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Abstract. In this paper, the problem of checking a timed automaton
for a Duration Calculus formula of the form Temporal Duration Property
[12] is addressed. We show that Temporal Duration Properties are in the
class of discretisable real-time properties of Timed Automata, and give an
algorithm to solve the problem based on linear programming techniques
and the depth-first search method in the integral region graph of the
automaton. The complexity of the algorithm is in the same class as for
the solution of the reachability problem of timed automata.

1 Introduction

Model checking for real-time systems has been a great deal of attention for years.
Many new model checking techniques have been developed and implemented for
solving the problem (see, e.g. [10, 9]). We made two observations about them:
First, most of these techniques are for checking a property of a real-time system
at an instant of time; second, they are based on searching in the regional graph of
the timed automata, and hence are in the same complexity class as the techniques
for solving the reachability problem of timed automata.

In practice, sometimes we have to deal with a property of a system for inter-
vals of time as well. For instance, one of the safety requirements for a gas burner
is that for any interval of time that is more than one minute long, the duration for
gas leaking should not exceed 5% of the length of the interval. This requirment
is about time interval, not just time points. Duration Calculus [2] was intro-
duced for specifying and reasoning about this kind of system properties. Some
algorithms have been proposed to check a subclass of the timed automata for a
subclass of Duration Calculus formulas called Linear Duration Invariants [3, 11,
7, 6]. Although these algorithms are based on the linear programing techniques,
they have very high complexity because of the nature of the problem.
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In this paper, we use timed automata as the standard model for real-time
systems, but restrict ourselves to a smaller class of system properties for time
intervals. Consider the following refinement for the requirement of the gas burner:
(1) each gas leaking should not last longer than one second, and (2) any interval
for which if the gas burner is traced as leaking, then not leaking and then leaking
again, should be longer than 30 seconds. (1) and (2) are duration properties for
a short system trace. These formulas are not in the class of linear duration
invariants, but in the class of temporal duration properties.

We develop a technique to check a timed automaton for a temporal duration
property. First, we show that a temporal duration property is satisfied by all
the timed behaviors of a timed automaton if and only if it is just satisfied by
all the integer timed behaviors of the timed automaton. Then, we propose an
algorithm to check if the integer timed behaviors of a timed automaton satisfies
a temporal duration property based on the linear programming techniques and
the depth-first search method in the integral region graph of the automaton. The
complexity of the algorithm is in the same class for the reachability problem of
timed automata.

The paper is organized as follows. In the next section we recall some nota-
tions of timed automata [1], and introduce a class of so-called temporal duration
properties for timed automata. In Section 3, we present our algorithm for check-
ing the temporal duration properties of timed automata. The last section is the
conclusion of the paper with some discussion about related work.

2 Timed Automata and Temporal Duration Properties

2.1 Timed Automata

In this section we recall some notations and related results from the theory of
timed automata which will be used in this paper. The readers are referred to [1]
for their more details.

A timed automaton is a finite state machine with an additional set of clock
variables X and an additional set of clock constraints. A clock constraint φ over
X is defined by the following grammar:

φ =̂ x ≤ a | x ≥ a | φ1 ∧ φ2,

where x ∈ X and a stands for a natural number. Let Φ(X) denote the set of all
clock constraints over X.

Definition 1. A timed automaton M is a tuple 〈L, sI , Σ, X, E〉, where

– L is a finite set of locations,
– sI ∈ L is an initial location,
– Σ is a finite set of labels,
– X is a finite set of clocks,
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– E ⊆ L×Σ×Φ(X)×2X×L is a finite set of transitions. An e = 〈s, a, φ, λ, s′〉 ∈
E represents a transition from location s to location s′, labeled with a; s
and s′ are called source and target locations of e, and denoted by ←−e and
−→e respectively; φ is a clock constraint over X that must be specified when
the transition e is enabled, and λ ⊆ X is the set of clocks to be reset by e
when it takes place. In the sequel, we will use the subscript e with φ and λ
to indicate that φ and λ are associated to e.

In this paper, we only consider the deterministic timed automata, i.e. those
timed automata which have not more than one a-labeled edge starting from a
location s for any label a ∈ Σ.

A clock interpretation ν for a set of clock X is a mapping ν : X → Reals, i.e.
ν assigns to each clock x ∈ X the value ν(x). A clock interpretation represents
the values of all clocks in X at a time point. We adopt the following denotations.
ν0 always denotes the clock interpretation which maps from X to {0}. For a clock
interpretation ν and for t ∈ R, ν + t denotes the clock interpretation which maps
each clock x ∈ X to the value ν(x) + t. For λ ⊆ X, [λ 7→ 0]ν is the clock
interpretation which assigns 0 to each x ∈ λ and agrees with ν over the rest of
the clocks.

