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Abstract. In this paper we propose a technique for checking a timed
automaton w.r.t a class of discretisable duration properties. It is shown
in the paper that if only integral constants are allowed in the time con-
straints of the timed automata, a linear duration property or an inter-
state duration property is satisfied by a timed automaton if and only if it
is satisfied by all of the integral behaviours of the automaton. Therefore,
checking linear duration properties or inter-state duration properties can
be done by using the integer time verification techniques. Based on this,
some algorithms are proposed. We also develop a technique for reducing
the search-space for the proposed algorithms. This technique is specially
suitable to our case, and can be applied to checking other duration prop-
erties as well.

1 Introduction

In the last a few years, some verification algorithms for checking timed automata
w.r.t. some duration properties have been developed. These duration properties
constrain the accumulated time during which certain predicates hold, and are
represented formally by Duration Calculus formulas. A solution to the problem
for the general case has been given in [8] using mixed integer and linear program-
ming techniques. Since the mixed integer and linear programming techniques are
complicated, many authors have searched for a simpler solution by restricting
themselves to some special cases of the problem.

It has been shown that by using the linear programming techniques which
are much simpler than the mixed integer and linear programming ones, the
problem can be solved when the timed automata are real-time automata [1],
or in more general, are represented by a so-called timed regular expressions [2].
The technique has been generalised for verifying linear duration invariants of
the parallel composition of real-time automata in [6] and of a class of hybrid
automata in [3].

In [4], we proposed a verification algorithm for checking a parallel composi-
tion of real-time automata w.r.t. a linear duration property by using the state-
exploration technique. In that paper, we introduced the compatibility relation
between configurations to avoid exhaustive state-exploration. The basic idea of



our algorithm is that if only integral constants are allowed in the time constraints
of the automata, a linear duration property is satisfied by the automata if and
only if it is satisfied by just the integral computations. Therefore, checking linear
duration properties can be done by using the integer time verification techniques.

In this paper, we develop this idea further by introducing a class of so-called
discretisable Duration Calculus formulas in which linear duration properties are
included. We also give algorithms for checking if a timed automaton satisfies a
linear duration property or an inter-state duration property which are discreti-
sable DC formulas.

Since we use the integer time verification techniques to check a system w.r.t.
a discretisable Duration Calculus formula, we need to develop a technique for
reducing the search-space which is better suitable to our case than the techniques
in the literature. In order to do so, we define the set of ‘floating indices’ for
an integral behaviour and show that, if the property to be checked is violated
then it must be violated by an integral behaviour having no floating indices.
Therefore, we do not need to check those behaviours for the property once we
discover that they have floating indices. We propose some techniques to identify
the behaviours of which all the right extensions have floating index set. By using
these techniques, we can improve the algorithms by reducing the space and time
complexity considerably.

2 Discretisable Duration Properties of Timed Automata

In this section, we first recall some basic notations of timed automata that will
be used in the paper. For some class of real-time properties, it happens that
they are satisfied by a timed automaton in the real time domain iff they are
satisfied by the automaton in the discrete time domain. We call such properties
discretisable properties. We define also in this section the discretisability of a
real-time property for a given timed automaton.

For a set of clock variables X, we use Φ(X) to denote the set of time con-
straints which are conjunctions of the formulas of the form x ≤ c or x ≥ c, where
x ∈ X and c ∈ N ∪ {0} (N is the set of natural numbers).

Definition 1. A timed automaton M is a tuple 〈S, s0, C, E, I〉 , where

1. S is a finite set of locations;
2. s0 ∈ S is an initial location;
3. C is a finite set of clocks;
4. E ⊆ S × S × 2C × Φ(C) is a finite set of transitions. For a transition e =
〈s1, s2, λ, γ〉, the locations s1 and s2 are respectively called source location
and target locations of transition e and denoted by ←−e and −→e respectively,
the set λ is called set of clocks reset by e and is denoted by λe, and the time
constraint γ is called clock constraint of e and is denoted by γe;

5. I is a mapping from S to Φ(C). The mapping I assigns to each state s ∈
S a time constraint I(s) which is called invariant of location s. I(s) is a
conjunction of formulas of the form x ≤ c , where x ∈ X and c ∈ N or



I(s) = True. Intuitively, M can stay in s only if the clock valuation satisfies
the invariant I(s).

Because the formula (x ≤ c1)∧ (x ≤ c2) is equivalent to x ≤ min(c1, c2), and
the formula (x ≥ c1) ∧ (x ≥ c2) is equivalent to x ≥ max(c1, c2), we can assume
that for any transition e, for any location s there is at most one formula of the
form x ≤ c and at most a formula of the form x ≥ c in γe or I(s) for each clock
x,
Example. A timed automaton is shown in Figure 1. It has two clocks: x and
y. There are four locations A, B,C and D in this automaton. The invariants
associated with the locations are I(A) = x ≤ 10, I(C) = x ≤ 10 and I(B) =
I(P ) = True.
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CB
x,y:=0

x<=10;

A P
x<=10;y:=0

e3

y>=30;x:=0

e2

x <= 10

e1

e4

y>=5; x:=0;

Fig. 1. A Timed Automaton

A clock valuation u ∈ RC is an assignment of a non-negative real to each clock
in C. A clock valuation u satisfies a time constraint γ ∈ Φ(C), denoted by u ∈ γ,
iff γ evaluates to true when replacing each clock variable x by its value u(x). A
configuration of the timed automaton M is a pair 〈s, u〉, where s is a location
and u is a clock valuation satisfying u ∈ I(s). When the timed automaton M
is in a configuration 〈s, u〉, it can evolve either by moving through a transition
to another location (discrete step), or by letting time pass without changing to
another location (time lapse step). Formally, we define the consecutive relation
on the set of configurations of M as follows.

1. Discrete step: Let e be a transition of M . Let u and u′ be clock valuations
such that 〈←−e , u〉 and 〈−→e , u′〉 are configurations. Then 〈←−e , u〉 e→ 〈−→e , u′〉 iff
u ∈ γe and u′ = u[λe 7→ 0] .

2. Time lapse step: Let d be a non-negative real. Let v + d denote the clock
valuation v′ defined by v′(x) = v(x)+d for all x ∈ C. Then 〈s, u〉 d→ 〈s, u+d〉
iff u + d ∈ I(s) . (Because I(s) is a conjunction of the formula of the form
x ≤ c, u + d ∈ I(s) implies that the clock valuation u + ε ∈ I(s) for all ε,
0 ≤ ε ≤ d.)

Let 〈s1, u1〉 and 〈s2, u2〉 be two configurations. We write 〈s1, u1〉 e,d−→ 〈s2, u2〉
iff 〈s1, u1〉 d→ 〈s1, u1 + d〉 and 〈s1, u1 + d〉 e→ 〈s2, u2〉, or equivalently, ←−e = s1,



−→e = s2, u1 + d ∈ I(s1) ∧ γe and u2 = (u1 + d)[λe 7→ 0] ∈ I(s2). The pair (e, d)
is called a combined step.

A run α of M is an evolution history of M written as

α = 〈s0, u0〉 e1,d1−→ 〈s1, u1〉 e2,d2−→ 〈s2, u2〉 e3,d3−→ . . .
en,dn−→ 〈sn, un〉 ,

where u0 assigns 0 to all clocks in C. The timed-stamped transition sequence

τ = (e0, 0), (e1, t1), (e2, t2), . . . , (en, tn) ,

where ti =
∑i

j=1 dj , and e0 is the virtual initial transition, is called the be-
haviour corresponding to the run α.

