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Abstract

In this work, we address the problem of verifying a Timed
Automaton for a real-time property written in Duration Cal-
culus in the form of Linear Duration Invariants. We present
a conservative method for solving the problem using the
linear programming techniques. First, we provide a pro-
cedure to translate Timed Automata to a sort of regular ex-
pressions for timed languages. Then, we extend the linear
programming-based approaches in [8] to this algebraic no-
tations for the timed automata. Our results in this paper are
more general than the ones presented in [8]. Namely, Timed
Automata are our starting point, and we can provide an ac-
curate answer to the problem for a larger class of them.

1 Introduction

Timed Automata [2] (TA) are one of the most widely
used formalisms to model real-time systems. Linear Du-
ration Invariants (LDI) are a fragment of Duration Calcu-
lus [6] to express the linear constraints on the accumulated
time for the presence of system states over the behaviour of
real-time systems. They are first presented in [15] where
it is shown that the reachability problem for the Integration
Graphs, a class of Hybrid Automata, can be reduced to the
verification for a LDI of the automata.

Our goal is to develop a technique to verify algorithmi-
cally for this kind of real-time properties of the real-time
systems modelled by Timed Automata. To our knowledge,
the existing theoretical methods which works for the whole
class of TA seem to be useless even for a small example
because of the very high complexity.

In [15] the authors present an algorithm for solving the
problem which based on two techniques: digitisation and
mixed linear integer programming. Digitisation is a way to
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obtain a discrete time automaton which generates the inte-
ger runs of the original dense time version. Naive digitisa-
tion is based on the region graph construction which pro-
duces huge graphs depending on the size of the constants
involved in comparisons [2]. Besides, the mixed linear in-
teger programming posses a very high complexity. In [1]
an algorithm to compute accumulated delays is given. It is
even more complex than the one presented in [15] and do
not work for negative coefficients for durations in the LDI.
In [9] a general approach to model-checking in discrete Du-
ration Calculus is presented. This approach is based on in-
clusion of regular languages. Obtaining regular languages
through the digitisation of the TA as well as the transforma-
tion of the Duration Calculus formula into finite state au-
tomata are the main sources of the high complexity.

In order to get more practical algorithms there are sev-
eral proposals based on linear programming techniques
[7, 8, 12]. The common idea is to represent a real time
system as a language described by some sort of timed reg-
ular expression. These works are based on the fact that if
the expression to verify for a LDI is finite, i.e. there is no
repetition in the expression, the verification is done by a
linear programming procedure, maximising the body of the
LDI subject to the timing constraints that gives the linear
bounds on the size of variables which represent the dura-
tion of location traversals. Then, most of the research effort
is devoted to searching for a way to reduce the infinite case
to the finite one, i.e. to eliminate repetition. The strength
of these techniques is the reuse of well studied and efficient
set of linear programming tools avoiding digitisation. Their
weakness lies on the fact that the starting points are those
regular expressions which can only represent a small class
of TA.

In this paper, we achieve our goal by generalising the
ideas of these methods for TA. In order to cope with them,
we give an algebraic formalism for expressing the be-
haviour of the whole class of timed automata along with
a translation procedure. Based on the translation results, we
provide conservative analysis (“yes” , “no”, “don’t know”
answers) to the problems using linear programming tech-



niques. In comparison to the methods in [7, 8], our method
can work directly on the whole class of TA and give the ac-
curate answer to the problem for a subclass larger than any
previously defined in these approaches.

The paper is organised as follows. In the next section, we
recall some basic notions on TA and LDI. A new algebraic
formalism for expressing the behaviour of TA will be given
in Section 3 which will be the base to explain the technique
presented in Section 4. The last section is the conclusion of
the paper.

2 Basic Notations

First, we introduce some basic notations for sequences
that will be used in the sequel.

Let s be a sequence. Then,|s| will denote the length
(i.e. number of elements) andsi (0 ≤ i ≤ |s| − 1) will
denote theith element of the sequences. For 0 ≤ i ≤
j ≤ |s| − 1, let si] denote the prefix ofs that ends with
the ith element,s[i the suffix ofs that starts from theith
element ands[i,j] the subsequence from theith element to
thejth element inclusively. If the sequences is not empty,
its last element (i.e.s|s|−1) will be denoted bylast(s). The
concatenation of two sequencess ands′ will be denoted by
ss′, and a sequence with single element will be identified
with its element. Given a setE, given a subsetT of E and
a sequences over E. T ∩ s will denote the intersection
betweenT and the underlying set ofs. Let last T in s be
the natural numberk such thatsk ∈ T and∀l, k < l < |s|
it holds thatsl /∈ T .