A state of a timed automaton M is a pair 〈s, ν〉, where s ∈ L and ν is a clock
interpretation for X. The fact that M is in a state 〈s, ν〉 at a time instant means
that M stays in location s with all clock values agreeing with ν at that instant.

The behavior of timed automata can be represented by time-stamped tran-
sition sequences. A behavior σ is a time-stamped transition sequence
σ = (e1, τ1)(e2, τ2) . . . (em, τm), where m ≥ 1 and ei ∈ E,−−→ei−1 = ←−ei for 1 ≤ i ≤ m
(with the convention −→e0 = sI), and where 0 = τ0 ≤ τ1 ≤ τ2 ≤ . . . ≤ τm, such
that (νi−1 + τi − τi−1) satisfies φei for all 1 ≤ i ≤ m, where νi = [λei 7→
0](νi−1 + τi − τi−1) for 1 ≤ i ≤ m.

So, a behavior σ expresses that M starts from the initial location sI , transits
to −→e1 by taking e1 at time τ1, then transits to −→e2 by taking e1 at time τ2, and
so on, and at last transits to −→em at time τm. Note that (νi−1 + τi − τi−1) is the
value of the clock variables just before ei’s taking place, and νi is the value of
the clock variables just after ei’s taking place. The behavior σ expresses also
that the system M stays in the location ←−e i for τi − τi−1 time units, and then
transits to ←−e i+1 for (1 ≤ i ≤ m).

If (e1, τ1)(e2, τ2) . . . (em, τm) is a behavior of timed automaton M , we call −→em

a reachable location of M and 〈−→em, νm〉 a (discrete) reachable state of M .
In order to solve the emptiness problem for a timed automaton, Alur and

Dill [1] have introduced a finite index equivalence relation over the state space
of the automaton. The idea is to partition the set of the clock interpretations
into a number of regions so that two clock interpretations in the same region
will satisfy the same set of clock constraints.

For each x ∈ X, let Kx be the largest integer constant occurring in a
clock constraint for the clock variable x of the timed automaton M , i.e. Kx =
max{a | either x ≤ a or x ≥ a occurs in a clock constraint φ of a transition e}.
Let KX = maxx∈X Kx. For a real number r, let frac(r) = r − brc (brc is the
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maximal integer number which is not greater than r) be the fractional part of
x. The equivalence relation ∼= over the set of clock interpretations is defined as
follows: for two clock interpretations ν and ν′, ν ∼= ν′ iff the following three
conditions are satisfied:

1. For all x ∈ X either ν(x) > Kx ∧ ν′(x) > Kx or bν(x)c = bν′(x)c.
2. For all x, y ∈ X such that ν(x) ≤ Kx and ν(y) ≤ Ky, frac(ν(x)) ≤ frac(ν(y))

iff frac(ν′(x)) ≤ frac(ν′(y)).
3. For all x ∈ X such that ν(x) ≤ Kx, frac(ν(x)) = 0 iff frac(ν′(x)) = 0.

When ν ∼= ν′, it is not difficult to see that for any clock constraint φ occurring
in a transition e = 〈s, a, φ, λ, s′〉 ∈ E, ν satisfies φ iff ν′ satisfies φ.

A clock region for M is an equivalence class of the clock interpretations
induced by ∼=. We denote by [ν] the clock region to which a clock interpretation
ν belongs. From the definition of ∼=, a region is characterized by the integer part
of the value of each clock x when it is not greater then Kx, by the order between
the fraction part of the clocks when they are different from 0. Therefore, the
number of clock regions is bounded by |X|!·2|X| ·∏x∈X(2Kx+2). A configuration
is defined as a pair 〈s, π〉 where s ∈ L and π is a clock region. Based on the clock
regions, the region automaton of M , whose states are configurations of M , can
be defined. We will come back to this later.

2.2 Temporal Duration Properties

As said in the introduction of the paper, a temporal duration property is a
constraint for state durations for a short trace of a certain pattern. It is defined
formally in Duration Calculus [2] as follows.

Definition 2. A temporal duration property over L is a Duration Calculus for-
mula of the form

2(ddsi1ee_ddsi2ee_. . . _ddsik
ee ⇒ ∑

s∈L cs

∫
s ≤ Q)

where L is a finite set of system locations, and cs (s ∈ L) and Q are reals. For
simplicity, let us denote

D =̂ ddsi1ee_ddsi2ee_. . . _ddsik
ee ⇒ ∑

s∈L cs

∫
s ≤ Q,

γ(D) =̂ ddsi1ee_ddsi2ee . . . _ddsik
ee.

