the sets Bw,t with different w are disjoint, and for any
behaviour σ of M , there exists w such that σ is in Bw,t. This means that the set
X of all behaviours of M is

X =
⋃

w∈W

Bw,t ,

where W is the set of all transition sequences of M (W is the regular language
recognised by the finite automaton M , with S as the set of final states. Hence,
W is a finite or countable set). It is expected that
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Fig. 3. A probabilistic automaton

P (X) =
∑

w∈W

P (Bw,t) = 1

for any time instant t. This is shown in the following theorem of which a proof
is given in the Appendix.

Theorem 2.1. For any t > 0, P (X) = 1.

From Theorem 2.1, for any t > 0, the countable family {Bw,t|w ∈ W} forms
a complete, disjoint base of events. Therefore, given a subset R of behaviours
of M (say, R is the set of behaviours of M satisfying some requirement), the
probability that a behaviour belongs to R can be calculated as

P (R) =
∑

w∈W

P (Bw,t∩R)

where P (Bw,t∩R) denotes the probability that a behaviour in Bw,t belongs to
R.

Example 2.1. The following simple example, taken from [Joh90], illustrates our
notions. Let M be the automaton represented by the state transition graph in
Figure 3. M has three states: O (operation), FS (failed safe) and FU (failed
unsafe), and two transitions: a = (O, FS) and a′ = (O, FU). Let

pa(t) = pa′(t) = λe−λt, qa = C, qa′ = (1− C),

where 0 ≤ C ≤ 1. Then we can calculate

uO(t) = e−λt, uFS(t) = uFU (t) = 1, W = {ε, a, a′}.
and

P (Bε,t) = uo(t) = e−λt

P (Ba,t) =
∫ t

0

λCe−λhdh = C(1− e−λt)

P (Ba′,t) =
∫ t

0

λ(1− C)e−λhdh = (1− C)(1− e−λt).

Therefore the probability of the fact “FU is absent up to t” is

P (Bε,t) + P (Ba,t) = e−λt + C(1− e−λt),

which is the same as in [Joh90].

In order to define the probability that the behaviours of a system satisfy a
given requirement, where requirements are written as Duration Calculus (DC)
formulas, the following section presents a brief overview of DC.
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3. Duration Calculus: a brief summary

In this section, we give a brief summary of DC and its application to specification
of real-time systems. For more details, readers are referred to [ZHR92].

Time in DC is the set R+ of non-negative real numbers. For t, t′ ∈ R+, t ≤
t′, [t, t′] denotes the time interval from t to t′.

We assume a finite set E of Boolean variables called primitive states. E in-
cludes the Boolean constants 0 and 1 denoting false and true respectively. States,
denoted by P,Q, P1, Q1, etc., consist of expressions formed by the following rules:

1. Each primitive state P ∈ E is a state.
2. If P and Q are states, then so are ¬P, (P ∧Q), (P ∨Q), (P ⇒ Q), (P ⇔ Q).

A primitive state P is interpreted as a function I(P ) : R+ → {0, 1}. I(P )(t) = 1
means that state P is present at time instant t, and I(P )(t) = 0 means that state
P is not present at time instant t. We assume that a state has finite variability
in a finite time interval. A composite state is interpreted as a function which is
defined by the interpretations for the primitive states and Boolean operators.

For an arbitrary state P , its duration is denoted by
∫

P . Given an interpreta-
tion I of states and an interval, duration

∫
P is interpreted as the accumulated

length of time within the interval at which P is present. So for an arbitrary inter-
val [t, t′], the interpretation I(

∫
P )([t, t′]) is defined as

∫ t′

t
I(P )(t)dt. Therefore,∫

1 always gives the length of the intervals and is denoted by `.
The set of primitive duration terms consists of variables over the set R+ of

non-negative real numbers and durations of states. In this paper, a duration
term is defined either as a primitive term or as a linear combination of primitive
terms.

A primitive duration formula is an expression formed from terms by using
the usual relational operations on the reals, such as equality = and inequality <.
A duration formula is either a primitive formula or an expression formed from
formulas by using the logical operators ¬, ∧, ∨, ⇒, ⇔, and the chop ; (see below)
and quantifiers ∀, ∃ applied to variables ranging over R+.

A duration formula D is satisfied by an interpretation I in an interval [t′, t′′]
just when it evaluates to true for that interpretation over that time interval. This
is written as

I, [t′, t′′] |= D,

where I assigns every primitive state a finitely variable function from R+ to
{0,1}, and [t′, t′′] decides the observation window. So the satisfaction relation
has nothing to do with the values of the primitive state assigned by I outside
the observation window [t′, t′′]. That is, for interpretations I and I ′, if

I(P )(t) = I ′(P )(t), t′ ≤ t ≤ t′′

holds for all primitive states in D, then we can prove

I, [t′, t′′] |= D iff I ′, [t′, t′′] |= D.

Given an interpretation I, the chop-formula D1;D2 is true for [t′, t′′] if there
exists a t such that t′ ≤ t ≤ t′′ and D1 and D2 are true for [t′, t] and [t, t′′]
respectively.