In this paper, letQ denotes the set of rationales and<≥0

the set of non negative reals.

2.1 Timed automata

Definition 1 (Timed Automata) A timed automaton is a
tuple A = (Q,C, L, Ω, S, Inv) whereQ is a finite set of
locations,C is finite set of clock variables,L is a finite set
of labels,Ω is a set of edges (see bellow),S ⊆ Q is a set of
initial locations andInv is a function from the set of loca-
tions to conjunctions of tests of the formx ≤ c (the invari-
ant of a location), wherec ∈ Q andx is a clock variable.
An edge is a tuple(q, φ, ρ, l, q′) whereq, q′ ∈ Q, ρ ⊆ C,
and l is a label,φ (guard) is a conjunction of tests of the
formx ∼ c, wherex is a clock variable,∼∈ {≤,≥} (≤ for
deadline and≥ for delay test) andc ∈ Q. There is at most
one edge for each pair of locations.

Normally systems are specified as nets of time automata
running in parallel which are synchronised at the transitions
having the same label.

Definition 2 (Parallel composition) Let
A1 = (Q1, C1, L1,Ω1, S1, Inv1) and A2 =

(Q2, C2, L2,Ω2, S2, Inv2) be TA whereC1 ∩ C2 = ∅.
The parallel composition of A1 and A2, de-
noted by A1||A2, is the timed automatonA =
(Q1 × Q2, C1 ∪ C2, L1 ∪ L2, Ω1×2, S1 × S2, Inv1×2),
where Ω1×2 and Inv1×2 are defined as: For any
(q1, φ1, ρ1, l1, q

′
1) ∈ Ω1, (q2, φ2, ρ2, l2, q

′
2) ∈ Ω2

• if l1 = l2 , thenΩ1×2 includes((q1, q2), φ1 ∧ φ2, ρ1 ∪
ρ2, l1, (q′1, q

′
2))

• if l1 is not in L1 ∩ L2 , then Ω1×2 includes
((q1, q2), φ1, ρ1, l1, (q′1, q2))

• if l2 is not in L1 ∩ L2 , then Ω1×2 includes
((q1, q2), φ2, ρ2, l2, (q1, q

′
2)),

and for any (q1, q2) ∈ Q1 × Q2 Inv1×2((q1, q2)) =
Inv1(q1) ∧ Inv2(q2).
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Figure 1. The Railroad Crossing System

Example 1 The figure 1 shows the three components of the
Railroad Crossing System as presented in [14]. They are
synchronised at the labelsapproach, exit, lower, down.
When a train approaches the crossing, it sends a signalap-
proach to the Controller and enters the crossing at least
300 time units later. When leaving the crossing it sends a
signalexit to the Controller within500 time units after the
signalapproachhas been sent. The Controller sends a sig-
nal lower to the gate exactly100 time units after it has re-
ceived the signalapproach, and sends a signalraisewithin
100 time units after it has received the signalexit. The gate
responds to the signallower by moving down within100
time units, and responds to the signalraise by moving up
between100 and200 time units.
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Now we define finite timed language to express the be-
haviour of timed automata.

Definition 3 (Timed word) A Timed word over an alpha-
bet E is a pair (σ, τ), whereσ is an finite sequence of
elements of E, andτ is an finite monotonically increasing
sequence of<≥0 and both have the same length. A set of
timed words overE is called a timed language overE.

The set oftransitionsover an alphabetQ, denoted by
TQ, is defined as the set(Q∪{⊥})×Q. The symbol⊥ will
be used for defining starting transitions of automata. Let
π1, π2 denote the projections over the first and the second
component of transitions respectively.

Let A be a timed automaton as in Definition 1. Aclock
valuationis a functionv : C → <≥0. In this paper we also
consider clock valuations as clock-indexed vectors. For a
clock valuationv and a setρ ⊆ C let Resetρ(v) denote the
valuation defined by

Resetρ(v)(c) =
{

0 if c ∈ ρ,
v(c) otherwise.

We use1 to denote the unit vector(1, . . . , 1), and0 to de-
note the0-vector(0, . . . , 0) of dimension|C|.

A stateof the timed automatonA is a pair(q, v) ∈ Q×~
for which Inv(q) holds onv.