A run α is said to be integral iff all the dis occurred in its combined steps are
integers. The corresponding behaviour of an integral run is also called integral
behaviour.

In this paper, we consider only those timed automata which satisfy that given
a possitive real η any behaviour (e0, 0), . . . , (en, tn) is a proper prefix of another
behaviour (e0, 0), . . . , (em, tm) for which tm > η. It is not difficult to see that any
non-zeno timed automaton can be modified without any change of the semantics
to satisfy this restriction.
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Fig. 2. DC model defined by a behaviour τ .

The problem we are concerning is to verify the timed automata M w.r.t.
a real-time property. A real-time property of the automaton M is defined as a
predicate over its runs. A property D is said to be satisfied by M iff D is satisfied
by all of its runs. When D is a property for the integral runs, i.e. D is a property
of M in discrete time domain, verifying for the property D of the automaton
M is reduced to an integer time verification. Such a property D is said to be
discrete. In general, we define the discretisability of a property for M as follows.



Definition 2. A real-time property D of a timed automaton M is said to be
discretisable iff the property D is satisfied by the automaton M exactly when D
is satisfied by all the integral behaviours of M .

Therefore, if D is discretisable w.r.t. M then verifying M |= D can be done
by using the integral-time verification methods, which are well established.

Although the discretisability is rather restrict, it is satisfied by many inter-
esting verification problems.

Each run α of the timed automaton M can be viewed as a model of the
Duration Calculus formulas over state variables which are locations of M in the
natural way (see, e.g. [1] for more details). Namely, a behaviour
τ = (e0, 0), (e1, t1), (e2, t2), . . . , (en, tn) defines a function fτ from Reals (time)
to the set S of locations by fτ (t) = s iff ti ≤ t < ti+1 and ←−e i+1 = s. Thus,
given a location s, s defines the boolean function s(t) (s is overloaded to be a
boolean function) by s(t) = 1 iff fτ (t) = s, and the duration

∫
s of s over an

interval [b, e] along the behaviour τ is defined as
∫ e

b
s(t)dt. Let Ψ =

∑
s∈S cs

∫
s

be a linear duration expression. We use Ψ j
i (τ) to denote the value of Ψ over

the interval [ti, tj ] along τ , i.e. the value of Ψ over the behaviour fragment
(ei, ti), (ei+1, ti+1), . . . , (ej , tj). So, Ψ j

i (τ) =
∑

s∈S cs

∫ tj

ti
s(t)d(t) =

∑j
k=i+1 c←−e k

(tk−
tk−1). For the simplicity, we write Ψ(τ) for Ψn

0 (τ).
Example. Let τ = (e0, 0), (e1, 5), (e2, 35), (e3, 45), (e4, 50) be a behaviour of the
timed automaton shown in Figure 1. Figure 2 shows how the functions A(t),
B(t) and C(t) are defined. The duration

∫
A over the interval [0, 50] along τ is∫ 50

0
A(t)dt = 5.

Proposition 1. Let M be a timed automaton. Let D1, D2 be DC formulas of
the following forms

D1 =̂
∑

s′∈S cs′
∫

s′ ≤ a (Linear Duration Properties)
D2 =̂ 2(ddsee0_dd¬see_ddsee0 ⇒∑

s′∈S cs′
∫

s′ ≤ a) (Inter-State Duration Properties) ,

where S is the set of locations of M , s ∈ S, and all cs′ and a are reals.
Then, D1 and D2 are discretisable w.r.t. M .

Given a behaviour τ of M , ddsee0 is a DC formula which is true at an interval [t, t′]
iff t = t′∧s(t) = 1. dd¬see is true at an interval [t1, t2] iff ∀t•t1 < t < t2 ⇒ s(t) = 0.
Thus, the premise of formula D2 is satisfied at the interval of time [a, b] iff s(a) =
s(b) = 1 and s(t) = 0 for all a < t < b. Consequently, the timed automaton M
satisfies D1 iff for each behaviour τ of M it holds Ψ(τ) ≤ a . The timed automaton
M satisfies D2 iff there is no behaviour τ = (e0, 0), (e1, t1), (e2, t2), . . . , (en, tn)
satisfying that:

1. −→en = s and there is another transition ei in τ satisfying ←−e i = s.
2. there is no transition between ei (excluded) and en of which the source

location is s.
3. Ψn

i (τ) > a.



Because only the fragment between ei and en makes contribution to the value
of Ψ when checking D2, we call this fragment effective fragment for D2. For the
sake of convenience, we call any behaviour the effective fragment for D1.
Example. For the timed automaton shown in Figure 1, it can be seen easily
that the integrated duration the automaton stays in state C is at most one third
of the duration it stays in other states. This property can be expressed as the
following linear duration property

3
∫

C − ∫
A− ∫

B − ∫
P ≤ 0 .

The property that for each single period between leaving A and entering A, the
time the automaton stays in C at most half of the time it stays in others can be
expressed as the following inter-state duration property

2(ddAee0_dd¬Aee_ddAee0 ⇒ 2
∫

C − ∫
P − ∫

B ≤ 0) .

3 Exhaustive Exploration Algorithms for Checking
Discretisable Duration Properties

Let M be a timed automaton. Because we are only interested in the discretisable
properties, from now on we will consider only the integral runs and behaviours
of the timed automaton M . Note that in all the configurations of an integeral
run the value of clocks are integers.

It is well known that the region equivalence relation over configurations of a
timed automaton is of finite index, see e.g. [5], based on which one can construct
the reachability graph for the timed automaton, and many interesting properties
of the automaton can be verified by investigating the reachability graph. In this
section, we will use this technique to check a timed automaton w.r.t. a linear
duration property or an inter-state duration property.

Let Kx be the largest constant compared with the clock x in the time con-
straints and state invariants of M , the region-equivalence relation restricted into
integral configurations is defined as follows.

Definition 3. Integral configurations 〈s, u〉 and 〈s, v〉 are region-equivalent, de-
noted 〈s, u〉 ≡ 〈s, v〉, iff for each clock x, either u(x) = v(x) or u(x) > Kx ∧
v(x) > Kx.

From the definition, it is obvious that the number of the equivalence classes of
the region-equivalence relation is bounded by |S|Πx∈C(Kx + 1) (see, e.g. [5]).

Proposition 2. Let C1 and C2 be integral configurations satisfying C1 ≡ C2.
Then, for any integer d and transition e, C1

e,d−→ C′1 iff there is a configuration C′2
satisfying C2

e,d−→ C′2 and C′1 ≡ C′2. (This means that ≡ is a strong bisimulation.)



Let K = max{Kx |x ∈ C}. Based on the equivalence relation ≡, the reach-
ability graph G of the timed automaton M is built as follows. Let G = (V, A),
where V is the set of nodes and A is the set of edges. The set V and A are
defined as follows. Each element of V is an equivalence class.

1. The equivalence class [〈s0, 0〉] is in the set V of nodes.
2. Let [C] be an equivalence class in V . For a transition e, for an integer d ≤

K + 1, if C e,d−→ C′ for some configuration C′ then [C′] is also in V , and the
edge ([C] → [C′]) is in the set A.

From the Proposition 2, given an equivalence class [C] in V , we can use an
arbitrary configuration in [C] to calculate the successive nodes of [C]. So the
reachability graph can be generated algorithmically.

From the definition of ≡, the configurations in the same node have the same
location. So we say the location of a node the location of any configuration in it.