We give now shorthands for some duration formulas which are often used.
For an arbitrary state P , dP e stands for (

∫
P = `) ∧ (l > 0). This means that
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P holds everywhere in a non-point interval. We use d e to denote the predicate
which is true only for point intervals. Modalities 3, 2 are defined as: 3D =
true; D; true, 2D = ¬3¬D. This means that 3D is true for an interval iff D
holds for some subinterval of it, and 2D is true for an interval iff D holds for all
subintervals of it.

DC has a set of axioms about states and rules which is sound and (relatively)
complete [HaZ91]. These axioms and rules are listed below.

DA 1.
∫

0 = 0.

DA 2. For an arbitrary state P ,
∫

P ≥ 0.

The additivity rule of durations is described as

DA 3. For arbitrary states P and Q,
∫

P +
∫

Q =
∫

(P ∨Q) +
∫

(P ∧Q).

The following theorem is provable from these axioms.

Theorem 3.1. For an arbitrary state P ,

1.
∫

P +
∫ ¬P = `,

2.
∫

P ≤ `.

The basic axiom relating chop (;) and duration (
∫

) states that the duration
of a state in an interval is the sum of its durations in subintervals constituting a
partition of the interval.

DA 4. Let P be a state and r, s non-negative real numbers.

(
∫

P = r + s) ⇔ (
∫

P = r;
∫

P = s).

From this axiom, we have

Theorem 3.2. For a state P ,

dP e ⇔ dP e; dP e.

The following induction rule extends a hypothesis over adjacent subintervals.
It relies on the finite variability of states and on the finiteness of the intervals,
that any interval can be split into a finite alternation of states P and ¬P .

DA 5. Let X denote a formula letter occurring in the formula R(X), and let P
be a state.

1. If R(d e) holds, and if R(X ∨ (dP e; X) ∨ (d¬P e; X)) is provable from R(X)
then R(true) holds.

This rule can be used to prove that a proper interval ends with either P or
¬P .

Theorem 3.3. For a state P

(true; dP e) ∨ (true; d¬P e) ∨ d e.

As induction hypothesis, the proof uses as R(X) the formula

X ⇒ (true; dP e) ∨ (true; d¬P e) ∨ d e.
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To conclude this section, we give some examples of using DC in specifying
real-time system. The requirement of the system (Figure 1) mentioned in the
introduction of the paper can be written as

∫
F ≤ 1/20`. Another example is a

simple gas burner taken from [ZHR92]. One of the time critical requirements of
a gas burner is specified by a DC formula denoted by Req-1, defined as

Req-1 ` > 60s ⇒ (20 ∗ ∫
leak ≤ `).

This says that if the interval over which the system is observed is at least 1
min, the proportion of time spent in the leak state is not more than one-twentieth
of the elapsed time. The requirement is refined into two design decisions

Des-1 2(dleake ⇒ ` ≤ 1s),
Des-2 2(dleake; d¬leake; dleake ⇒ ` ≥ 30s).
Des-1 says that any leak state must be detected and stopped within 1s, and

Des-2 says that leak must be separated by at least 30s. The correctness of the
design is reasoned about by proving the implication

Des-1 ∧ Des-2 ⇒ Req-1.
A timed automaton representing the design is shown in Figure 4.
In this timed automaton, each transition has a range of delay-time. For exam-

ple, the transition from state non-leak (N) to leak (L) has allowable delay-time
ranging from 30 to +∞, the transition from state leak to non-leak has allowable
delay-time ranging from 0 to 1. Every behaviour of the automaton which has al-
lowable delay-times of its transitions satisfies Des-1 ∧ Des-2, and thus satisfies
Req-1.

Now, suppose that in implementation, the delay-times of transitions are
stochastic variables with the probability density functions

p(N,L)(t) =
{

λe−λ(t−30) if t ≥ 30,
0 otherwise,

p(L,N)(t) =
a√
2πδ

e−
(t−0.5)2

2δ ,

where

a =
1

1− Φ(−0.5/
√

δ)
,

Φ(t) =
1√
2π

∫ t

−∞
e−

t2
2 dt.

Thus, p(L,N)(t) is approximated by the normal density function with mean
value 0.5 and deviation δ, which says that the average leak period is 0.5 second
and that the average difference between the period of a leak and 0.5 second (the
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average leak period) is δ. The density function p(N,L)(t) ensures that whenever
the system enters the state non-leak, it remain in non-leak for at least 30 seconds
(e.g. by ignoring heat requests, if any, during this time). After 30 seconds from
entering the state non-leak, the rate of becoming leak for the system is a constant,
namely λ.

4. Satisfaction probability of DC formulas

Given a continuous time probabilistic automaton M = (S, A, s0, pA, qA), and a
DC formula D over state variables in S, we are going to define the probability
for the fact that M satisfies D in an interval [0, t] of time.

For a behaviour σ = (a1, t1)(a2, t2) . . . (am, tm), the interpretation Iσ of state
variables defined by σ for DC formulas is as follows (see Figure 5).

Iσ(s)(t) = true ⇔ 
∃i.1 ≤ i ≤ m.a−i = s ∧

i−1∑

j=1

tj ≤ t <

i∑

j=1

tj




∨

a+

m = s ∧
m∑

j=1

tj ≤ t


 .