An run of the automatonA is a sequence

r = (q0, v0)
ω1,τ1→ (q1, v1)

ω2,τ2→ . . .
ωn,τn→ (qn, vn)

where(qi, vi) are states ofA, ωi ∈ Ω, τi ∈ <≥0 satisfying

Initialisation: q0 ∈ S; v0 = 0

Monotonicity: 0 ≤ τi ≤ τi+1 for all natural numbersi <
n

Succession:ωi = (qi, φi, ρi, li, qi+1), where the condition
φi(vi−1 + (τi − τi−1)1) holds,vi = Resetρ(vi−1 +
(τi − τi−1)1), and the conditionInv(q)(vi−1 + t1)
holds for all0 ≤ t ≤ τi − τi−1

The timed word over the alphabetTQ accepted by the
run r above is defined as

((⊥, q0), (q0, q1), ..., (qn−1, qn), 0τ1...τn) .

The timed languageL(A) of the timed automatonA is the
set of finite timed words overTQ that has an accepting run.
We will only consider in this paperNon-zenoAutomata
(see. [10]), i.e. given any real numbert, any finite run
of can be extended to a run with the timeτn > t (time can
progress).

2.2 Linear Duration Invariants

In order to model a real-time system, the automatonA
is usually associated with a mappingλ : Q → 2P which
assigns a set of propositional letters to each location which
should be interpreted astrue when the automaton stays at
the location.

Example 2 For the composition automaton of the pre-
vious example (whose locations are triples indicating
local locations of its three components), letP =
{Up, Down,MovingUp, MovingDown} andλ be

λ((q1, q2, q3)) =





{Up} if q2=0
{MovingDown} if q2=1
{Down} if q2=2
{MovingUp} if q2=3

Linear Duration Invariants are a particular family of real-
time properties that predicates over the runs of timed au-
tomata. A LDI is a Duration Calculus formula of the form

Π
def
= l ≤ ∫

1 ≤ u ⇒ ∑
b∈B cb

∫
b ≤ M ,

whereB is a finite set of boolean expressions overP , l,cb

andM are reals, andu is either a real or∞. Given a run
of the automatonA, the expression

∫
b stands for the ac-

cumulated time in the run where the expressionb evaluates
to true, i.e. the time that the automaton stays in a location
s for which λ(s) ⇒ b. The LDI Π is satisfied by the au-
tomatonA when

∑
b∈B cb

∫
b is less than or equal toM for

those runs ofA whose ‘time length’ (τn) lies betweenl and
u. Formally,

A |=λ Π
def
= ∀(σ, τ) ∈ L(A) :

l ≤ last(τ) ≤ u ⇒ fΠ,λ(σ, τ) ≤ M ,

where

fΠ,λ(σ, τ)
def
=

∑
1≤i<|σ| α(π1(σi))(τi − τi−1)

α(q)
def
=

∑
{b∈B | λ(q)⇒b} cb

(α assigns to each location the contribution it makes to the
linear duration expression.)

Example 3 Let

Π
def
= 0 ≤ ∫

1 < ∞⇒
−3

∫
(Down ∨ Up) + 2∫

(MovingDown ∨MovingUp) ≤ 1000 .

For the composition automaton of Example 1 the mapping
α associated to the mappingλ is

α((q1, q2, q3)) =





−3 if q2=0
2 if q2=1

−3 if q2=2
2 if q2=3
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Let σ = (⊥, 000), (000, 101), (101, 112), (112, 122); τ =
0, 600, 700, 850). ThenfΠ,λ(σ, τ) = −3 × 600 + −2 ×
100 + 3× 150.

Since LDIs are universal properties, it is obvious that:

Lemma 1 For any automataA andA′ L(A) ⊆ L(A′) ⇒
A′ |=λ Π ⇒ A |=λ Π.

2.3 Simplification of the Problem

Now we make a simple conversion to the problem to get
rid of time bounds in the LDI property. Suppose that we
want to verify a LDI over all those runsA of the length
betweenl andu. Define a new automatonA′ from A by
making the following changes toA:

• Add a new clock, namelyz,

• Add to all invariants the conditionz ≤ u,

• Add a new “trap” location, namely “final”. Associate
the invariantTrue to this location and add to it a self
loop with thetrue condition and the empty set of reset
clock variables (stuttering step).

• Add edges from all original locations to the trap loca-
tion with the conditionl ≤ z ≤ u and the empty set of
reset clock variables.

• Extendλ by assigning any value to “final” (lets call
this extensionλ′).

It is easy to see that the obtained automatonA′ has the prop-
erty that its runs ended in the trap locationfinal are exactly
the runs that are relevant to the LDI satisfaction. That is,

A |=λ Π ⇐⇒ ∀(σ, τ) ∈ L(A′) :
((π1(last(σ)) 6= “final′′ ∧
π2(last(σ)) = “final′′)
⇒ fΠ,λ′(σ, τ) ≤ M)

It is obvious that if the original automatonA is non-zeno
then so is the automatonA′. Moreover, every run of the
automatonA′ is a prefix of a run leading to the trap location.