Let n and n′ be two nodes satisfying that there is an edge from n to n′. Given
a linear duration expression Ψ =

∑
s∈S cs

∫
s, the Ψ -distance between n and n′

is defined as sup{csd | ∃e • C e,d−→ C′ ∧ C ∈ n ∧ C′ ∈ n′}, where s is the location
of n. The Ψ -distance between n and n′ says how much the value of Ψ along a
behaviour ending at a configuration in n can maximally increase if we extend the
behaviour by making one combined step to a configuration in n′. Given a path

p = n1, n2, . . . , nk of G, we say the run fragment C1
e1,d1−→ C2

e2,d2−→ . . .
ek−1,dk−1−→ Ck

is a run fragment corresponding to p iff for all i, (1 ≤ i ≤ k), Ci ∈ ni. We also
say the sequence e1, e2, . . . , ek is a corresponding transition sequence of p. From
the definition of G, we have the following proposition.

Proposition 3. Let Ψ be a linear duration expression. Any run fragment α is a
corresponding run fragment of a path p in the reachability graph with the Ψ -length
non less than the value of Ψ along α. Reversely, for a path p of the reachability
graph, if the Ψ -length of p is finite, there exists a run fragment α′ corresponding
to p such that Ψ(α′) equals to the Ψ -length of p.

Proof. The first half of the proposition follows immediately from the definition of
the Ψ -distance between two nodes in the reachability graph. The second half of
the proposition is proved as follows. Let n and n′ be two nodes in the reachability
graph such that there is an edge from n to n′. From Proposition 2, if Ψ -distance
from n to n′ is finite, for any configuration C in n, we can find a transition e, an
integer time d and a configuration C′ in n′ such that csd equals to the Ψ -distance
and C e,d→ C′ , where s is the location of n. So given a path p = n1, n2, . . . , nm,
we can construct a run fragment α starting from an arbitrary configuration C1

in n1, α = C1
e1,d1−→ C2

e2,d2−→ . . .
em−1,dm−1−→ Cm such that Ci ∈ ni and csidi equals to

the Ψ -distance from ni to ni+1, where si is the location of Ci. That is, the value
of Ψ along α equals to the Ψ -length of p.

In the following we present algorithms for deciding whether a linear duration
property or an inter-state duration property is satisfied by the timed automaton



M based on investigating the reachability graph of M . These algorithms can be
generalised for other discretisable properties as well.
Checking linear duration properties. Let Ψ be a linear duration expression
and Ψ ≤ a be a linear duration property. From the above observation, if there
is a cycle in the reachability graph of M along which the value of Ψ is positive
then because each node in the graph is reachable from the initial one, we can
build a run which makes the value of Ψ as large as possible by repeating the
cycle. This means that the linear duration property is violated, and we are done.
Otherwise, by investigating all the paths in the reachability graph from the initial
node having no cycle (the number of such paths is finite), we can decide if the
property is satisfied. Therefore, we have the following algorithm for checking for
the linear duration property Ψ ≤ a.

Associating with each node n in the reachability graph, there is a real variable
Ψn. For each node n, Ψn stores the Ψ -length of the longest path among those
paths which have been checked and of which the last node is n. Let p, Ψ be
auxilary variables. The auxiliary variable p , whose type is the set of lists of
nodes, is used to record the current path. The auxiliary variable Ψ is of the type
real and is used to record the Ψ -length of p. The initial value of Ψ is 0. Initially,
each node in the reachability graph is marked ‘unexplored’. The value of Ψn is
not defined if n is marked unexplored.

Ψ := 0; p =¿ [〈s0, 0〉] À; Ψ[〈s0,0〉] := 0; {initialisation}
while True do
begin

if p =¿À return true;
while the last node of p has no new successive node do
begin {back-tracking and re-calculating Ψ}

delete the last node of p;
if p =¿À return true;
Ψ := Ψn , where n is the last node of p;

end
n′ := the last node of p;
n := a new successive node of n′;
Append n to p;
{calculating Ψ -length of p}
Ψ := Ψ + l, where l is the Ψ -distance from n′ to n;
if Ψ > a return False;
if n appears in p at least twice and Ψ > Ψn then

return False;{a positive circle has been found}
if n is explored and Ψn ≥ Ψ then
begin {back-tracking and re-calculating the Ψ -length}

delete the last node of p;
Ψ := Ψn′ ;

end
else begin

Ψn := Ψ ;



marked n as explored;
end

end.
Checking inter-state duration properties. Let Ψ=̂

∑
s′∈S c′s

∫
s′ be a linear

duration expression. For checking whether M satisfies an inter-state duration
property 2(ddsee0_dd¬see_ddsee0 ⇒ Ψ ≤ a), we investigate in the reachability graph
only those paths that start and end at nodes with the location s and pass no
node with the location s. For convenience, we say a node with location s is an
s-node. If for such a path there is a cycle passing no s-node that make the value
of Ψ positive then similarly to the above, we can conclude that the property to
be checked is violated by M . Otherwise, by investigating the paths having no
cycle like that, we can have the answer to the problem. Before giving the formal
algorithm, let us consider an example.
Example. Fig. 3 shows a small part of the reachability graph of the timed
automaton in Fig. 1. To check the inter-state duration property

2(ddAee0_dd¬Aee_ddAee0 ⇒ 2
∫

C − ∫
P − ∫

B ≤ 0) ,

we have to check only the paths n2 → n4 → n5 → n6 and n3 → n4 → n5 → n6.

n3

[<B,x=5,y=5>]

[<B,x=10,y=10>]

n2[<A,x=0,y=0>]

n1 n4

[<C,x=0,y>30>]

[<D,x=10,y=0>]

n5n6

[<A,x=0,y=5>]

Fig. 3. A Part of Reachability Graph of the Timed Automaton

The algorithm is given as follows. Similarly to the previous algorithm, there
is a real variable Ψn associated with each node n in the reachability graph. For
each n, Ψn records the biggest Ψ -length of the paths satisfying ddsee0ˆdd¬see which
have been checked and of which the last node is n. An auxiliary variable p,
whose type is the set of lists of nodes, is used to record the current path. An
auxiliary variable Ψ is a real variable used to record the Ψ -length of the path
p. Let m,n, n′ be auxiliary variables of the type integral configurations. Like in
the previous algorithm, initially, each node in the reachability graph is marked
as unexplored. The value of Ψn is undefined if n is marked as unexplored.



Step 1. Removing irrelevant nodes
Remove all the nodes n satisfying that n is not an s-node, and cannot be the
starting point of a path leading to an s-node.

Step 2. Checking the behaviours
To check whether M satisfies 2(ddsee0_dd¬see_ddsee0 ⇒ Ψ ≤ a), all we have to do
is to check that for each node n which is a successive node of an s-node, there
is no path starting from n, ending at an s-node and of which the Ψ -length is
greater than a.

Given a node m as a parameter, the following procedure returns False if
and only if there is a path starting from m, ending at an s-node and of which
the Ψ -length is greater than a. For each node m which is a successive node of an
s-node, we use m as a parameter to call the procedure. This algorithm returns
True iff the procedure returns True for each of such nodes.

Ψ := 0; p :=¿ m À; Ψm := 0;
while True do
begin

if p =¿À return True;
while the last node of p has no new successive node do
begin{back-tracking and re-calculating the Ψ -length}

delete the last node of p;
if p =¿À return True;
Ψ = Ψn, where n is the last node of p;

end
n′ := the last node of p;
n := a new successive node of n′;
append n to p;
Ψ := Ψ + l, where l is the Ψ -distance from n′ to n;
if Ψ > a and the location of n is s

then return False;{a counter-example found}
if n appears in p at lease twice and Ψ > Ψn

then return False;{positive circle found}
if (n is explored and Ψ ≤ Ψn)

or (the location of n is s and Ψ ≤ a) then
begin{back-tracking and re-calculating the Ψ -length}

delete the last node of p;
Ψ := Ψn′ , where n′ is the last node of p;

end
else begin

Ψn := Ψ ;
mark n as explored;

end
end.