We say that D is satisfied by σ in [0, t] iff Iσ, [0, t] |= D. Thus, if σ satisfies
D in [0, t], then every behaviour for which the interpretation coincides with Iσ

up to the time t also satisfies D in [0, t]. In other words, the satisfaction of D by
σ in [0, t] depends only on its history up to time t. Let w = a1a2 . . . am ∈ W , we
define

Vw,t(D) =
{

(t1, t2, . . . , tm) | (
∑m

j=1 tj < t)and (∀i ≤ m : ti ≥ 0)
and I(a1,t1)...(am,tm), [0, t] |= D

}
.

Lemma 4.1. For all w ∈ W and t > 0,

µw(D)(t) =
∫

Vw,t(D)

(
m∏

i=1

(qaipai(ti))

)
ua+

m

(
t−

m∑

i=1

ti

)
dt1 . . . dtm

is well defined and

µw(D)(t) ≤ P (Bw,t).

Proof. By induction on the structure of DC formulas, it can be shown that for all
w ∈ W and t > 0, there is a finite number of sets of linear equations and linear
inequalities such that (t1, t2, . . . , tm) ∈ Vw,t(D) if and only if (t1, t2, . . . , tm)
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satisfies one of them. Thus, Vw,t(D) is a finite union of polyhedra in the m-
dimensional Euclidean space. Furthermore, by the definition of Vw,t(D),

Vw,t(D) ⊆ {(t1, t2, . . . , tm)| (∀i ≤ m : ti ≥ 0) ∧
m∑

i=1

ti < t}.

From the definition of the Riemann integral and the properties of density
functions, it follows that µw,t(D) is defined for all DC formulas D, and µw,t(D) ≤
P (Bw,t). The details of the proof are omitted.

By the definition, µw,t(D) is the probability that a behaviour in Bw,t satisfies
the DC formula D in the interval [0, t]. From the remarks at the end of Section
2, we define the satisfaction probability of a DC formula D by M as follows.

Definition 4.1. For a DC formula D, the probability µ(D)(t) that M satisfies
D in [0, t] is defined as

µ(D)(t) =
∑

w∈W

µw,t(D).

Notice that by Lemma 4.1 and Theorem 2.1, µ(D)(t) is always defined (i.e.
Definition 4.1 is meaningful), and

Theorem 4.1. µ(D)(t) ≤ ∑
w∈W P (Bw,t) = 1 for all DC formulas D and for

all t ≥ 0.

For the continuous time probabilistic automaton modelling the implementa-
tion of the simple gas burner in the last section, let, for example,

D = (dNe ∧ ` ≥ 30; dLe ∧ ` ≤ 1; dNe),
and

D′ = dNe.
Then, µw,t(D) = 0 for all w 6= (N, L)(L,N), and µw,t(D′) = 0 for all w 6= ε.

Thus, the probability that the system satisfies D in [0, 31] is

µ(D)(31) = µ(N,L)(L,N),31(D)

=
∫

t1≥30,

0<t2≤1,

t1+t2≤31

p(N,L)(t1)p(L,N)(t2)uN (t− t1 − t2)dt1dt2

=
∫

t1≥30,

0<t2≤1,

t1+t2≤31

p(N,L)(t1)p(L,N)(t2)dt1dt2

(uN (t) = 1 when t ≤ 30)

=
∫ 31

0

(p(N,L)(t1)
∫ min(31−t1,1)

0

p(L,N)(t2)dt2)dt1

=
∫ 31

30

(p(N,L)(t1)
∫ 31−t1

0

p(L,N)(t2)dt2)dt1.
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The probability that the system satisfies D′ is µ(D′)(t) = µε,t(D′) = uN (t),
which is 1 if t ≤ 30, and is e−λ(t−30) otherwise.

Here, we should note that, since DC formulas do not refer to absolute time,
the probability µ(D) depends only on the duration of time that M is in operation
and is independent of the absolute time when the system starts. In other words,
µ(D)(t) is the probability that D is satisfied by M in the interval of time [τ, τ +t]
given that M starts in s0 at time τ , and µ(D)(t) is independent of τ .

For the simplicity of our presentation, in the sequel we assume that each
(s, s′) ∈ S × S which is not a transition (i.e. (s, s′) 6∈ A), where s 6= s′, is asso-
ciated with a probability q(s,s′) = 0 and an arbitrary density function p(s,s′)(t).
From Definition 2, this assumption preserves the satisfaction probability of DC
formulas.

5. Probabilistic Duration Calculus for semi-Markov
models with continuous time

As mentioned in the introduction to the paper, we extend DC to handle both
kinds of requirements in a uniform model. The extended calculus has µs(D) as
additional functions, where D is a DC formula, and can calculate and reason
about those additional functions, where µs(D)(t) denotes the satisfaction proba-
bility of D in [0, t] by M , assuming that M starts in state s. To distinguish from
the calculus proposed in [LSRZ94, LSRZ92], we call it Probabilistic Duration
Calculus (PDC) for continuous time, or just PDC when the time is understood
to be continuous from the context.

The PDC is based on DC and real analysis with additional functions µs(D)(t).
A primitive formula of PDC is an expression built from terms of function

µs(D)(t), using relational operators, such as equal = and less than < with their
usual meanings.

A formula of PDC is a primitive formula or an expression built from formulas
using the first order logic operators.

As an extension, PDC includes all axioms and rules from DC for DC formulas.
We present here the additional ones for PDC formulas. The soundness of our
axioms and rules can be proved easily using the definitions in previous sections.

In the sequel, to avoid the heavy use of the brackets, we assume that the
operator ∧ binds more tightly than the operator ; .