0 1
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Figure 2. Adding a Trap Location

3 Time Constrained Regular Expressions

In this section we give a descriptive and algebraic rep-
resentation of the behaviour of TA which will be called
Timed Constrained Regular Expressions (TC-RE). TC-RE
provides us the necessary insight to formulate the princi-
ples of our model checking algorithm proposed later in this
paper.

Definition 4 A TC-RE over an alphabetQ is a tupleM =
(R, ∆) whereR is a regular expression over the alphabet
TQ and ∆ is a finite set of triples of the form(T, t,∼ c),
whereT ⊆ TQ (a finite set of transitions overQ), t ∈ TQ,
∼∈ {≤,≥} andc ∈ Q.

The intuition behind this definition is that the regular ex-
pressionR [11] gives the potential untimed sequences of
transitions, while∆ establishes a set of constraints for the
distance between transition occurrences. In terms of clock
metaphor a tuple(T, t,∼ c) in ∆ is the analogous of a clock
test associated to the transitiont (that appears as the sec-
ond component of the tuple). Then, the first component,
T , is viewed as the set of transitions which reset that clock.
Roughly speaking,∼ c is a time constraint on the distance
betweent and the closest previousT -transition.

Definition 5 Given a TC-RE(R, ∆) overQ. The language
L((R, ∆)) represented by(R, ∆) is the set of timed words
(σ, τ) overTQ satisfying:

• σ ∈ R (σ is a transition sequence described by the
regular expression),

• τ0 = 0 (initialisation),

• ∀0 ≤ i < |σ| :
((T, σi,∼ c) ∈ ∆ ∧ (T ∩ σi−1] 6= ∅
⇒ τi − τlast T in σi−1] ∼ c))
(i.e. τ satisfies the time constraints on the distance
between event instances).

Hereafter we writeτ ∈ Sol(σ,∆) to express that(σ, τ)
is a timed word satisfying the conditions of the last two
items of Definition 5.

Example 4 Let R= (⊥, 0) ((0, 1)(1, 2)(2, 3)(3, 0))∗,

∆ =





({(⊥, 0), (0, 1)}, (1, 2),≥ 300),
({(⊥, 0), (0, 1)}, (1, 2),≤ 500),
({(⊥, 0), (0, 1)}, (2, 3),≤ 500),
({(⊥, 0), (0, 1)}, (3, 0),≥ 300)





.

Then,(R, ∆) is a TC-RE that represents all the timed words
leading to the location0 of the automaton ”Train” in Fig. 1
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The notion of TC-RE leads to a clear separation between
the untimed structure and timing constraints. The structured
nature of classical Regular Expressions is extremely helpful
for developing the principles of our algorithm. The follow-
ing facts are obvious from the above definition.

Fact 1 LetR andR′ be equivalent REs (i.e. they recognise
the same language), and∆ be a set of constraints. Then
L(R, ∆) = L(R′, ∆).

Fact 2 L(R, ∆ ∪ (T, t,∼ c)) ⊆ L(R, ∆).

4 Principles for Our Model Checking Algo-
rithm

It is straightforward to derive from the timed automa-
ton A′ a TC-RE that defines the set of timed words ofA′

which lead to the final trap location. However, we want a
TC-RE with a ‘good’ structure which allows a simple treat-
ment for the Kleene closure subexpressions in verifying for
a LDI. Such a TC-RE is said to be ‘well behaved and op-
erational’. The first step of our model-checking procedure
is to obtain a ‘well behaved and operational’ from the input
timed automaton. Then, we divide the obtained TC-RE into
two cases: finite (with no Kleene closure occurrence) and
infinite (with Kleene closure occurrence) ones. In the finite
case we show how to apply linear programming techniques
to solve our model-checking problem. For the infinite case
we present some techniques to reduce the number of Kleene
closure subexpressions or to infer that the LDI is violated.
In the following, we give the more details of our idea.

4.1 Well Behaved and Operational TC-RE

Now we restrict ourselves to some special class of TC-
RE whose properties can simplify our algorithm (for deal-
ing with infinite RE) without restricting the expressive
power.

Definition 6 A sequenceσ of transitions is Repeatable (ab-
breviations:Repeatable(σ)) iff π1(σ1) = π2(last(σ)) (re-
call that a transition is a pair of locations).