From now on in this paper, let 2D be a temporal duration property over L.
Although temporal duration properties are Duration Calculus formulas, the

readers do not need to know about Duration Calculus for understanding this
paper. For the comfort of the readers, who do not know about Duration Calcu-
lus, we will explain in the sequel the meaning of temporal duration properties
and give a definition for the satisfaction of a temporal duration property by a
timed automaton. Intuitively, a temporal duration property 2D says that for
any time interval, in which the system evolves through the sequence of states
si1 , si2 , . . . , sik

, the duration ds of the states s’s over that interval satisfies the
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constraint
∑

s∈L csds ≤ Q) (
∫

s, when applied to an interval of time, is the
accumulated time that the state s is present in the interval, and is called the
duration of s over that interval).

Temporal duration properties form a class of Duration Calculus formulas that
are often encountered in the development of real-time systems using Duration
Calculus. For example, design decisions for the simple gas burner in [2]:

2(ddleakee ⇒ ` ≤ 1),
2(ddleakee_ddnonleakee_ddleakee ⇒ ` ≥ 30)

are temporal duration properties because ` =
∫

leak +
∫

nonleak.
For any timed transition sequence σ = (e1, τ1)(e2, τ2) . . . (em, τm), for i ≥ 1,

j ≥ 0 such that j + i ≤ m, let us denote by σ(j, i) the subsequence
(ej+1, τj+1) . . . (ej+i, τj+i).

Definition 3. For a timed transition sequence σ = (e1, τ1)(e2, τ2) . . . (em, τm),
for any j ≥ 0 such that j+k ≤ m, we say σ(j, k) matches γ(D) (or γ(D) matches
σ) iff ←−−ej+l = sil

for any l such that 1 ≤ l ≤ k.

So, the fact ‘σ(j, k) matches γ(D)’ means that the temporal order of the location
occurrences in σ(j, k) is defined by γ(D).

For a subsequence σ(j, k) that matches γ(D), the value of
∑

s∈L cs

∫
s over

σ(j, k) is defined by
∑k

l=1 csil
(τj+l− τj+l−1) and is denoted by θ(σδ(j, k)). Note

that
∑

sil
=s,l≤k(τj+l − τj+l−1) is the duration of the state s over σ(j, k).

Definition 4. 1. A time-stamped transition sequence σ satisfies the temporal
duration property 2D, denoted by σ |= 2D, iff for any subsequence σ(j, k)
of σ that matches γ(D), the condition θ(σ(j, k)) ≤ Q holds.

2. A timed automaton M satisfies the temporal duration property 2D, denoted
by M |= 2D, iff for any behavior σ of M , σ |= 2D holds.

3 Checking Timed Automata for Temporal Duration
Properties

3.1 Discretisable Properties

A behavior σ = (e1, τ1)(e2, τ2) . . . (em, τm) of timed automaton M is said to be
an integral behavior iff τi is an integer for all 1 ≤ i ≤ m.

Definition 5. Let M be a timed automaton, and let P be a predicate over the
behaviors of M . P is said to be discretisable (w.r.t. M) iff P is satisfied by all
the behaviors of M exactly when P is satisfied by all the integral behaviors of
M .

Therefore, if P is discretisable (w.r.t. M), verifying that P is satisfied by all the
behaviors of M is reduced to verifying that P is satisfied by all the integral be-
haviors of M only, and hence can be done by using the integral-time verification
methods presented in [6].
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Now, we prove that temporal duration properties for a timed automaton
M are discretisable. Let σ = (e1, τ1)(e2, τ2) . . . (em, τm) be a behavior of the
automaton M . Let Fσ = {frac(τi) | 1 ≤ i ≤ m} ∪ {0, 1} and #(Fσ) be the
number of the elements of Fσ. So σ is an integral behavior iff #(Fσ) = 2.
Let f0, f1, . . . , fq, fq+1 be the sorted sequence of all the elements of Fσ in the
ascending order, i.e.

Fσ = {f0, f1, . . . , fq, fq+1}, f0 = 0, fq+1 = 1, q ≥ 0, fi < fi+1(0 ≤ i ≤ q).

Let F−1
σ (f1) = {i | 1 ≤ i ≤ m ∧ frac(τi) = f1}.

Lemma 6. Let #(Fσ) > 2 (i.e. if q > 0). Then the timed transition sequences
σ′ and σ′′ are also behaviors of M , where

σ′ = (e1, τ
′
1)(e2, τ

′
2) . . . (em, τ ′m),

σ′′ = (e1, τ
′′
1 )(e2, τ

′′
2 ) . . . (em, τ ′′m), and

τ ′i =
{

τi i 6∈ F−1
σ (f1)

τi − f1 i ∈ F−1
σ (f1)

τ ′′i =
{

τi i 6∈ F−1
σ (f1)

τi − f1 + f2 i ∈ F−1
σ (f1) (f2may be 1).