The Duration Calculus formula true is satisfied by any behaviour for any
time t, and t is the length of the interval [0, t].

AR 1. For the formula true,

∀s ∈ S∀t ≥ 0 : µs(true)(t) = µs(
∫

1 = t)(t) = 1 .

The following axiom formalises the additivity rule in probability theory.

AR 2. Let {Dk|k ∈ K} be a finite or countable set of DC formulas such that
Di ⇒ ¬∧Dj for all i, j ∈ K, i 6= j. Let D be a DC formula satisfying D ⇔ ∃k ∈
K : Dk. Then, for all s ∈ S, t > 0

µs(D)(t) =
∑

k∈K

µs(Dk)(t).

The satisfaction probability is monotonic in the sense that
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AR 3. If D1 ⇒ D2 holds in the duration calculus, then for all t > 0, µ(D1)(t) ≤
µ(D2)(t) holds in PDC.

The three axioms and rules given above come directly from probability theory,
and the following theorem can be easily proved from them.

Theorem 5.1. For arbitrary duration formulas D, D1, D2 and D3, for all t ≥ 0,
s ∈ S

1. µs(D1 ∨D2)(t) + µs(D1 ∧D2)(t) = µs(D1)(t) + µs(D2)(t),
2. µs(D)(t) + µs(¬D)(t) = 1,
3. µs(false)(t) = 0,
4. 0 ≤ µs(D)(t) ≤ 1,
5. If D1 ⇔ D2 in duration calculus, then µs(D1)(t) = µs(D2)(t),
6. If D1 ∧D2 ⇒ D3 in duration calculus, then

µs(D1)(t) = 1 ⇒ µs(D2)(t) ≤ µs(D3)(t) .

The following axioms formalise our probabilistic model. The axiom AR 4 for-
malises our assumption on initial states, and AR 5 formalises the meaning of the
probability density functions of transitions.

AR 4. For any s ∈ S, t ≥ 0,

µs(dse; true)(t) = 1

AR 5. For arbitrary states s, s′ ∈ S, s 6= s′ such that a = (s, s′) ∈ As and t > 0,
0 ≤ c ≤ b < t

µs((dse ∧ c ≤ ∫
1 ≤ b); (ds′e; true ∧D))(t) =

∫ b

c

qapa(h)µs′(D)(t− h)dh.

From AR 4 and AR 5, we have the following theorem.

Theorem 5.2. For an arbitrary DC formula D, for s, s′ ∈ S, s 6= s′ and for
t > 0

1. µs(ds′e; true)(t) = 0,
2. µs(dse)(t) = us(t).

Proof. From our definition of interpretations of DC over the set S of states, it
follows that

true = d e ∨
∨

s′∈S

ds′e; true.

Taking into account that (ds′e; true ∧ ds′′e; true) ⇒ false when s′ 6= s′′, from
AR 2 and AR 1, we have for all t > 0

1 =
∑

s′∈S

µs(ds′e; true)(t) + µs(d e).

Since µs(d e) ≥ 0 and µs(ds′e; true)(t) ≥ 0 by Theorem 6, from AR 4 it follows
that µs(d e) = µs(ds′e; true)(t) = 0 when s 6= s′, which is the first part of the
theorem.

Similarly, we have
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dse; true = dse ∨ (
∨

s′∈S,s′ 6=s

dse; ds′e; true)

from which it follows, combining with AR 2, AR 5,

µs(dse; true)(t) = µs(dse)(t) +
∑

s′∈S,s′ 6=s

µs(dse; ds′e; true)(t)

= µs(dse)(t) +
∑

a∈As

qa

∫ t

0

pa(h)dh.

This implies, by the definition of the function us(t) and AR 4,

µs(dse)(t) = 1−
∑

a∈As

qa

∫ t

0

pa(h)dh

= us(t).

The proof is completed.

The following axiom is for the Markovian property.

AR 6. Let M have the Markovian property in a state s′ ∈ S. Then, for arbitrary
DC formulas D and D′, for a = (s′, s′′) ∈ As, s 6= s′

1. µs((D ∧ (true; ds′e) ∧ ∫
1 = t); ((ds′e; true) ∧D′))(t + t′) =

µs(D ∧ (true; ds′e))(t)µs′(D′)(t′),

2. µs((D∧(true; ds′e)); ds′′e)(t) =
∫ t

0
µs(D∧(true; ds′e))(h)qapa(0)us′′(t−h)dh.

AR 6-1 is true, because if the Markovian property is satisfied in the state s′
then the event “starting in the state s′ at time t, M satisfies DC formula D′
in t′ time units forward” is independent of the event “starting at time 0 in the
state s, M arrives in the state s′ at time t with the satisfaction of D in [0, t]”.
Thus, in this case, the probability in the left hand side of AR 6-1 is the product
of the probabilities listed in the right hand side. A similar reasoning applies for
AR 6-2.

Since the set of behaviours satisfying formula D in a interval [0, t] can be
partitioned into the countable union of subsets of Bw,t, each of which represent
finite variability of the states of the system in the interval [0, t], we have the
following induction rule. PDC Let R(X) be a PDC formula, where X is a variable
ranging over duration formulas. R is said to be disjunction closed, if R(X ∨ Y )
is provable from R(X) and R(Y ) assuming that X ∧ Y ⇔ false.