Definition 7 A repeatable wordσ is non transient for
∆ (abbreviations: NTransient∆(σ)) iff ∃i < |σ| :
∃(T, σi,≥ c) ∈ ∆ : c > 0 ∧ T ∩ σ 6= ∅ (i.e. Non-
transientness means that if the word is repeated, time does
elapse).

Definition 8 A TC-RE(R, ∆) is a Well Behaved TC-RE if
it satisfies the following properties:

Fusion Closure: For any transitionst, t′ such thatπ2(t) =
π2(t′), for any sequences of transitionsσ, σ′, θ andθ′

it holds(σtθ ∈ R∧σ′t′θ′ ∈ R) ⇒ (σtθ′ ∈ R∧σ′t′θ ∈
R).

Feasibility: ∀σ ∈ R : Sol(σ,∆) 6= ∅.
Nodeadline-Constrained Non-Zero Iterations:

∀σ ∈ R ∀k < |σ| ∀(T, σk,≤ c) ∈ ∆ :
(T ∩ σk−1] = ∅∨
(∀i, j : last T in σk−1] < i < j < k∧
Repeatable(σ[i,j])
⇒ (∀τ ∈ Sol(σ, ∆) : τj − τi = 0)).

Nodelay-Constrained Non-Transient Iterations: ∀σ ∈
R ∀k < |σ| ∀(T, σk,≥ c) ∈ ∆ :
(T ∩ σk−1] = ∅∨
(∀i, j : last T in σk−1] < i < j < k∧
Repeatable(σ[i,j]) ∧ NTransient∆(σ[i,j])
⇒ ∀τ ∈ Sol(R, ∆) : τi−1 − τlast T in σk−1] > c)).

The first property is natural since symbols are pair of
locations. The second property avoids the case in which
words described by the RE have no associated solution for
the timing constraints imposed by∆. The last two prop-
erties have a more technical nature and simplify the anal-
ysis of star subexpressions (kleene closure). Intuitively,
the propertyNo-deadline-Constrained Non-Zero Iterations
rules out the case that deadlines ranging over a repeat-
able sub word where time elapses. On the other hand,
the propertyNo-delay-Constrained Non-Transient Itera-
tionsensures that the time distance from a repeatable part to
the previous reset is required to be greater than any constant
that appears in a delay constraint even before the repeat-
able sub word occurrence, making its test redundant. Then,
roughly speaking, these properties affirm that the number
of iterations does not affect, and is not affected by timing
constraints. These properties can be achieved for a timed
automaton using techniques explained in the next section.

Example 5 Let R = (⊥, 0)(0, 1) ((1, 2)(2, 1))∗ (1, 3), and

∆ =





({(⊥, 0)}, (0, 1),≥ 100),
({(0, 1), (2, 1)}, (1, 2),≥ 50),

({(⊥, 0)}, (1, 3),≥ 100)



 .

Then, (R, ∆) is a well behaved TC-RE. Note that the
iteration is non transient since the runs must remain in the
location1 for at least50 time units.

Definition 9 A TC-RC (R,∆) is operational if it satisfies the
condition: for all σ ∈ R, 0 ≤ i < |σ|, τ ∈ Sol(σi], ∆)
there existsθ sequence of transitions such that(σi]θ, τ

′) ∈
L(R, ∆) andτ = τ ′i]

The operationality means that partial solutions are part
of total solutions and it is intimately connected to non-
zenoness. Note that the TC-RE in the previous example is
also operational since for any compatible time assignment
for some prefix ofR there is always a way to extend it to
reach the location3.
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In the next section we show how to obtain a well be-
haved and operational TC-RE from a timed automaton that
satisfies Non-zenoness. That TC-RE recognises the relevant
language of timed words leading to the final location.

4.2 Problem Transformation in Terms of Well Be-
haved and Operational TC-RE

Given a timed automatonB and a final locationfinal, we
could apply Kleene procedure toB to obtain a regular ex-
pression that recognises all the untimed words of transitions
that leads to the locationfinal without using the stuttering
step at the location final location [11]. Then,∆ is obtained
in a simple way as follows.

For each edge, namely (q, φ, ρ, l, q′) do the following

• For each testx ∼ c ∈ ρ add the tuple(T, (q, q′),∼ c)
to ∆, whereT is the set of transitions that reset the
clockx (remember that this set includes also the initial
ones, i.e.(⊥, s) ∈ T for all s ∈ S).

• For each testx ≤ c ∈ Inv(q) add the tuple
(T, (q, q′),≤ c) to ∆, whereT is the set of transitions
that reset the clockx including the the initial ones as
above.