4 Floating Index Sets and Reduction of Reachability
Graphs

In the previous section, we have presented two algorithms for deciding the satis-
faction of some discretizable properties by the timed automata. These algorithms
are based on the investigation in the reachability graphs. In general, the reacha-
bility graph for a timed automaton is so big that the exhaustive investigation in
it becomes impossible. In this section we propose a technique for reducing the
size of the graph to make the algorithms more efficient.

Let, in this section, M be a timed automaton. Let
τ = (e0, 0), (e1, t1), (e2, t2), . . . , (en, tn) be an integral behaviour (of M). We say
that an index i is floating iff by modifying ti a little bit (increasing and decreas-
ing) we still get a behaviour. Note that for the untimed sequence e0e1 . . . en

of τ there exist a matrix A and a vector C such that for a tuple of reals
X = (x0, x1, . . . , xn) the sequence (e0, x0)(e1, x1) . . . (en, xn) is a behaviour of
M iff the tuple X is a solution of the inequality system AX ≤ C. Therefore,
if there exists a floating index for the behaviour, the tuple T = (t0, t1, . . . , tn)
is not a vertex of the polyhedron defined by AX ≤ C. In the theory of linear
programming it is well-known that a bounded linear function on a polyhedron
always reaches its maximal value at one of the vertices of the polyhedron. This
motivates our idea for this section.

Formally, a non-empty set T = {i1, . . . , ik} ⊆ {0, 1, . . . , n} is said to be a
floating index set (FIS) of τ iff the sequences τ l(T ) and τ r(T ) defined below are
also behaviours. The sequences τ l(T ) and τ r(T ) are defined as

τ l(T ) = (e0, 0)(e1, t
′
1), (e2, t

′
2), . . . , (en, t′n)

τ r(T ) = (e0, 0)(e1, t
′′
1), (e2, t

′′
2), . . . , (en, t′′n)

where

t′i =
{

ti − 1, if i ∈ T
ti , if i 6∈ T

, t′′i =
{

ti + 1, if i ∈ T
ti , if i 6∈ T

.

Let D be either a linear duration property or an inter-state duration prop-
erty. Let Ψ =

∑
s∈S cs

∫
s be the linear duration expression associated with D.

As mentioned earlier, the value of Ψ for the fragment from tk to tn along τ eval-
uates to

∑n−1
j=k c−→e j

(tj+1 − tj). From the definition of τ l(T ) and τ r(T ), either
Ψn

k (τ l(T )) ≥ Ψn
k (τ) or Ψn

k (τ r(T )) ≥ Ψn
k (τ). That is, from a behaviour having

an FIS, we can construct another behaviour which is more likely to violate D.
We will show that if a timed automaton does not satisfy D, either there is a
behaviour having no FIS and violating D, or there is a location which can make
unlimited contribution to the Ψ value.

Let τ = (e0, 0), (e1, t1), (e2, t2), . . . , (en, tn) be an integral behaviour and i, j
be two indices (1 ≤ j < i ≤ n). We say that the index j left-binds the index i,
or i right-binds the index j, (denoted j

τ↔l i or i
τ↔r j) iff either tj = ti or there

is a clock x ∈ C such that

1. ei resets x, and



2. x v ti − tj (v can be ≤ or ≥) is in the clock constraint of ei or the state
invariant of ←−e i, and

3. there is no transition between ej and ei which resets x.

Let j
τ↔l i. If tj = ti , because ej must take place before ei we can not increase

tj without increasing ti or decrease ti without changing tj . If j and i satisfy the
conditions 1, 2 and 3, when v is ≤, we can not increase ti without increasing tj
or decrease tj with decreasing ti, when v is ≥, we can not increase ti without
increasing tj or decrease ti with decreasing tj .

We define relation τ↔ as the symmetrical and transitive closure of τ↔l. Given
two indices i, j of τ satisfying i

τ↔ j, it is obvious that for any FIS T of τ , i ∈ T
iff j ∈ T . In fact, we have the following proposition.

Proposition 4. Let M be a timed automaton. Let τ be an integral behaviour of
M . The behaviour τ has no FIS iff for each non-zero index i of τ , 0 τ↔ i.

Example. Let τ = (e0, 0), (e1, 5), (e2, 35), (e3, 45), (e4, 50) be a behaviour of the
timed automaton shown in Figure 1. From the definition of τ↔l, 2 τ↔l 3 and
3 τ↔l 4. The set {2, 3, 4} is an FIS and {2, 3} is not an FIS. Let Ψ = 3

∫
C −∫

A− ∫
B− ∫

P be a linear duration property. The value of Ψ along τ is Ψ(τ) =
3 × 10 − 5 − 30 − 5 = −10. By decreasing the time stamps associated with e2,
e3 and e4, we get a new behaviour τ ′ = (e0, 0), (e1, 5), (e2, 34), (e3, 44), (e4, 49).
The value of Ψ along τ ′ is 3× 10− 5− 29− 5 = −9. That is, based on τ and an
FIS {2, 3, 4} of τ , we construct another behaviour τ ′ of which the value of Ψ is
larger.

The following proposition says that either the ‘maximum’ of Ψ is achieved
at a behaviour having no floating index set, or there is a location in which the
automaton can stay for unlimited time to make the Ψ value unlimited large. The
latter implies that the value of Ψ is unbounded on the set of behaviour.

Proposition 5. Let D be a linear duration property or an inter-state duration
property. If the automaton M does not satisfy D, there should be a behaviour τ
violating D and satisfying that

1. either τ has no FIS, or
2. there is an index i in the effective segment satisfying c←−e i

> 0∧ ti−ti−1 > K

(K is the largest constant appeared in the time constraints and state invari-
ants), and furthermore, for each index j it holds that j > i ⇒ i

τ↔ j and
j < i ⇒ 0 τ↔ j

Together with Proposition 4, this proposition demonstrates that in order to
verify for a linear duration property or an inter-state duration property, we have
to check only those behaviours τ which satisfy that for each index i (i 6= 0)

1. either there is another index j, j < i and j
τ↔ i,

2. or c←−e i
> 0 ∧ ti − ti−1 > K (K is the largest constant appeared in the time

constraints and state invariants).



From this, when investigating the reachability graph G, we need only to check
the paths satisfying that at least one of its corresponding behaviours satisfies
the above conditions. So, if there is a node n satisfying that there is no such a
path which passes through n, n can be removed without effecting the result of
the investigation. Therefore, let Gr be the graph (called ‘reduced reachability
graph’) derived from the reachability graph G by removing all of such nodes,
then we can obtain the answer to the problem by investigating Gr instead of G.
In general, Gr is much smaller than G. Hence, the efficiency of the algorithm is
better. However, it is difficult to generate Gr. In the following, we will give a
procedure to generate a reachability graph G′ satisfying Gr ⊆ G′ ⊆ G.

More specifically, we will show that given a timed automaton M , we can
construct a set D of tuples (e1, e2, d) with the following property. If a behaviour
τ is a prefix of a behaviour satisfying the conditions described in Proposition 5,
then for each index i > 0 there is another index j < i such that the tuple
(ej , ei, ti − tj) is in D and there is a clock reset by ej , tested by ei and not reset

by ek (j < k < i). Moreover, if α = C0
e1,d1−→ C1

e2,d2−→ C2
e3,d3−→ . . .

en,dn−→ Cn is the
run corresponding to such a behaviour τ , for each i, there should be a node in
Gr containing Ci.