AR 7. Let R(X) be disjunction closed.

1. If R(d e) holds, and R(X; ds′e) is provable from R(X) for any s′ ∈ S, then
R(true) holds.

2. If R(d e) holds, and R(ds′e; X) is provable from R(X) for any s′ ∈ S, then
R(true) holds.

The following theorem follows from AR 7 and the properties of the integral.

Theorem 5.3. For all s, s′, s0 ∈ S, s 6= s′, for t > 0

µs0(((true; dse) ∧ ∫
1 = x); (ds′e; true))(t) = 0.

Proof. From AR 5, we have for any y
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µs((dse ∧
∫

1 = y); (ds′e; true))(t) = 0.

Let

R(X) ⇔ ∀s′′ ∈ S : (µs′′(((ds′′e; X; dse) ∧ ∫
1 = x); (ds′e; true))(t) = 0).

Clearly, by Theorems 5.1 and 5.2 and AR 3, R(X) satisfies the condition AR 7
trivially. Further, by AR 1 and AR 5, for all s′′ ∈ S, s′′ 6= s

µs′′(((ds′′e; dse) ∧
∫

1 = x); (ds′e; true))(t)
= µs′′((ds′′e; dse); ((ds′e; true) ∧ ∫

1 = t− x))(t)

=
∫ h

0

q(s′′,s)p(s′′,s)(t′)µs(dse; ((ds′e; true) ∧ ∫
1 = t− x))(t− t′)dt′

=
∫ h

0

q(s′′,s)p(s′′,s)(t′)µs((dse ∧
∫

1 = x− t′); (ds′e; true))(t− t′)dt′

Since µs((dse ∧
∫

1 = x − t′); (ds′e; true))(t) = 0 as mentioned at the beginning
of the proof, it can be seen that R(d e) is true.

Now, suppose that R(X) holds. Similarly, we can show, for any s′′′ ∈ S

µs′′′((ds′′′e; ds′′e;X; dse) ∧ ∫
1 = x; (ds′e; true))(t) = 0.

By AR 7, we can conclude that R(true) holds, which implies the conclusion
of the theorem.

The property of the Markov model is presented in the following theorems.

Theorem 5.4. Assume that M has the Markovian property at s′ ∈ S. Then,
for arbitrary DC formulas D, D1 and D2

1. µs(D∧(true; (ds′e∧∫
1 > m)))(t+m) = µs(D∧(true; ds′e))(t)us′(m), where

m ≥ 0.
2. If for all t > 0, µs(D1; ds′e)(t) = µs(D2; ds′e)(t), then

µs(D1; ds′e; (D ∧ ∫
1 = r))(t) = µs(D2; ds′e; (D ∧ ∫

1 = r))(t).

Proof. The first item follows directly from AR 6-1 and Theorem 5.2. The second
item is proved as follows. From the property of DC formulas, by AR 2 we have,
for i = 1, 2,

µs(Di; ds′e; (D ∧ ∫
1 = r))(t) =∑

s′′∈S µs(Di; ds′e; (D ∧ ∫
1 = r ∧ (ds′′e; true)))(t).

For s′′ 6= s′, µs(Di; ds′e; (D ∧ ∫
1 = r ∧ (ds′′e; true)))(t) = 0 by Theorem 5.3

taking into account the fact that µs(Di; ds′e; (D ∧ ∫
1 = r ∧ (ds′′e; true)))(t) =

µs((Di; ds′e)∧
∫

1 = t−r; (D∧(ds′′e; true)))(t) which is derived from Theorem 5.1
(6) and AR 1. Furthermore, by AR 6, we have for i = 1, 2,

µs(Di; ds′e; (D ∧ ∫
1 = r ∧ (ds′e; true)))(t)

= µs(Di; ds′e)(t− r)µs′(D ∧ ∫
1 = r ∧ (ds′e; true))(r)

From the assumption of the theorem, we have

µs(D2; ds′e)(t− r)µs′(D ∧ ∫
1 = r ∧ (ds′e; true))(r)

= µs(D1; ds′e)(t− r)µs′(D ∧ ∫
1 = r ∧ (ds′e; true))(r)

Thus,
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µs(D1; ds′e;D ∧ ∫
1 = r)(t) = µs(D2; ds′e;D ∧ ∫

1 = r)(t).

The next theorem demonstrates the power of AR 6 (a proof is given in the
Appendix).

Theorem 5.5. Let the Markovian property be satisfied for all s ∈ S, and let
fs(t) = µs0(true; dse)(t). Let, for s, s′ ∈ S,

cs,s′ =
{

q(s,s′)p(s,s′)(0) if s 6= s′,
−∑

(s,s′′)∈A q(s,s′′)p(s,s′′)(0) otherwise.

Then fs(t), s ∈ S, are the unique solutions of the forward equation

d

dt
fs(t) =

∑

s′∈S

fs′(t)cs,s′ , s ∈ S.

Hence, fs(t)(s ∈ S) define the probability distribution of a time-homogeneous
honest Markov process (see [CoM90]). Note that fs(t) is the probability that M
is in s at time t given that M started in s0 at time 0. From the equation, many
interesting properties of fs(t) (see e.g. [CoM90]) can be derived.