It is easy to see that if the locationfinal is a trap location (no
transition but a stuttering leaves that location) the obtained
TC-RE (denoted by∆Kleene(B)) recognises exactly the
language of timed words ofB leading tofinal. Then we
have the following observation

Fact 3 A |=λ Π iff (∀(σ, τ) ∈ L(∆Kleene(A′)) :
fΠ,λ(σ′, τ) ≤ M), whereA′, λ′ are the automaton and the
mapping obtained by following the procedure of section 2.3.

Therefore in order to verify for the LDI (described ear-
lier) of the timed automatonA, all we have to do is to check
whetherfΠ,λ(σ, τ) ≤ M is satisfied by all the timed words
described by the obtained TC-RE. Is the obtained TC-RE
well behaved and operational?

Since symbols are pair of locations the resulting lan-
guage has theFusion Closureproperty.

And also, since every run ofA′ is a prefix of a run leading
to the trap state (this property comes from the fact thatA
is non-zeno), it is easy to see that the obtained TC- RE is
operational.

Unfortunately, the last three properties are not guaran-
teed. In order to obtain a TC-RE satisfying the property
feasibility we can apply Kleene conversion to the reachabil-
ity graph (RG(A′)) obtained from the automatonA′ . The
Reachability Graph is a well known concept in many timed
formalisms [14, 13, 4].

In particular, theRG(A) can be seen as an automaton
that recognises (up to renaming, let us call itβ) the same

language asA. It is built unfolding symbolically the origi-
nal graph in such a way that the language recognised by the
underlying graph is feasible. This implies immediately the
feasibility of its associated TC-RE.

Example 6 The reachability graph for the timed automaton
(train||gate||controller)′ is shown in Figure 3, where a
final location and an extra clock for the observation interval
[0,∞) were added.

It is easy to see that∆Kleene(RG(A′)) is operational
as well. It is because thatA′ is the automaton obtained from
a non zeno automatonA using the procedure of Section 2.3.
In fact, runs in theRG(A′) can be seen as runs ofA′. Then,
any violation of the operationality of∆Kleene(A′) would
imply zenoness of the original automatonA.

Moreover, the locations of the reachability graph convey
timing information about paths leading to them. This leads
to the property ‘reachability equivalence’ of the TC-RE ob-
tained fromRG(A′), which is formalised below.

Lemma 2 The TC-RE(R, ∆) obtained fromRG(A′) sat-
isfies the propertyReachability Equivalence, i.e. for
all σ, σ′ ∈ Prefixes(R) such that π2(last(σ)) =
π2(last(σ′)), for all (T, t,∼ c) ∈ ∆ if ∃θ ∈ R, i, j ∈
N : 0 ≤ i < j < |θ| : π2(θi) = π2(last(σ)) ∧ θj = t (i.e.
exists a future comparison) then:

1. Min{last(τ) − τlastT inσ | τ ∈ Sol(σ,∆)} ≤ c
⇒ Min{last(τ) − τlastT inσ | τ ∈ Sol(σ,∆)} =
Min{last(τ)− τlastT inσ′ | τ ∈ Sol(σ′, ∆)}, and

2. Max{last(τ) − τlastT inσ | τ ∈ Sol(σ,∆)} ≤ c
⇒ Max{last(τ) − τlastT inσ | τ ∈ Sol(σ,∆)} =
Max{last(τ)− τlastT inσ′ | τ ∈ Sol(σ′, ∆)}

It can be seen that reachability equivalence implies the
last two properties [5].

Example 7 The TC-RE that recognises all the time words
of the RG in Figure 3, which lead to the locationfinal is the
following:

R
def
= ((A∗(a, b)(b, c) . . . (i, j)((j, c)B∗(c, d) . . . (i, j))∗



(j, final)⊕
(j, c)B∗(c, final)⊕
(j, c)B∗(c, d)(d, final)⊕
. . .⊕
(j, c)B∗(c, d) . . . (h, final)⊕
(j, c)B∗(c, d) . . . (h, i)(i, final)⊕
(j, c)B∗(c, d) . . . (h, a)(a, final)⊕
(j, c)B∗(c, d) . . . (h, a)(a, b)(b, final)




)

⊕




A∗(a, final)⊕
A∗(a, b)(b, final)⊕
. . .⊕
A∗(a, b) . . . (i, final)


)
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Figure 3. The Reachability Graph

where
A = (a, b) . . . (h, a)
B = (c, d) . . . (j, c).