Proof. We first prove that for all i, j such that 0 ≤ i < j ≤ m, for all natural
numbers a, b, a ≤ τj − τi ≤ b implies that a ≤ τ ′j − τ ′i ≤ b and a ≤ τ ′′j − τ ′′i ≤ b.
Let τj − τi ≥ a. Then

– when i, j ∈ F−1
σ (f1), we have τ ′j − τ ′i = τ ′′j − τ ′′i = τj − τi ≥ a;

– when i, j 6∈ F−1
σ (f1), we have τ ′j − τ ′i = τ ′′j − τ ′′i = τj − τi ≥ a;

– when i ∈ F−1
σ (f1)∧ j 6∈ F−1

σ (f1), we have τ ′j − τ ′i = τj − τi + f1 > τj − τi ≥ a
for the case f1 > f0 = 0, and we have τ ′′j − τ ′′i = τj − τi − (f2 − f1) = bτj −
τic+frac(τj−τi)−(f2−f1) ≥ bτj−τic ≥ a for the case frac(τj−τi) ≥ f2−f1;

– when i 6∈ F−1
σ (f1) ∧ j ∈ F−1

σ (f1), we have τ ′′j − τ ′′i = τj − τi + (f2 − f1) >
τj − τi ≥ a for the case f2 > f1, and we have τ ′j − τ ′i = τj − f1 − τi =
bτj − τic+ frac(τj − τi)− f1 ≥ bτj − τic ≥ a for the case frac(τj − τi) ≥ f1.

Therefore, in all cases, τ ′j − τ ′i ≥ a and τ ′′j − τ ′′i ≥ a hold.
The case τj − τi ≤ b is proved similarly. ut
Let #(Fσ) > 2 and σ′ and σ′′ be as in Lemma 6.

Lemma 7. Let σ(j, k) be a subsequence of σ that matches γ(D). Then the sub-
sequences σ′(j, k) of σ′ and σ′′(j, k) of σ′′ match γ(D), too. Furthermore, either
θ(σ′(j, k)) ≥ θ(σ(j, k)) or θ(σ′′(j, k)) ≥ θ(σ(j, k)) holds.

Proof. Since σ′ and σ′′ have the same transition sequence as σ has, and since the
definition of ’matching’ depends only on the transition sequence of the behavior,
the first statement of the lemma is obvious. The second statement of the lemma
is proved as follows. By the definition of the function θ:

θ(σ(j, k)) =
∑j+k

i=j+1 csi(τi − τi−1),
θ(σ′(j, k)) =

∑j+k
i=j+1 csi(τ

′
i − τ ′i−1),

θ(σ′′(j, k)) =
∑j+k

i=j+1 csi(τ
′′
i − τ ′′i−1).
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According to the construction of σ′ and σ′′,

θ(σ′(j, k)) = θ(σ(j, k)) + f1δ,
θ(σ′′(j, k)) = θ(σ(j, k)) + (f1 − f2)δ,

where δ = (
∑

i∈F−1
σ (f1),j+1≤i≤j+k csi −

∑
i+1∈F−1

σ (f1),j≤i≤j+k−1 csi).
Since f1 > 0 and f1 − f2 < 0, we have either θ(σ′(j, k)) ≥ θ(σ(j, k)) or

θ(σ′′(j, k)) ≥ θ(σ(j, k)). ut
Theorem 8. Temporal duration property 2D for timed automaton M is dis-
cretisable.

Proof. For any behavior σ = (e1, τ1)(e2, τ2) . . . (em, τm) of M , for any subse-
quence σ(j, k) matching γ(D), if #(Fσ) > 2, we can find two behaviors σ′

and σ′′ as in Lemma 6. By Lemma 7, among σ′ or σ′′ there is σ(1) such that
θ(σ(1)(j, k)) ≥ θ(σ(j, k)). Because #(Fσ′) = #(Fσ′′) = #(Fσ) − 1, we have
#(Fσ(1)) < #(Fσ). By repeating this process, we can find a behavior σ(i)

such that σ(i)(j, k) matches γ(D), θ(σ(i)(j, k)) ≥ θ(σ(j, k)) and #(Fσ(i)) = 2.
Therefore σ(i) is an integer behavior with a subsequence σ(i)(j, k) matching
γ(D) for which θ(σ(i)(j, k)) ≥ θ(σ(j, k)) (i.e. θ(σ(i)(j, k)) ≤ Q implies that
θ(σ(j, k)) ≤ Q). Hence, if 2D is satisfied by all integral behaviors of M , then it
is satisfied by all behaviors of M . ut