Theorem 5.6. Assume that the Markovian property is satisfied for all s ∈ S.
Then, for t′ ≥ t

µs(D)(t) = d ⇔ µs((D ∧ ∫
1 = t); true)(t′) = d.

Proof. By writing

true = d e ∨
∨

s′∈S

ds′e; true,

we have

D = (D ∧ d e) ∨
∨

s′∈S

D ∧ (true; ds′e).

Now, by writing

true = d e ∨
∨

s′′∈S

true; ds′′e

we have by AR 2,

µs(D ∧ ∫
1 = t; true)(t′)

=
∑

s′,s′′∈S µs

(
D ∧ ∫

1 = t ∧ (true; ds′e); (ds′′e; true)
)
(t′).

From AR 2 and 6 and Theorem 5.3, it follows that

µs(D ∧ ∫
1 = t; true)(t′)

=
∑

s′∈S µs

(
D ∧ ∫

1 = t ∧ (true; ds′e); (ds′e; true)
)
(t′)

=
∑

s′∈S µs(D ∧ ∫
1 = t ∧ (true; ds′e)(t)× 1

= µs(D)(t).
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6. Example

Now we use the calculus to estimate the satisfaction probability of Req-1 in an
interval of time [0, t] of the simple gas burner system in the example given at
the end of Section 3. For simplicity we adopt the following denotations (by our
convention, µ(D)(t) = 0 for all t < 0).

D1 = dNe D′
1 = dNe

R1 = dLe ∧ ` ≤ 1 R′1 = dLe
D2k = dLe ∧ ` ≤ 1; D2k−1 D′

2k = dLe; D′
2k−1

D2k+1 = dNe ∧ ` ≥ 30; D2k D′
2k+1 = dNe; D′

2k
R2k = dNe ∧ ` ≥ 30; R2k−1 R′2k = dNe; R′2k−1

R2k+1 = dLe ∧ ` ≤ 1; R2k R′2k+1 = dLe; R′2k
a2k(t) = µL(D2k)(t) a′2k(t) = µL(D′

2k)(t)
a2k−1(t) = µN (D2k−1)(t) a′2k−1(t) = µN (D′

2k−1)(t)
b2k(t) = µN (R2k)(t) b′2k(t) = µN (R′2k)(t)

b2k−1(t) = µL(R2k−1)(t) b′2k−1(t) = µL(R′2k−1)(t)

k = 1, 2, 3, . . .

Assume that the system starts in the state N . The duration formula D2k−1 is
satisfied at time t by the system iff the system satisfies Des-1 ∧ Des-2 at time t
and there are 2k− 2 transition occurrences in (0, t); the duration formula D′

2k−1
is satisfied at time t by the system iff there are 2k − 2 transition occurrences in
(0, t). Similarly, the duration formula R2k is satisfied at time t by the system iff
the system satisfies Des-1 ∧ Des-2 at time t and there are 2k − 1 transition
occurrences in (0, t); the duration formula R′2k is satisfied at time t by the system
iff there are 2k− 1 transition occurrences in (0, t). Since Di and Dj , D′

i and D′
j ,

Ri and Rj are mutually exclusive when i 6= j, from AR 2 it follows that

µN (Des-1∧ Des-2)(t) =
∞∑

k=1

(a2k−1(t) + b2k(t)),

1 = µN (true)(t) =
∞∑

k=1

(a′2k−1(t) + b′2k(t)).

Let

ρ(t) =
∫ t

0

p(N,L)(h)dh =
{

1− e−λ(t−30) if t > 30
0 otherwise,

ε(t) =
{ ∫ t

1
p(L,N)(h)dh if t > 1

0 otherwise,

ε′(t) =
{ ∫∞

t
p(L,N)(h)dh if t > 1

0 otherwise.

We have that ρ(t) ≥ ρ(t′), ε(t) ≥ ε(t′) for t ≥ t′ > 1, and ε′(t) < c =∫∞
1

p(L,N)(h)dh for all t > 0.
We show by induction on k that when t < (k − 1)30

a2k−1(t) = a2k(t) = b2k−1(t) = b2k(t) =
a′2k−1(t) = a′2k(t) = b′2k−1(t) = b′2k(t) = 0,

(1)
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otherwise,

a2k(t) ≥ a′2k(t)− ε(t)
1− ρ(t)k−1

1− ρ(t)
(2)

a2k+1(t) ≥ a′2k+1(t)− ε(t)
1− ρ(t)k

1− ρ(t)
ρ(t) (3)

b2k(t) ≥ b′2k(t)− ε(t)
1− ρ(t)k−1

1− ρ(t)
ρ(t)− cρ(t)k (4)

b2k+1(t) ≥ b′2k+1(t)− ε(t)
1− ρ(t)k

1− ρ(t)
− cρ(t)k (5)

Basic step. Let k = 1. When t < 0, (1) is satisfied obviously. Let us verify the
remainder. If t ≥ 1, from AR 5,

a2(t) =
∫ 1

0

p(L,N)(h)µN (D1)(t− h)dh

=
∫ t

0

p(L,N)(h)µN (D1)(t− h)dh−
∫ t

1

p(L,N)(h)µN (D1)(t− h)dh

≥ µL(D2)(t)− ε(t)
= a′2 − ε(t).