and

∆ =





({(⊥, a), (a, b)}, (b, c),≥ 100),
({(⊥, a)}, (a, final),≥ 0),

({(⊥, a), (a, b)}, (b, c),≤ 100),
({(⊥, a)}, (b, final),≥ 0),

({(⊥, a), (b, c), (j, c)}, (c, d),≤ 300),
({(⊥, a)}, (c, final),≥ 0),

({(⊥, a), (a, b), (h, i)}, (d, e),≤ 500),
({(⊥, a)}, (d, final),≥ 0),

({(⊥, a), (a, b), (h, i)}, (d, e),≥ 300),
({(⊥, a)}, (e, final),≥ 0),

({(⊥, a), (a, b), (h, i)}, (e, f),≤ 500),
({(⊥, a)}, (c, final),≥ 0),

({(⊥, a), (a, b), (h, i)}, (f, g),≤ 300),
({(⊥, a)}, (f, final),≥ 0),

({(⊥, a), (f, g)}, (g, h),≤ 100),
({(⊥, a)}, (g, final),≥ 0),

({(⊥, a), (g, h)}, (h, i),≤ 200),
({(⊥, a)}, (h, final),≥ 0),

({(⊥, a), (g, h)}, (i, j),≥ 100),
({(⊥, a)}, (final, final),≥ 0),
({(⊥, a), (g, h)}, (i, j),≤ 100),
({(⊥, a), (h, i)}, (j, c),≥ 100),
({(⊥, a), (h, i)}, (j, c),≤ 100),
({(⊥, a), (g, h)}, (h, a),≥ 100),
({(⊥, a), (g, h)}, (h, a),≤ 200)





Now we formulate the main result of this section.

Lemma 3 ∆Kleene(RG(A′)) is a well behaved and op-
erational TC-RE for which

A |=λ Π iff (∀(σ, τ) ∈ L(∆Kleene(RG(A′))) :
fΠ,λ′β(σ, τ) ≤ M) .

Therefore, in the rest of the paper we have to deal only
with the problem of deciding whether∀(σ, τ) ∈ L(R, ∆) :
fΠ,λ(σ, τ) ≤ M for a well behaved and operational TC-RE
(R, ∆).

4.3 Checking Finite TC-RE

A finite TC-RE is a TC-RE where first component is
a RE having no occurrence of the star (Kleene closure).
Finiteness implies that the RE can be rewritten as a finite
union of words. The LDI must be satisfied for all the words
in which the RE can be decomposed into. Note that this
procedure can be done in parallel. Given a wordσ and a set
of time constraints∆, we can associate to it a set of vari-
ables and a set of linear constraintsC(σ, ∆) such that its
solutions form the setSol(σ, ∆). Formally, the setC(σ, ∆)
of inequalities on the variable set(xi)i<|σ| is defined by



xi − xlast T in σi−1] ∼ c

∣∣∣∣∣∣

i < |σ|∧
(T, σi,∼ c) ∈ ∆∧
T ∩ σi−1] 6= ∅





∪ {xi+1 − xi ≥ 0 | i + 1 < |σ|}
∪ {x0 = 0} .

Then checking the LDIΠ under renamingλ over(σ, ∆)
is exactly checking whether the maximum of the function
fΠ,λ(σ, x) subject toC(σ, ∆) is less or equal toM which
can be solved by the linear programming techniques. Here-
after we call this maximumMaxInv(σ).

Example 8 Letσ be(⊥, a)(a, b)(b, c)(c, d)(d, final), and
∆ be as in the previous example. ThenC(σ,∆) is the set of
the following inequalities:

0 = x0, x1 − x0 ≥ 0, x2 − x1 ≥ 0,
x3 − x2 ≥ 0, x4 − x3 ≥ 0, x2 − x1 = 100,
x3 − x2 ≤ 300, x4 − x0 ≥ 0 .

Let Π be as in Example 3. It is easy to see that
MaxInv(σ) is 0, and it is reached at(x0 = 0, x1 =
0, x2 = 100, x3 = 400, x4 = 400).

4.4 Eliminating Star Occurrences

In this subsection we present some results aiming at sup-
porting the claim of correctness of our algorithm. These
results set the principles to reduce the general case to the
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finite case. These reductions can be applied to a large class
of timed automata.

Let R andP be RE, whenever we say thatP is a sub-
expression ofR we will refer to a particular occurrence of
it.

Now we define when a finite set of words (the canonical
form of a finite regular expressionP ) form an ‘independent’
set. By independency, we intend to mean that ifP is the
body of a cycleP ∗ then the timing assignment of each iter-
ation will not depend on the timing assignment of previous
one.