3.2 Algorithm

Now, we develop an algorithm to check if all integral behaviors of M satisfy 2D.
By the exhausted investigation in the finite set of transitions E of M , we can

find all the transition sequences ω = ei1ei2 . . . eik
for which ←−−eij+1 = −→eij for 1 ≤

j < k (consecutive sequence), and ←−eij = sij for 1 ≤ j ≤ k (i.e. ω matches γ(D)).
Let Ω be the set of all such transition sequences ω’s. For a reachable integral
state 〈si1 , ν〉 (a reachable state in which ν(x) is an integer for any clock variable
x), there exists an integral behavior σ1 = (e1, τ1) . . . (em, τm) such that −→em = si1

and νm = ν. The integral behavior σ1 can be expand to an integral behavior
σ1σ2 (see Figure 1), where σ2 = (ei1 , τm+1)(ei2 , τm+2) . . . (eik

, τm+k), τm+j ’s are
integers, such that σ2 matches γ(D) if and only if ω = ei1ei2 . . . eik

∈ Ω and the
sequence of clock interpretations defined as:

νm = ν
νm+j = [λ 7→ 0](νm+j−1 + tj), where tj = τm+j − τm+j−1, 1 ≤ j ≤ k,

verifies that νm+j−1 + τm+j − τm+j−1 (= νm+j−1 + tj) satisfies φeij
for all

1 ≤ j ≤ k. The fact that νm+j−1 + tj satisfies φeij
corresponds exactly to a

linear constraint Cj on tl’s from the definition of νm + j − 1 and φeij
. Note that

θ(σ2) =
∑k

j=1 csij
tm+j .

Therefore, all the parts σ2 of a behavior that have ω an their untimed se-
quence and that starts from the integral reachable state 〈si1 , ν〉 satisfy the in-
equality

∑k
j=1 csij

tm+j ≤ Q if and only if the optimal value for the following
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linear integer problem (with k integer variables) is not greater than Q:

sup
∑k

j=1 csij
tj

subject to the constraints
C1, C2, . . . , Ck, t1 ≥ 0, . . . , tk ≥ 0

(by our convention, the optimal value is −∞ when the constraint set is unfeasi-
ble). This problem depends only on the integral clock interpretation ν and the
sequence ω. It is well-known that the complexity of the integer linear program-
ming problems is NP. Fortunately, we can take tm+j ’s (1 ≤ j ≤ k) to be real
variables to convert it to a linear programing P(ν, ω). By Theorem 8, the results
of the two problems are the same.

So, checking M |= 2D can be done by solving the linear programing problem
P(ν, ω) of k variables and verifying if the result is not greater then Q for each
integral reachable states 〈si1 , ν〉 of time automaton M . Since the set of all integral
reachable states 〈si1 , ν〉 may be infinite, the number of problems to be solve may
be infinite, too. Fortunately, we only have to solve a finite number of them to
come to conclusion. This is because of the help of the region automata.

sI
eiksik

−→eik
ei1si1 si2

τm τm+1 τm+k

ν

Fig. 1. Cases for the successive sequence from 〈si1 , ν〉 that matches γ(D)

According to our definition, an integral clock interpretation ν is a mapping
from the set of clock variables X to the set of natural numbers N . The restric-
tion of the equivalence relation ∼= to the set of integral clock interpretations (also
denoted by ∼=) is much simpler than its original: for any integral clock interpre-
tations ν and ν′, ν ∼= ν′ if and only if for each x ∈ X, either ν(x) = ν′(x) or
ν(x) > Kx ∧ ν′(x) > Kx. Let Π be the set of all integral clock regions induced
by this restriction of ∼=. Note that |Π| = ∏

x∈X(Kx + 2).
An integral clock region π ∈ Π can be characterized by a set of simple clock

constraints C(π) of the form x = c or x > Kx. For each clock x ∈ X, there is one
and only one constraint in C(π) from the set {x = c | c = 0, 1, . . . ,Kx} ∪ {x >
Kx}. So, C(π) if of the form

⋃
x∈X{x = cπ,x or x > Kx} where cπ,x ∈ N ∧ 0 ≤

cπ,x ≤ Kx. If all clock constraints in C(π) are of the form x = cπ,x, π is said to be
bounded. Otherwise π is said to be unbounded. When C(π) =