Let τ = (e0, 0), (e1, t1), (e2, t2), . . . , (en, tn) be a behaviour. Let i be an index
of τ . If there is an index j satisfying j < i and j

τ↔ i, then there is a sequence
of indices starting from i, j1 = i, j2, j3, . . . , jk satisfying

1. jk < i, j2, j3, . . . , jk−1 > i, and
2. for each p (1 ≤ p ≤ k − 1), jp

τ↔l jp+1 or jp
τ↔r jp+1 and

3. (p 6= q) ⇒ (jp 6= jq) .

The sequence can be viewed as a chain of indices, each index in the sequence
left- or right- binds the next index. The distance ti− tjk

between ejk
and ej1 (ei)

equals to
∑n

q=2 tjq − tjq−1 , and for each q, tjq − tjq−1 or tjq−1 − tjq equals to a
constant appeared in the time constrains or the state invariants of M . Therefore,
the tuple (ejk

, ei, ti − tjk
) must be in the set D which is defined as follows.

1. Let e and e′ be two transitions. If a clock x is reset by e, x v c is an enabling
condition of e′ or a formula in I(←−e ), and there is a sequence of transitions
e1(= e′), e2, . . . , ek−1, ek(= e) satisfying ∀i(1 ≤ i ≤ k−1)•−→e i = ←−e i+1∧x 6∈
λei , then the tuple (e, e′, c) is in D.

2. Let e and e′ be two transitions. If there is a transition sequence e1(=
e′), e2, . . . , ek−1, ek(= e) satisfying ∀i(2 ≤ i ≤ k − 1) • −→e i = ←−e i+1 and
these transitions can take place instantaneously, the tuple (e, e′, 0) is in D.

3. Let (e, e′, d) and (e′′, e′, d′) be two tuples in D. If d′ > d and if there is
a transition sequence e1(= e′′), e2, . . . , ek−1, ek(= e′) satisfying ∀i(1 ≤ i ≤
k − 1) • −→e i = ←−e i+1 , ∃j(1 < j < k) • ej = e and there is a clock x reset by
e1 and does not reset by ei for all 1 < i < k, then the tuple (e′′, e, d′ − d) is
also in D.

4. D contains only these tuples.



Proposition 6. Let τ = (e0, 0), (e1, t1), . . . , (en, tn) be a behaviour. Let i be
an index of τ . If there is an index j satisfying j < i and j

τ↔ i, there must
be an index j′ satisfying (ej′ , ei, ti − tj′) ∈ D and j′ < i, and furthermore, if
ti − tj′ > 0, there must be a clock x ∈ C which is reset by ej′ and not reset by
ek for all j′ < k < i.

Based on this proposition and Proposition 4, Proposition 5, we can give a nec-
essary condition for a node [〈s, u〉] to be in Gr. Let α = C0

e1,d1−→ C1
e2,d2−→ C2

e3,d3−→
. . .

en,dn−→ Cn be a run satisfying the conditions described in Proposition 5. From
the definition of Gr, each equivalence classes containing Ci (0 ≤ i ≤ n) is in Gr.
Let 〈s, u〉 be the configuration just before the ith transition takes place. There
must exist a clock x, an index j < i such that ej resets x, x is not reset by the
transitions between ej+1 and ei, and (ej , ei, u(x)) ∈ D. From this observation,
we can use the following algorithm to generate a reduced reachability graph.

This algorithm uses a depth-first method to generate the graph. The auxiliary
variable p is used to record the current path. The type of two auxiliary variables
n and n′ is the set of nodes.
p :=¿ [〈s0, 0〉] À;
while p 6=¿À do
begin

n′ := the last node of p;
let 〈s, u〉 be a configuration in n′;

if there is a new pair (e, d) satisfying ∃C • 〈s, u〉 e,d−→ C and
either cs > 0 ∧ d > K
or there is a sequence of transitions e1, e2, . . . , em

such that a clock x is reset by e1 and
not reset by ek (1 < k ≤ m) and
em = e ∧ −→e i = ←−e i−1 ∧ (e1, e, u(x) + d) ∈ D

{This property is decidable}
then begin

n := [C] where 〈s, u〉 e,d−→ C;
if n is not in the node set of graph then
begin

append n to p;
add n to the node set of the graph;

end
add n′ → n to the edge set of the graph;

end
else

delete the last node of p;
end

Proposition 7. Let M be a timed automaton. Let Ψ be a linear duration expres-
sion. Let G′ be the graph generated by the above algorithm. Let D be a linear dura-
tion property Ψ ≤ a or an inter-state duration property 2(ddsee0_dd¬see_ddsee0 ⇒



Ψ ≤ a). The algorithms proposed in Section 3 working on G′ (instead of the
reachability graph) can decide whether the timed automaton M satisfies D.

Notice that from the definition of the set D, there is an algorithm to construct
D for any timed automaton. The size of D is O(|E|2K), where E is the set of
transitions and K is the largest constant occurring in the enabling conditions
and state invariants.

e0; x:=0 e1; x<=5; x:=0;

e2
e3; x>=6

S1 S2

S3

Fig. 4. A timed automaton

To show how to construct the set D and the ‘reduced reachability graph’, let
us take the timed automaton shown in Fig.4 as an example. The set D for the
automaton is constructed as follows.

1. From the first rule, the tuples (e0, e1, 5), (e0, e1, 7), (e1, e1, 5), (e1, e1, 7),
(e1, e2, 6) are in D.

2. From the second rule, the tuples (e1, e2, 0), (e1, e3, 0) and (e2, e3, 0) are in
D.

3. According to the third rule, the tuple (e1, e2, 6) is added to D because
(e1, e3, 6) and (e2, e3, 0) is in D.

The ‘reduced’ reachability graph is generated based on the set D as follows.
[〈S1, x = 0〉] is the initial node. Its successive node is [〈S2, x = 0〉]. Because
(e1, e2, 6) and (e1, e2, 6) in D, two successive nodes, [〈S3, x = 0〉] and [〈S3, x =
6〉], of [〈S2, x = 0〉] are also added to the graph. Because the tuples (e1, e3, 6),
(e1, e3, 0) and (e2, e3, 0) are in D, the node [〈S1, x = 6〉] is added to the graph as
the successive node of [〈S3, x = 0〉] and [〈S3, x = 6〉]. No other successive node
of these two nodes can be added to the graph. So, the ‘reduced’ reachability
graph is shown in Fig 5. It should be noticed that if we don’t use this technique,
and we build the reachability graph according to its definition, then the nodes



S3,x=0

S1, x=0 S2, x=0

S3, x=6

S4,x=6

S1,x=6

Fig. 5. A reduced reachability graph

[〈S3, x = 1〉], [〈S3, x = 2〉], [〈S3, x = 3〉], [〈S3, x = 4〉], [〈S3, x = 5〉], [〈S3, x >
6〉], [〈S4, x > 6〉], [〈S1, x > 6〉] would be included in the graph, too.

5 Example

As an example, let us take the railroad crossing system [7] and see how to gen-
erate a reduced reachability graph. We have trains, a railroad crossing monitor,
and a gate controller which are subject to the following constraints (see Figure
6).

1. The monitor has four states to express the positions of train: state A for
train approaching beyond 1/2 mile, state B for train approaching within
1/2 mile, state C for train crossing, and state P for train just passed.