Definition 10 A finite setP of words is independent iff
∀σ, γ, θ ∈ P : ∀0 ≤ i < |σ| : (T, σi,∼ c) ∈ ∆ ∧ T ∩
σi−1] = ∅ ∧ T ∩ θ 6= ∅ ⇒ last(θ) ∈ T ∧ last(γ) ∈ T (i.e.
no constraint go from one iteration to another one).

Roughly speaking, this condition is satisfied when all
tests on a clock in the cycle have the corresponding reset
appearing before them in the cycle or just before entering
the cycle. We present the following theorems for dealing
with independent iterations.

Theorem 1 Let (R, ∆) be a well behaved TC-RE, letP ∗

be a subexpression ofR whereP is a finite and independent
set of repeatable words satisfying that all theγ ∈ P are non
transient andMaxInv(last(γ)γ) ≤ 0. Then by replacing
P ∗ in R with ε ⊕ P ⊕ PP , we get a regular expressionR′

which satisfies:(R, ∆) |=λ Π iff (R′, ∆) |=λ Π .

Theorem 2 Let (R, ∆) be a well behaved and operational
TC-RE, letP ∗ be a subexpression ofR whereP is finite.
Let θ ∈ P ∗ be independent from itself (i.e. the set{θ} is
independent). IfMaxInv(last(θ)θ) > 0 then(R, ∆) 6|=λ

Π

4.5 Description of the Algorithm

In Section 2.3 we have shown how the original problem
can be transformed into the verification of an LDI on a well-
behaved and operational TC-RE. That is done by adding
a final trap location, performing a symbolic unfold of the
automaton (reachability graph) and then applying a simple
conversion into TC-RE. Hereafter we sketch an algorithm
based on the results presented in the previous sections. For
the simplicity of our presentation, we assume that the Au-
tomaton has Non-Transient cycles (i.e. time must elapse
when the body of a cycle is performed). We believe that
this property is not very restrictive in practice.

Given the TC-RE, the algorithm works iteratively with
the most inner star occurrences are eliminated by applying
Theorem 1 and Theorem 2. If the words which constitute
the body of the star are independent then reduction to the
finite case can be achieved or counterexample can be found.

If we reduce the whole expression to a finite one, we use the
techniques presented in section 4.3 to give the answer to the
problem.

If the formerly presented strategies do not work, a con-
servative step is still possible. The idea is basically to make
a Kleene-closured finite subexpression independent. This is
achieved by eliminating constraints which violate the inde-
pendence condition (previously, we apply renaming to elim-
inate just the localised constraints). Note that the former
procedure leads to a simpler system which is easier to anal-
yse but with a potential enlargement of the language. There-
fore, if after making these manipulations the resulting finite
TC-RE satisfies the LDI then we know that the original does
satisfy it (see fact 1). If a counterexample is found after a
conservative step it must be checked whether it is included
into the original language and if this is not the case then the
algorithm yields no definitive response (”?”).

Example 9 Observe that cycleP ∗ = ((a, b) . . . (h, a))∗)
has just a word and generates independent iterations. It is
easy to see thatMaxInv(P, ∆) > 0. In fact, the automa-
ton can remain ata, d, e, f andg for 0 time units whereas
it can remain100 time units inb, 300 time units inc and
200 time units inh. The value of the objective function is
700 in this case. Then we conclude that the invariant is not
satisfied.

5 Conclusions

We have presented our procedure for verifying LDI of
a timed automatonA with non-transient cycles. A main
part of our procedure is to translate the automaton into a
well-behaved and operational time constrained regular ex-
pression (∆Kleene(RG(A′))). Our achievements can be
summarised as follows.

• From the procedure, it is not difficult to see that when
the finite upper bound of the LDI is finite (i.eu < ∞)
the translation procedure (∆Kleene(RG(A′))) leads
to finite TC-REs thus enabling an accurate verification.

• We can also verify the casesu = ∞ when the automa-
ton has independent iterations. This property is con-
served by Cartesian products. Some identified classes
as the Alternating RQ automata fulfill the condition of
independent iterations [16], and moreover in general it
is also satisfied if the tests in a cycle are always pre-
ceded by a reset in the cycle. We can also solve cases
of dependent or non transient iterations but this is not
covered in this article since we considered them as ir-
relevant for the exposition of our ideas.

• For u = ∞ we can verify conservatively the whole
class of TA with non transient cycles.
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This is the first proposal that avoids digitisation to verify
LDI and that copes with TA as model of real-time systems.
Note that since the work is based on the reachability graph
construction it could be easily migrated to other formalisms
like real-time versions of Petri Nets [4] and ModeCharts
[13].

Acknowledgements: We thank Pablo Giambiagi, Ger-
ardo Schneider and Miguel Felder for their useful com-
ments.
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