⋃
x∈X{x > Kx},

π is said to be entirely unbounded and is denoted by πK . It is obvious that there
is only one integral clock interpretation in any bounded region while there are
infinite integral clock interpretations in an unbounded region. It is easy to see
that ν + t ∼= ν′ + t if ν, ν′ ∈ π. So, we can define π + t as [ν + t] with any ν ∈ π.
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And for every x ∈ X, if x = c ∈ C(π) then if c+t ≤ Kx then x = c+t ∈ C(π+t),
otherwise x > Kx ∈ C(π + t). Note that πK = πK + t for any t ∈ N . Similarly,
[λ 7→ 0]ν ∼= [λ 7→ 0]ν′ if ν, ν′ ∈ π. So, we define [λ 7→ 0]π as [[λ 7→ 0]ν] with any
ν ∈ π. For every x ∈ X, if x ∈ λ then x = 0 ∈ C([λ 7→ 0]π), and if x 6∈ λ then
when x = c ∈ C(π) we have x = c ∈ C([λ 7→ 0]π), and when x > Kx ∈ C(π) we
have x > Kx ∈ C([λ 7→ 0]π).

An integral configuration is a pair of 〈s, π〉 where s ∈ L and π is an integral
clock region. So, the number of integral configurations is bounded by |L| · |Π| =
|L| ·∏x∈X(Kx + 2). For an integral state 〈s, ν〉 we write 〈s, ν〉 ∈ 〈s, π〉 iff ν ∈ π.
The following lemma plays a key role in reducing the number of linear problems
to be solved to finite.

Lemma 9. Let ν and ν′ be clock interpretations such that the states 〈si1 , ν〉 and
〈si1 , ν

′〉 are reachable and ν ∼= ν′ (i.e. [ν] = [ν′] = π). Then for any ω ∈ Ω the
linear programing problems P(ν, ω) and P(ν′, ω) give the same result.

Proof. Let ω = ei1ei2 . . . eik
∈ Ω. Let σν and σν′ be the behaviors of M that

lead M to the states 〈si1 , ν〉 and 〈si1 , ν
′〉, respectively. Let (eν , τν) and (eν′ , τν′)

be the last elements of σν and σν′ , respectively. We will prove that for any non-
negative real numbers t1, t2, . . . , tk, the sequence σν(ei1 , τν + t1)(ei2 , τν + t1 +
t2) . . . (eik

, τν + t1 + . . . + tk) is a behavior of M if and only if the sequence
σν′(ei1 , τν′ + t1)(ei2 , τν′ + t1 + t2) . . . (eik

, τν′ + t1 + . . . + tk) is a behavior of M .
This means that the set of the constraints of the problem P(ν, ω) has the same
solutions as the set of the constraints of the problem P(ν′, ω). Since the two
problems have the same objective function, they have the same optimal value.

Since the two implications of the statement to be proved are symmetric, we
have to prove only one of them. Namely, we assume that σν(ei1 , τν + t1)(ei2 , τν +
t1 + t2) . . . (eik

, τν + t1 + . . . + tk) is a behavior of M . We have to prove that
σν′(ei1 , τν′+t1)(ei2 , τν′+t1+t2) . . . (eik

, τν′+t1+. . .+tk) is also a behavior of M .
Let ν0 = ν, νl = [λeil

7→ 0](νl−1 + tl), 1 ≤ l ≤ k. By our assumption, (νl−1 + tl)
satisfies φeil

for all 1 ≤ l ≤ k. Now let ν′0 = ν′, ν′l = [λeil
7→ 0](ν′l−1 + tl),

1 ≤ l ≤ k. All we have to prove is that (ν′l−1 + tl) satisfies φeil
for all 1 ≤ l ≤ k.

For every clock x ∈ X

– if ν(x) ≤ Kx, then ν′(x) = ν(x) since ν ∼= ν′. Therefore νl(x) = ν′l(x) for all
0 ≤ l ≤ k. Consequently, (ν′l−1 + tl) satisfies the constraint for the clock x
in φeil

for all 0 ≤ l ≤ k as well.
– if ν(x) > Kx, then ν′(x) > Kx since ν ∼= ν′. From the definition of νl and ν′l ,

for all 1 ≤ l ≤ k either ν′l(x) > Kx and νl(x) > Kx, or ν′l(x) = νl(x). Since
Kx is the maximal value that x is compared with in M , and since (νl−1 + tl)
satisfies φeil

, (ν′l−1 + tl) satisfies the constraint for the clock x in φeil
as well.

ut

Lemma 9 means that in order to check M |= D, we have to solve at most
one linear programing problem for each integral integral reachable configuration
〈si1 , [ν]〉 for each ω ∈ Ω. An algorithm to produce the set of linear programming
problems for a reachable integral configuration 〈si1 , π〉 is shown in Figure 2.
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For simplicity, in the algorithm, because π is characterized by a set of clock
constraints C(π) as mentioned earlier, we identify π with a mapping from X to
the set of expressions (strings) as: for each clock variable x if x = c ∈ C(Π)
then π(x) = c, otherwise (x > Kx ∈ C(Π)), π(x) = −1. As usual, we denote
φ[x\Region(x)] the formula obtained from φ by replacing all occurrences of x
by the expression Region(x).