2. The controller has four states to express the positions of the gate: state U
for the gate being up, state Md for the gate moving down, state Dn for the
gate being down and Mu for the gate moving up.

When the system starts, the monitor is in state A and the controller is in state
U . In state A, when the monitor detects that a train is approaching within 1/2
mile, it enters state B, and at the same time if the controller is in state U or
state Mu, it must enters state Md. Namely, when the gate is up or is moving
up, and detects that the monitor enters state B, it must start moving down.
When the train enters the crossing, the monitor enters state C, and when the
train has passed, it enters state P . When the monitor changes its state from
C to P then at the same time the monitor changes its state from Dn to Mu.
This means, when the gate is down, and detects that the monitor enters state
P , it begins to move up. In addition, due to the speed of trains and the safety



distance between trains, it takes at least 10 time units and at most 30 time units
for a train to go to the crossing after entering state B. The train must pass the
crossing with in 20 time units. When a train has passed, a new train could come
after at least 100 time units. That means that the monitor stays in B at least 10
time units and at most 30 time units each time and in P at least 100 time units
each time. Furthermore, assume that it takes the gate at most 10 time units to
move down or move up, and hence, the controller can stay at Md and Mu at
most 10 time units each time. Automata modelling the railroad crossing system
are depicted in Figure 6. The timed automaton modelling the whole system is
shown in Figure 7. The state T is an auxiliary state used to identify the time
point the monitor enters the state B. The system will stay in T for 0 time unit.

A B

C

U Md

DnMuP

x>= 100
x>=10
x<=30

x<=20,  x:=0

x:=0

y<= 10

y:=0

y<=10,  y:=0y<= 10

y:=0

x:=0

x<=30

x<=20

y<=10

y<=10

Fig. 6. Railroad Crossing Monitor and Gate

From the timed automaton in Fig. 7, the following properties can be derived
for the Railroad Crossing System:

1. The trains cross the crossing safely. That is, each time the monitor is in
state C, the gate must in state Dn. From Fig. 7, it can be seen that the only
dangerous state is (C, Md). However, the composed system can not stay in
this state for any non-zero time. This property can be expressed as a linear
duration property. ∫

(C, Md) ≤ 0 .

2. In each period between two arrivals of trains, there should be at least 30
time units when the gate is in state U. That is, people have enough time to
cross the railroad crossing. This property can be expressed as the inter-state
duration property:

2(ddT ee0_dd¬T ee_ddT ee0 ⇒ −∫
(A, U)− ∫

(P, U) ≤ −30).

From the definition, the set D of constraints about distance between two
transitions built according to its definition is as follows.



x>=10
x<=30
x:=0

e3
C, Md

x<=20
y<=10

P, U

x>=100
e11

A, Mu

y<=10
y:=0
y<=10

x:=0
e9

P, Mu

y<=10

y<=10, y:=0

e10

x>=100
e8

B, Dn

x<=30

y<=10

e4

C, Dn

x<=20

y:=0

e7

x<=20
x:=0

x<=30
x>=10

e6

x:=0

y<=10
e5

B, Md

A, U

  T
x:=0
y:=0

x<=0

y<=10
x<=30

e0

e1

e2

Fig. 7. Timed Automaton for Railroad Crossing System



{(e1, e2, 0), (e9, e2, 0), (e1, e3, 10), (e9, e3, 10)
(e1, e3, 30), (e9, e3, 30), (e1, e4, 10), (e9, e4, 10)
(e1, e4, 30), (e9, e4, 30), (e3, e5, 20), (e1, e5, 10)
(e9, e5, 10), (e1, e6, 10), (e1, e6, 30), (e9, e6, 10)
(e3, e7, 20), (e6, e7, 20), (e7, e8, 10), (e7, e8, 100)
(e7, e9, 10), (e7, e10, 10), (e7, e11, 100), (e1, e2, 0)
(e9, e2, 0), (e2, e8, 0), (e3, e5, 0), (e4, e6, 0)
(e5, e7, 0), (e6, e7, 0), (e7, e10, 0), (e1, e4, 0)
(e9, e4, 0), (e5, e10, 0), (e6, e10, 0), (e11, e1, 0)}

Based on this set, we can generate a reduced reachability graph. The graph is
shown in Fig. 8 , which is much smaller than the original one.

T
(0,0)(0,0)

A, U B,Md
(0,0)

C,Md
(0,10)

B,Dn
(10,10)

B,Dn
(0,0)

C,Dn
(0, 30) (0,10)

C,Dn

P,Mu
(0,0)(10,0)

P,UA,U
(100,100)

P,U
(0,0)

Fig. 8. The reduced reachability graph of Railroad Crossing System.

Applying the procedures in the previous sections on this reduced graph,
we can decide that the Rail Road Crossing System satisfies the two properties
mentioned above.



6 Conclusion

We have presented a technique for verifying for a linear duration property or an
inter-state duration property of timed automata using integer verification meth-
ods. One characteristic of our technique is to reduce the problem into a search
on a reachability graph with weights for edges, which has been well-studied. We
have also given a procedure to generate a reduced weighted reachability graph
which makes our algorithms more efficient. In comparison to the techniques in
the literature, see e.g. [5], our technique is simpler, and for some cases, we can
get smaller reduced reachability graph, which makes the computation complexity
lower than theirs.
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A Proof of Some Propositions

Proposition 1 Let M be a timed automaton. Let D1, D2 be DC formulas of
the following forms

D1 =̂
∑

s∈S cs

∫
s ≤ a (Linear Duration Properties)

D2 =̂ 2(ddsee0_dd¬see_ddsee0 ⇒
⇒ ∑

s′∈S cs′
∫

s′ ≤ a (Inter-State Duration Properties) ,

where S is the set of locations of M , s ∈ S, and all cs′ and a are reals.
Then, D1 and D2 are discretizable w.r.t. M .

Proof. For a behaviour τ = (e1, t1)_(e2, t2)_, . . . ,_(em, tm) let Sτ = {frac(ti) | 0 ≤
i ≤ m} ∪ {0, 1}, where frac(x) is the fraction of x, frac(x) = x− bxc (bxc is the
biggest integer that not greater than x). We define rank(τ) as the number of
the elements of the set Sτ . It follows from the definition of rank(τ) that τ is an
integral behaviour iff rank(τ) = 2.

Now we show that given an arbitrary behaviour

τ = (e1, t1)_(e2, t2)_, . . . ,_(em, tm) , rank(τ) > 2,

in which the fragment between ek (k ≥ 0) and em is the effective fragment, we can
construct a behaviour τ ′ such that rank(τ ′) = rank(τ)−1 and Ψm

k (τ ′) ≥ Ψm
k (τ).

By applying this step repeatedly, starting from the behaviour τ we can get
an integral behaviour τ ′′ satisfying Ψm

k (τ ′′) ≥ Ψm
k (τ). Thus, if D1 (D2) is not

satisfied by M , there is an integral behaviour which does not satisfy D1 (D2) .
Let

Sτ = {ζ0, ζ1, ζ2, . . . , ζq, ζq+1} , (ζi < ζi+1) , ζ0 = 0 , ζq+1 = 1 , q > 0 ,
Iζ1 = {i|(1 ≤ i ≤ m) ∧ (frac(ti) = ζ1)} .