Since ε(t) = 0 when t < 1, also by AR 5, a2(t) = a′2(t) − ε(t). Therefore, (2) is
satisfied for all t ≥ 0. From this, we have

a3(t) =
∫ t

0

p(N,L)(t)a2(t− h)dh

≥
∫ t

0

p(N,L)(t)a′2(t− h)dh− ε(t)
∫ t

0

p(N,L)(t)dh

≥ a′3(t)− ε(t)ρ(t).

So, (3) is true for k = 1.

b1(t) = µL(R1)(t) =
{

µL(R′1)(t) if t ≤ 1
0 otherwise

=
{

µL(R′1)(t) if t ≤ 1
1− ∫ t

0
p(L,N)(h)dh− ∫∞

t
p(L,N)(h)dh otherwise

=
{

µL(R′1)(t) if t ≤ 1
qL(t)− ∫∞

t
p(L,N)(h)dh otherwise

= b′1(t)− ε′(t)
≥ b′1(t)− c

Consequently, by AR 5,

b2(t) =
∫ t

0

p(N,L)(t)b1(t− h)dh
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≥
∫ t

0

p(N,L)(t)b′1(t− h)dh− c

∫ t

0

p(N,L)(t)dh

≥ b′2(t)− cρ(t).

Thus, (4) is satisfied. (5) follows immediately from (4) and AR 5.
Induction step. Assume that (1)-(5) are true for some natural number k. We
show that they are true for k + 1.

(1) follows immediately from AR 5, the induction hypothesis and the fact
that p(N,L) = 0 when t ≤ 30. (2), (3) and (4), (5) are similar, so we prove (4),
(5). By AR 5, the induction hypothesis, the definitions of ε, ε′, and the properties
of probability density functions, we have, for t ≥ k × 30,

b2k+2(t) =
∫ t

0

p(N,L)(h)b2k+1(t− h)dh

≥
∫ t

0

p(L,N)(h)b′2k(t− h)dh−

1− ρ(t)k

1− ρ(t)
ε(t)

∫ t

0

p(N,L)(h)dh− cρ(t)k

∫ t

0

p(N,L)(h)dh

= b′2k+2(t)−
1− ρ(t)k

1− ρ(t)
ρ(t)ε(t)− cρ(t)k+1.

So, (4) is true for k + 1. From this, we have

b2k+3(t) =
∫ 1

0

p(L,N)(h)b2k+2(t− h)dh

≥
∫ 1

0

p(L,N)(h)b′2k+2(t− h)dh−

1− ρ(t)k

1− ρ(t)
ρ(t)ε(t)

∫ 1

0

p(L,N)(h)dh−

cρ(t)k+1

∫ 1

0

p(L,N)(h)dh

≥ b′2k+3(t)−
∫ t

1

p(L,N)(h)b′2k+2(t− h)dh−

1− ρ(t)k

1− ρ(t)
ρ(t)ε(t)− cρ(t)k+1

≥ b′2k+3(t)− ε(t)− 1− ρ(t)k

1− ρ(t)
ρ(t)ε(t)− cρ(t)k+1

= b′2k+3(t)−
(

1− ρ(t)k

1− ρ(t)
ρ(t) + 1

)
ε(t)− cρ(t)k+1

= b′2k+3(t)−
1− ρ(t)k+1

1− ρ(t)
ε(t)− cρ(t)k+1.

Thus, (5) is satisfied for k + 1 as well. The proof is completed.
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Now, we estimate µN (Des-1 ∧ Des-2)(t). Let n = bt/30c. Then, it follows
from (1) that a2k−1(t) = b2k(t) = a′2k−1(t) = b′2k(t) = 0 for all k > n. Combining
with (2) and (5), we have

µN (Des-1∧ Des-2)(t)
=

∑n
k=1(a2k−1(t) + b2k(t))

≥ ∑n
k=1(a

′
2k−1(t) + b′2k(t))− 2 ρ(t)

1−ρ(t)ε(t)
∑n

k=1(1− ρ(t)k−1)−
c
∑n

k=1 ρ(t)k

= 1− 2 ρ(t)
1−ρ(t)ε(t)

(
n− 1− ρ 1−ρ(t)n−1

1−ρ(t)

)
− cρ(t) 1−ρ(t)n

1−ρ(t) ,

or, more roughly,

µN (Des-1∧ Des-2)(t) ≥ 1− ρ(t)
1−ρ(t)c

(
2n− 1− 21−ρ(t)n−1

1−ρ(t) − ρ(t)n
)

≥ 1− ρ(t)
1−ρ(t)c

(
2n− 1− 21−ρ(t)n−1

1−ρ(t)

)
.

Therefore, for a fixed t and a given probability ∆ < 1, the formula Des-1 ∧
Des-2 is satisfied by the system in [0, t] with probability at least ∆ if

ρ(t)
1− ρ(t)

c

(
2n− 1− 2

1− ρ(t)n−1

1− ρ(t)

)
≤ 1−∆.

We now suppose that the rate of becoming leak is

λ = (10× 24× 3600)−1 (in one second),

and determine δ such that the requirement Req-1 is satisfied by the system in
one day (t = 24× 3600 seconds) with the probability at least 0.99. In this case,
we have

n = 8× 360,

ρ(t) = 1− eλt ≈ λt = 0.1,

ρ(t)
1− ρ(t)

= 1/9,

ρ(t)
1− ρ(t)

c

(
2n− 1− 2

1− ρ(t)n−1

1− ρ(t)

)
≤ 1/9× 16× 360× c = 640c.