ProblemSet := ∅; TransitionSequenceSet := Ω;
while TransitionSequenceSet 6= ∅ do
begin

TransitionSequence := a sequence ei1 . . . eik in TransitionSequenceSet;
TransitionSequenceSet := TransitionSequenceSet− TransitionSequence;
Region := π; ConstraintSet := {t1 ≤ 0, . . . , tk ≤ 0}; Infeasible := False;
for j := 1 to k do
begin

for every clock x ∈ X do
begin

if Region(x) 6= −1
then begin

Region(x) := Region(x) + tj ;
For every constraint φ on x in φeij

do begin
Constraint := φ[x\Region(x)];
ConstraintSet := ConstraintSet + Constraint;

end;
end;

else if there exists a constraint φ on x in φeij
of the form x ≤ d

then begin
Infeasible := True;
break;

end;
if x ∈ λeij

then Region(x) = 0;

end;
if ¬Infeasible
then begin

NewProblem := max(
Pk

j=1 csij
tj) subject to ConstraintSet;

ProblemSet := ProblemSet + NewProblem;
end;

end;
end;

Fig. 2. Algorithm for producing the set of linear programming problems for 〈si1 , π〉

Now we develop a technique to find all reachable integral configurations.

Definition 10. For a timed automaton M = 〈L, sI , Σ,X, E〉, the integral re-
gion automaton I(M) is a transition system 〈Q, qI , Σ, Ψ〉, where
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– the set of states Q = L ×Π (which is the set of all integral configurations
of M),

– the initial state qI = 〈sI , [ν0]〉 ∈ Q,
– the set of labels Σ is the same as that of M ,
– the set of transitions Ψ ⊆ Q×Σ×Q is defined as ψ = 〈〈s, π〉, a, 〈s′, π′〉〉 ∈ Ψ

iff there exists e = 〈s, a, φ, λ, s′〉 ∈ E such that π + t satisfies φ and π′ =
[λ 7→ 0](π + t) for some natural number t.

In fact, the integral region automaton of M is similar to the region automaton
for it, but has much smaller size.

To find all the transitions of I(M) from a given integral configurations 〈s, π〉
of M , we can compute π + t for each natural number t ≤ µ, where µ is the
minimal natural number for which π + µ = πK , and verify if there exists
e = 〈s, a, φ, λ, s′〉 ∈ E such that π + t satisfies φ. The detail of the construction
is given in Figure 3.

SuccConfigurationSet := ∅; t := 0;
repeat

π′ := π + t;
if there exists e = 〈s, a, φ, λ, s′〉 ∈ E such that π′ satisfies φ
then SuccConfigurationSet := SuccConfigurationSet + [λ 7→ 0]π′;
t := t + 1;

until π′ = πK ;

Fig. 3. Finding all the successive integral configurations of 〈s, π〉

Note that π + KX = πK for any integral region π, so this algorithm must
terminate within KX times of repetitions.

Lemma 11. An integral configuration 〈s, π〉 is a reachable state of the integral
region automaton I(M) iff (s, ν) is a reachable integral state of timed automaton
M for some ν ∈ π.

Proof. The lemma is proved directly from the definitions of the behaviors.
Proof of ⇒: If 〈s, ν〉 is a reachable integral state of timed automaton M for

some ν ∈ π, there exists an integral behavior σ = (e1, τ1)(e2, τ2) . . . (em, τm) such
that −→em = s and ν = νm, where for 1 ≤ j ≤ m, νj = [λej 7→ 0](νj−1 + τj − τj−1),
ν0 assigns 0 to each clock variable, and νj−1 +τj−τj−1 satisfies φj . Let πj = [νj ]
for 0 ≤ j ≤ m. By the Definition 10, there exists a transition ψj ∈ Ψ of I(M)
from qj to qj+1 for 1 ≤ i ≤ m, where q1 = 〈sI , [ν0]〉, ql = 〈−→el , πl〉 for 2 ≤ l ≤ m.
Therefore, qm = 〈s, π〉 = 〈−→em, πm〉 is reachable in I(M).