We construct the following two sequences,

τ1 = (e1, t
′
1)

_(e2, t
′
2)

_. . ._(em, t′m) ,
τ2 = (e1, t

′′
1)_(e2, t

′′
2)_. . ._(em, t′′m) ,

where

t′i =
{

ti i /∈ Iζ1

ti − ζ1 i ∈ Iζ1

t′′i =
{

ti i /∈ Iζ1

ti − ζ1 + ζ2 i ∈ Iζ1 (ζ2 may be 1) .

We claim that:

1. for all integers i, j, a (1 ≤ i < j ≤ m), it holds (tj − ti ≥ a) ⇒ (t′j − t′i ≥
a ∧ t′′j − t′′i ≥ a).

2. for all integers i, j, b (1 ≤ i < j ≤ m), it holds (tj − ti ≤ b) ⇒ (t′j − t′i ≤
b ∧ t′′j − t′′i ≤ b).

3. for all integers i (1 ≤ i < m− 1) it holds t′i ≤ t′i+1 ∧ t′′i ≤ t′′i+1.
4. τ1 and τ2 are behaviours, and either Ψ(τ1) ≥ Ψm

k (t) or Ψm
k (τ2) ≥ Ψ(t).

Proof of (1): From the definition of t′i and t′′i , for any integers i, j, (1 ≤ i < j ≤
m),



– If i, j ∈ Iζ1 then t′j − t′i = t′′j − t′′i = tj − ti ≥ a;
– If i, j /∈ Iζ1 then t′j − t′i = t′′j − t′′i = tj − ti ≥ a;
– If i ∈ Iζ1∧j /∈ Iζ1 then t′j−t′i ≥ tj−ti ≥ a, and because frac(tj − ti) ≥ ζ2−ζ1

we have t′′j − t′′i = tj − t′′i = tj − ti − (ζ2 − ζ1) = btj − tic + frac(tj − ti) −
(ζ2 − ζ1) ≥ btj − tic ≥ a;

– If i /∈ Iζ1 ∧ j ∈ Iζ1 , then t′′j − t′′i > tj− ti ≥ a, and because frac(tj − ti) ≥ ζ1,
we have t′j − t′i = tj − ζ1 − ti = btj − tic+ frac(tj − ti)− ζ1 ≥ btj − tic ≥ a.

Therefore, (1) is proved. The proof of (2) is similar to the proof of (1), and (3)
follows immediately from (1) and ti+1 − ti ≥ 0.
Proof of (4): It is obvious that from the previous items it follows that τ1 and
τ2 are behaviours of N . From (3), each untimed state just after the occurrence
of ith transition ((1 ≤ i ≤ m) are the same for the sequences τ , τ1 and τ2. We
denote this state by si. The value of Ψ(τ), Ψ(τ1) and Ψ(τ2) are calculated as
follows.

Ψm
k (τ) =

∑m−1
i=k Csi

(ti+1 − ti) ,

Ψm
k (τ1) =

∑m−1
i=k Csi

(t′i+1 − t′i) ,

Ψm
k (τ2) =

∑m−1
i=k Csi(t

′′
i+1 − t′′i ) .

From the definition of τ1 and τ2 ,

Ψm
k (τ1) = Ψm

k (τ) + ζ1(
∑

i∈Iζ1 ,k<i<m Csi −
∑

i+1∈Iζ1 ,k≤i Csi) ,

Ψm
k (τ2) = Ψm

k (τ) + (−ζ2 + ζ1)(
∑

i∈Iζ1 ,k<i<m Csi −
∑

i+1∈Iζ1 ,k≤i Csi) .

Because ζ1 > 0 and (−ζ2 + ζ1) < 0, we have that either Ψm
k (τ1) ≥ Ψm

k (τ) or
Ψm

k (τ2) ≥ Ψm
k (τ) .

Note that from the definition of τ1, it is obvious that rank(τ1) = rank(τ)−1.
From the definition of τ2, for all i ∈ Iζ1 t′′i will have the fraction ζ2, and hence
it also holds that rank(τ2) = rank(τ)− 1.

Now, by choosing τ ′ = τ1 if Ψm
k (τ1) ≥ Ψm

k (τ), or τ ′ = τ2 if Ψm
k (τ2) ≥ Ψm

k (τ),
we have that rank(τ ′) = rank(τ)− 1 and Ψm

k (τ ′) ≥ Ψm
k (τ).

Proposition 4. Let M be a timed automaton. Let τ be an integral behaviour
of M . The behaviour τ has no FIS iff for each non-zero index i of τ , 0 τ↔ i.

Proof. First we prove that if for each non-zero index i 0 τ↔ i, then τ has no FIS.
In fact, for any index i, because i

τ↔ 0 implies that for any FIS A i is in A iff 0
is also in A, so i can not be in any FIS because 0 is not in any FIS. So, this part
of the proposition is proved.

The other part is proved as follows. We will prove that if there is an index
i for which 0 6 τ↔ i, the set T = {j | j τ↔ i} ∪ {i} is an FIS. We use t′k and t′′k
to denote the time stamps of the kth element of the sequence τ l(T ) and τ r(T )
respectively. It directly follows the definition of τ l(T ) and τ r(T ) that for all k, l,
−1 ≤ (t′l − t′k) − (tl − tk) ≤ 1 and −1 ≤ (t′′l − t′′k) − (tl − tk) ≤ 1. Let k and l
(k < l) be two arbitrary indices such that there is a clock x which is reset by ek

and not reset by ep for each p(k < p < l), and x v c is a formula in I(←−e l) or
γel

. There are two cases to consider.



1. If k, l ∈ T or k, l 6∈ T , t′l−t′k = t′′l −t′′k = tl−tk, so t′l−t′k v c and t′′l −t′′k v c .
2. For k ∈ T ∧ l 6∈ T or k 6∈ T ∧ l ∈ T , from the definition tl − tk 6= c

because k 6 τ↔ l. Together with the fact that −1 ≤ (t′i − t′j) − (ti − tj) ≤ 1
and −1 ≤ (t′′i − t′′j ) − (ti − tj) ≤ 1, we can conclude that t′l − t′k v c and
t′′l − t′′k v c .

Therefore, τ l(T ) and τ r(T ) are behaviours. This implies that the set T is an
FIS.

Proposition 5. Let D be a linear duration property or inter-state duration
property. If the automaton M does not satisfy D, there must be a behaviour τ
violating D and satisfying that

1. either τ has no FIS, or
2. there is an index i in the effective segment satisfying c←−e i

> 0 ∧ ti − ti−1 >

K (K is the largest constant appeared in the time constraints and state
invariants), and furthermore, for each index j it holds that j > i ⇒ i

τ↔ j

and j < i ⇒ 0 τ↔ j.

Proof. Let τ = (e0, 0), (e1, t1), . . . , (en, tn) be a behaviour of M which does not
satisfy D. Let Bτ be the set of behaviours satisfying that every behaviour in Bτ

has the same untimed transition sequence as that of τ . We will prove that there
is a behaviour in Bτ satisfying the conditions in this proposition and violating
D. There are two cases.

Case (a). If there is an index i in an effective fragment of τ such that

1. c←−e i
> 0 and

2. for each clock x in C, there is no time constraint of the form x ≤ c associated
with a transition after ei−1 and before x being reset,

3. for each clock x in C, there is no formula of the form x ≤ c in the state
invariant I(←−e j) , where j ≥ i and ej is a transition before x is reset,

then for a positive integer d (d > K), the time stamped transition sequence

τ ′ = (e0, 0), (e1, t1), . . . , (ei, ti), (ei+1, ti+1 + d), (ei+2, ti+2 + d), . . . , (en, tn + d)

is still a behaviour. For any index j other than i and satisfying 0 6 τ
′
↔ j and

i 6 τ
′
↔ j, let Ij = {j′ | j τ ′↔ j′} ∪ {j}. From the proof of Proposition 4, Ij is an FIS.