Thus, it is sufficient to have δ such that c ≤ 0.01/640 ≈ 0.000015. This means,

c = aΦ(−0.5/
√

δ) =
Φ(−0.5/

√
δ)

1− Φ(−0.5/
√

δ)
≤ 0.000015.

0r, equivalently,

Φ(−0.5/
√

δ) ≤ 0.000015/(1 + 0.000015) = 0.000015.

From the table of values of the function Φ, it follows that

0.5/
√

δ ≥ 4.2

which implies that δ ≤ 0.0142. This value characterises the precision of the
components of the system with which the system satisfies Req in one day with
probability at least 0.99.
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7. Conclusion

We have presented our approach to the problem of the verification of depend-
ability. This paper can be considered as a generalisation of [SNH93]. [SNH93]
establishes forward equations to verify whether a probabilistic automaton with
transitions of exponentially distributed delays satisfies a requirement concerning
the time when the automaton reaches its failure state. With forward equations,
it is impossible to determine the satisfaction probability of a requirement with
real-time constraints on intermediate transitions. However, this paper derives
probabilistic density functions of timed transition sequences of a probabilistic
automaton, and therefore can adopt DC as a real-time functional specification
language. Another difference is apparent: [SNH93] only deals with exponential
distributions, but our calculus can treat more distributions.

This paper is only the first of our attempts to combine DC with continuous
time semi-Markov processes. In our future work, we shall develop a computation-
oriented theory based on this calculus and more general probabilistic models.
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Appendix

Proof of Theorem 2.1

Proof. Since P (Bw,t) ≥ 0, the series P (X) =
∑

w∈W P (Bw,t) has sum (which
may be the infinity) independent of the order of the terms. For w 6= ε, we have

P (Bw,t) =
∫
∑m

i=1
ti<t,∀i:ti>0

(
m∏

i=1

(qaipai(ti))

)
ua+

m

(
t−

m∑

i=1

ti

)
dt1 . . . dtm

With the substitution of the function ua+
m

(t−∑m
i=1 ti) by its definition, we have

P (Bw,t) =
∫
∑m

i=1
ti<t,∀i:ti>0

(
m∏

i=1

(qaipai(ti))

)

×


1−

∑

a∈A
a
+
m

∫

tm+1≤(t−
∑m

i=1
ti)

qapa(tm+1


 dtm+1)dt1 . . . dtm

Let Cw =
∫∑m

i=1
ti<t,∀i:ti>0

(
∏m

i=1(qaipai(ti)))dt1 . . . dtm for w ∈ W, w 6= ε. Then,

from the definition of the integrand, the previous equality implies

P (Bw,t) = Cw −
∑

we∈W

Cwe

From this and the prefix-closeness of X, it follows that P (X) = P (Bε,t) +∑
a∈As0

∫ t

0
qapa(h)dh = 1. This completes the proof.

Proof of Theorem 5.5

Proof. As mentioned in Section 3, for each c = (s, s′), there exists λa ≥ 0 such
that

pa(t) =

( ∑

a′∈As

λa′

)
e
−t

∑
a′∈As

λa′ ,

qa = λa/

( ∑

a′∈As

λa′

)
,

us(t) = e
−t

∑
a′∈As

λa′ .

Thus,

cs,s′ =
{

λ(s,s′) if s 6= s′

−∑
a∈As

λa otherwise

where λ(s,s′) = 0 if (s, s′) is not a transition. From the axioms and rules of DC,
we have

true; dse = dse ∨

 ∨

s′∈S∧s 6=s′
true; ds′e; dse
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Since s′ 6= s′′ ⇒ (true; ds′e; dse) ∧ (true; ds′′e; dse) = false, by AR 3 and
Theorem 6 we have

µs0(true; dse)(t) =
∑

s′∈S∧s 6=s

µs0(true; ds′e; dse)(t) + µs0(dse)(t) (6)

=
∑

s′∈S∧s 6=s

∫ t

0

µs0(true; ds′e)(h)cs′,se
cs,s(t−h)dh + (7)

µs0(dse)(t)

=
∑

s′∈S∧s 6=s

ecs,st

∫ t

0

µs0(true; ds′e)(h)cs′,se
−cs,shdh +(8)

µs0(dse)(t)
By taking the derivative of both sides (it can be seen easily that fs(t) is

differentiable), we have
d
dtfs(t)

=
∑

s′∈S∧s 6=s ecs,st
∫ t

0
µs0(true; ds′e)(h)cs′,se

−cs,shdh + d
dtµs0(dse)(t)

=
∑

s′∈S∧s 6=s(
cs,se

cs,st
∫ t

0
µs0(true; ds′e)(h)cs′,se

−cs,shdh + cs′,sµs0(true; ds′e)
)

+

+ d
dtµs0(dse)(t)

Since, by Theorem 5.2,

µs0(dse)(t) =
{

ecs,st if s = so

0 otherwise

we have d
dtµs0(dse)(t) = cs,sµs0(dse)(t) for all s ∈ S. With this substitution in

the previous equality, taking into account the first equality (6), we obtain

d

dt
fs(t) = cs,sfs(t) +

∑

s′∈S∧s 6=s

cs′,sfs′(t)

=
∑

s′∈S

cs′,sfs′(t)

The proof is completed.