Proof of ⇐:If the state 〈s, π〉 of the integral region automaton I(M) is reach-
able, there exists a run 〈sI , π0〉 a1−→ 〈s1, π1〉 a2−→ . . .

am−→ 〈sm, πm〉 of I(M), where
π0 = [ν0], and 〈sm, πm〉 = 〈s, π〉. Let s0 = sI . By Definition 10, for 1 ≤ j ≤ m
there exist ej = 〈sj−1, aj , φj , λj , sj〉 ∈ E and tj ∈ N such that πj−1 + tj satisfies
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φj and πj = [λj 7→ 0](πj−1 + tj). Because ν + t ∈ π + t and [λ 7→ 0]ν ∈ [λ 7→ 0]π
for any ν ∈ π and t ≥ 0, we have νj = [λj 7→ 0](νj−1 +tj) ∈ πj for 1 ≤ j ≤ m. Of
course ν0 ∈ [ν0]. Hence, νj−1+tj satisfies φj . Hence, the time-stamped transition
sequence (e1, τ1)(e2, τ2) . . . (em, τm) where τj =

∑j
l=1 tl is an integral behavior

of timed automaton M and 〈−→em, νm〉 (= 〈s, νm〉) is a reachable integral state of
M with νm ∈ π. ut

By Lemmas 11 and 9, we can decide if M |= 2D by: first, determine all the
reachable states of the finite automaton I(M) of the form 〈si1 , π〉, and then for
each of them generate the set of linear programming problems using the algo-
rithm in Figure 2; last solve all these problems and compare the results with Q.
Of course, when implementing these algorithms, we will use on-the-fly technique
to reduce the complexity (e.g. we can stop checking once we discover that a
linear programing problem results in a value that greater than Q). An algorithm
to find all reachable integral configurations while generating the reachability in-
tegral region automaton I(M) by the depth-first method and to check the result
of linear programming problems “on-the-fly” is shown in Figure 4. We can for-

CurrentPath := {〈sI , ν0〉}; ConfigurationSet := ∅;
repeat

Configuration := the last configuration of CurrentPath;
if Configuration has no new successive configuration
then begin

if the location of Configuration is si1

then produce linear programming problems of Configuration to check;
delete the last configuration i.e. Configuration, from CurrentPath;

end
else begin

Configuration := a new successive node of Configuration;
if Configuration is not in ConfigurationSet
then begin

append Configuration to CurrentPath;
put Configuration into ConfigurationSet;

end;
end;

until CurrentPath = ∅;

Fig. 4. Algorithm for checking TDPs of timed automata

mulate the correctness of our algorithm by the following theorem which is an
immediate consequence of Lemmas 11, 9, and Definition 4:

Theorem 12. M |= 2D iff every linear programming problem produced by the
algorithm in Figure 4 either has no solution or has the optimal value not great
than Q.

12



3.3 Improvements and Complexity

Since the complexity of Linear Programming is in the class P and sine the
number of variables of linear programming problems that we need to solve is
fixed as k, the complexity of our algorithm is decided by the complexity of
finding all reachable integral configurations of the integral region automaton of
the input time automaton, which is in the same complexity class as for solving
the reachability problem of timed automata. To improve our algorithm, we can
use some well-established techniques to reduce the state space of the integral
region automata. We don’t discuss about these techniques here, and leave it to
the implementation stage.

4 Conclusion

We have presented a technique for deciding whether a timed automaton satisfies
a temporal duration property. Temporal duration properties form a new class of
duration properties which are properties of behaviours of systems for a time in-
terval. There is no doubt that checking real-time systems for a duration property
is much more difficult than for a property of systems at a moment of time.

Some work on checking duration properties has been done. The earliest one,
to our knowledge is [3], which proposed a technique to check the linear duration
invariants, which require systems to satisfy some linear inequalities on integrated
durations of system locations in any observation time interval whose length
matches the premise. Temporal duration properties are different from linear
duration properties. Temporal duration properties pay attention to the trace of
system locations, while linear duration invariants pay attention to the length of
the observation intervals during of real-time systems running. We have shown in
this paper that verification of temporal duration properties is much simpler than
that of linear duration invariants. In [8], the authors shows that the satisfaction
problem of linear duration invariants for timed automata can be solved by mixed
integer linear programming. In [4, 5, 11], we have restricted ourselves to study
the problem of checking whether a real-time system whose behaviours could be
represented by a timed regular expression, satisfies a Linear Duration Invariant.
We have developed a technique to solve the problem and implemented it as a
tool. In comparison to [8], our technique is simpler because it uses only linear
programming techniques. However, when we tried our tool on some small sized
practical examples, we discovered that the tool could give answers in few hours
or ran out of the computer memory. We reconsidered our technique and found
that the size of the linear programming problem we have to solve could be huge
in some cases.

Some model checking tools are available now (see, e.g. [10, 9]), but most of
them are for checking instant properties, and based on the algorithms for solv-
ing the reachability problems. In this paper, we have shown that the satisfac-
tion problem of temporal duration properties for timed automata can be solved
by linear programming and the complexity is in the same class as reachability

13



problem. We think that it is acceptable, and are going to implement this model
checking technique in our future work.
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