Hence, τ ′l(Ij) is also a behaviour. Because each time applying this step makes
the time-stamp of some transitions decrease, repeating this step on the newly
derived behaviour for finite times, we can get a behaviour τ ′′ satisfying that for

each index j other than i and 0, 0 τ ′′↔ j ∨ i
τ ′′↔ j. Since the ith time stamp is

at least K greater than the (i − 1)th time stamp, for any index p, q satisfying

p ≥ i and q < i, it holds p 6τ
′′
↔ q. Therefore, for each index j > i, i

τ ′′↔ j and for

each index j < i, 0 τ ′′↔ j. Consequently, τ ′′ satisfies the second condition in this
proposition. Based on τ ′′, we can increase the time stamps after the (i + 1)th



position to get a behaviour violating D. It is obvious that this behaviour still
satisfies the second condition.

Case (b). There is no index i in τ satisfying the conditions in the case (a).
For each index j, if tj+1 − tj > K + 1, then there is no clock x such that x ≤ c
is a formula in I(←−e k) or γek

, where ek(k > j) is a transition before x is reset
in the sequence and c is an integer constant. (It is because that K + 1 > c,
and the x ≤ c cannot be satisfied.) From the assumption for this case, it follows
c←−e j

≤ 0. The time stamped transition sequence

τ ′ = (e0, 0), (e1, t1), . . . , (ej , tj), (ej+1, tj+1−∆), (ej+2, tj+2−∆), . . . , (en, tn−∆) ,

where ∆ = tj+1− tj −K − 1, is also a behaviour. The value of Ψ along τ ′ is not
less than the value along τ because c←−e i

≤ 0 and tj+1 − tj > K + 1. Repeating
this step, we can get a behaviour τ ′′ violating D and satisfying that for each
index j, t′′j − t′′j−1 ≤ K +1, where t′′j and t′′j−1 are jth and (j− 1)th time stamps
of τ ′′.

Let B′
τ be the subset of Bτ satisfying that for each index j, tj − tj−1 ≤

K + 1. Since the set B′
τ is finite (we remind that we consider only the integral

behaviours), we can select a behaviour τ1 from B′
τ such that the value of Ψ along

τ1 is not less than the values along other behaviours in B′
τ . From above, for any

behaviour τ2 in Bτ , the value of Ψ along τ2 is not greater than the value along
τ1 . It is obvious that τ1 violates D because τ ′′ is in B′

τ . We show that we can
construct a behaviour having no FIS and violating D starting from τ1 . Suppose
τ1 has an FIS T . From the definition of τ l

1(T ) and τ r
1 (T ), for each k (0 ≤ k ≤ n),

it holds that t′k + t′′k = 2tk, where tk, t′k and t′′k are respectively the time stamps
associated with the kth transitions of τ , τ l

1(T ), and τ r
1 (T ). So, for any fragment

from ek to en,

Ψn
k (τ l

1(T )) + Ψn
k (τ r

1 (T ))
=

∑n
j=k+1 C←−e j

(t′j − t′j−1) +
∑n

j=k+1 C←−e j
(t′′j − t′′j−1)

=
∑n

j=k+1 C←−e j
(t′j + t′′j − (t′j−1 + t′′j−1))

=
∑n

j=k+1 C←−e j
(2tj − 2tj−1)

= 2
∑n

j=k+1 C←−e j
(tj − tj−1)

= 2Ψ(τ) .

Because of the assumption that the value of Ψ along τ1 is maximum, Ψn
k (τ l

1(T )) ≤
Ψn

k (τ) and Ψn
k (τ l

1(T )) ≤ Ψn
k (τ). Consequently, Ψn

k (τ l
1(T )) = Ψn

k (τ r
1 (T )) = Ψn

k (τ).
Hence, the following procedure gives a behaviour having no FIS and violating
D. Let τ be a variable.

τ = τ1;
while τ has an FIS T do τ := τ l

1(T );
return τ .

This procedure will stop because the time stamps can not be decreased in-
finitely.

Proposition 6. Let τ = (e0, 0), (e1, t1), . . . , (en, tn) be a behaviour. Let i be an
index of τ . If there is an index j satisfying j < i and j

τ↔ i, there must be an



index j′ satisfying (ej′ , ei, ti−tj′) ∈ D and j′ < i, and furthermore, if ti−tj′ > 0,
there must be a clock x ∈ C which is reset by ej′ and not reset by ek for all
j′ < k < i.

Proof. From the definition of τ↔, there must exists a sequence of indices J =
j1, j2, . . . , jk (k ≥ 2, 1 ≤ ji ≤ m) satisfying

1. j1 = i ∧ jk < i ∧ (j2, j3, . . . , jk−1 > i), and
2. for each p (1 ≤ p ≤ k − 1), jp

τ↔l jp+1 or jp
τ↔r jp+1 , and

3. (p 6= q) ⇒ (jp 6= jq) .

From the assumption and the definition of D, the following property for the
sequence J holds.

For any two neighbouring indices p, q in the sequence of indices, either (ep, eq, tq−
tp) ∈ D or (eq, ep, tp − tq) ∈ D.

We will show that we can remove an index from J with this property being
preserved.

Let jq be the largest index in J (q 6= 1, k because j1 and jk are two least
indices in J). Because tjq ≥ tjq−1 and tjq ≥ tjq+1 (ejq−1 , ejq , tjq − tjq−1) ∈ D and
(ejq+1 , ejq , tjq+1−tjq

) ∈ D. From the definition of D, either (ejq−1 , ejq+1 , tjq+1 −
tjq−1) ∈ D (when tjq+1 ≥ tjq−1) or (ejq+1 , ejq−1 , tjq−1 − tjq+1) ∈ D (when tjq−1 ≥
tjq+1).

Let J ′ = j′1, j
′
2, . . . , j

′
k−1 be the derived sequence of integers after q is removed

from J . It can be seen easily that the property described above holds for J ′ as
well.

We can repeat this step until we get a two-element sequence j1, jk (j1 = i)
for which (ejk

, ei, ti − tjk
) is still in D.

From the definition of J , jk
τ↔l jk−1. If ti > tjk

then tjk−1 ≥ ti > tjk
. From

the definition of τ↔l, there must be a clock x which is reset by ejk
and not reset

by ek (jk ≤ k < jk−1).

Proposition 7. Let M be a timed automaton. Let Ψ be a linear duration expres-
sion. Let G′ be the graph generated by the above algorithm. Let D be a linear du-
ration property Ψ ≤ a or an inter-state duration property 2(ddsee0_dd¬see_ddsee0 ⇒
Ψ ≤ a). The algorithms proposed in Section 3 working on G′ (instead of the
reachability graph) can decide whether the timed automaton M satisfies D.

Proof. To prove this proposition, we need to prove that each behaviour satisfying
the conditions described in Proposition 5 is the corresponding behaviour of a
path of the reduced reachability graph generated by the algorithm.

Let τ be such a behaviour and α = C0
e1,d1→ C2

e1,d1→ . . .
en,dn→ Cm be its

corresponding run. From Propositions 4 and 5, for any index i of τ , either there
is an index j (j < i) such that j

τ↔ i, or c←−e i
> 0 ∧ ti − ti−1 > K . The

initial node [C0] is obvious in the reduced reachability graph. From Proposition 6,
[C0] → [C1] → . . . → [Cn] is a path of the graph.


