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Abstract. The major problem of checking a parallel composition of
real-time systems for a real-time property is the explosion of untimed
states and time regions. To attack this problem, one can use bisimulation equivalence w.r.t. the property to be checked to minimise the system
state space. In this paper, we define such equivalence for the integrated
linear duration properties of real-time automaton networks with shared
variables. To avoid exhaustive state space exploration, we define a compatibility relation, which is a one-direction simulation relation between
configurations. Based on this technique, we develop an algorithm for
checking a real-time automaton network with shared variables w.r.t. a
linear duration property. Our algorithm can avoid exhaustive state space
exploration significantly when applied to Fischer’s mutual exclusion protocol.

1

Introduction

In the last few years, some verification tools have been developed for timed
systems [10, 11, 3]. The verification engines of most of these tools are based on
reachability analysis of timed automata following the pioneering work of Alur
and Dill [2].
A series of techniques have been developed to attack the potential state
explosions arising not only from the control-structure but also from the region
space. Efficient data structures and algorithms have been sought to represent and
manipulate timing constraints over clock variables [9] and to avoid exhaustive
state space exploration.
In this paper, we show how to apply and to improve these techniques for a
class of model-checking problems for real-time systems. Namely, we use linear
duration properties (a kind of simple Duration Calculus [4] formulas) as system specifications and real-time automaton networks with shared variables as
real-time system models. Checking linear duration properties is difficult because
?
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the durations of states are defined on the history of the systems. Actually, the
problem has been solved for real-time automata (real-time automaton networks
of single process) in [5] by using linear programming technique. In that paper,
an algorithm was given for reducing the problem to a finite set of very simple
linear programming problems. This technique has been generalised for verifying
a subset of timed automata in [6], and for verifying a parallel composition of
real-time automata in [12]. This technique has also been generalised for verifying a subset of hybrid automata in [7]. For timed automata, it has been shown
in [14] that the problem can be solved but ones have to use the mixed integer
and linear programming techniques, which are very complicated. In [1], an algorithm has been developed for checking duration-bounded reachability which
asks whether there is a run of an automaton from a start state to a target state
along which the accumulated duration of system states satisfies a constraint. In
that paper, the coefficients corresponding to the state durations are restricted
to non-negative integers only.
In this paper, we consider the problem for a network of real-time automata
with shared variables. We show that a linear duration property is satisfied by
a real-time automaton network iff it is satisfied by all the integer behaviours of
the network. Then, we define a so-called compatibility relation between configurations and apply the technique in [13] for that relation to develop a modelchecking algorithm for real-time automaton networks that can avoid exhaustive state space exploration in some cases. We apply our technique to Fischer’s
mutual exclusion protocol and find that this technique results in a significant
space-reduction.
The paper is organised as follows. In Section 2 real-time automaton networks
with shared variables are formally defined. Linear duration properties and their
satisfaction by a network are described in Section 3. Our basic idea and the
algorithm are given in Section 4. Section 5 is devoted to the verification of
Fischer’s mutual exclusion protocol using our algorithm. The last section is the
conclusion of the paper.

2

Real-Time Automaton Networks with Shared Variables

In this section, we give a formal definition of real-time automaton networks with
shared variables and their behaviours. Let Nat denote the set of nonnegative
integers, and Intv denote the set of intervals on Nat.
Definition 1. A real-time automaton [5] is a pair hA, Γ i, where
1. A = hS, s0 , Ei is a conventional automaton,
2. Γ is a mapping from E to Intv; Γ assigns to each transition e ∈ E a time
interval [ae , be ] or [ae , ∞), where ae , be are integers and 0 ≤ ae ≤ be , which
express the delay ae and the deadline be or ∞ of the transition e .
−
For a given state s ∈ S, we use Us to denote the value max{be | (←
e = s)} .
Γ (e) is denoted by [ae , be ] , or [ae , ∞) when be = ∞ . The empty word ² is
considered as a special transition of all the real-time automata in this paper.
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Fig. 1. A real-time automaton network with shared variables

Definition 2. A real-time automaton network with shared variables (real-time
automaton network for short) is a tuple N =hP, V, G, Ri, where
1. P = {A1 , A2 , . . . , An } is a finite set of real-time automata; for i = 1, 2, . . . , n
let Ai = hAi , Γi i and Ai = hSi , q0i , Ei i,
2. V = {v1 , v2 , . . . , vm } is a finite set of shared variables,
3. G is a mapping from (E1 ∪ E2 ∪ . . . ∪ En ) to V arGuard (defined below)which
assigns to each transition of the automata in P a boolean expression on the
values of the shared variables in V,
4. R ∈ (E1 ∪ E2 ∪ . . . ∪ En ) → (V → N at); R expresses the values of shared
variables reset by the transitions; when a transition e takes place, each shared
variable v in the domain of R(e) is assigned the value R(e)(v).
V arGuard ranged over by ψ is generated by the following grammar:
ψ , true | v = c | ψ1 ∧ ψ2 ,
where v stands for a shared variable, and c stands for an integer constant. A
guard ψ ∈ V arGuard is evaluated to be true on a valuation V iff for each
equation v = c appeared in ψ, the value of v is c .
For a vector x , let xi denote the ith element of x, and let x[x0i /i] denote the
vector obtained from x by replacing the ith element with x0i .
Definition 3. Let N = hP, V, G, Ri be a real-time automaton network. An untimed state s of N is an n-dimensional vector of local states (si is a state of Ai
for 1 ≤ i ≤ n). A configuration of N is a tuple hs, t, V i, where s is an untimed
state of N , t is an n-dimensional vector of nonnegative reals. The value ti expresses how long the automaton Ai has been staying at si and V is a valuation
of the shared variables.
The transition system of a real-time automaton network is described as follows.
Definition 4. Let N = hP, V, G, Ri be a real-time automaton network, hs, t, V i
0
and hs0 , t , V 0 i be its configurations. We define:
ei

0

1. hs, t, V i → hs0 , t , V 0 i (ei is a transition of Ai ) iff
←
−
−
→
(a) (si = ei ) ∧ (s0 = s[ ei /i]), and

0

(b) ti ∈ [aei , bei ] ∧ t = t[0/i], and
(c) G(ei )(V ) ∧ V 0 = V †R(ei ) .
²,d
0
2. hs, t, V i → hs, t , V i (d ≥ 0) iff (t0i = ti + d) ∧ (t0i ≤ Usi ) for 1 ≤ i ≤ n.
e,d

Given two configurations C1 and C2 , we write C1 −→ C2 iff there exists a configu²,d
e
ration C 0 such that C1 → C 0 and C 0 → C2 . For a configuration C, for a transition
e (can be ²) and for an integer d, there is at most one configuration C 0 satisfying
e,d

C −→ C 0 . We denote this configuration by Succ(C, e, d) in the case it exists.
An execution α of the network N is defined as
e1 ,d1

e2 ,d2

em ,dm

²,dm+1

α = C0 −→ C1 −→ . . . −→ Cm −→ Cm+1 ,
where C0 is the initial configuration of N . We call the timed sequence τ =
(e1 , t1 )ˆ(e2 , t2 )ˆ . . . ˆ(em , tm )ˆ(², tm+1 ) the behaviour corresponding to the execution
Pαi and Cm+1 the final configuration of α, where for each 1 ≤ i ≤ m + 1,
ti = j=1 dj . A configuration hs, t, V i is called an integer configuration iff for
each i (1 ≤ i ≤ n) ti is an integer. The execution α is said to be an integer
execution iff all Ci ’s (0 ≤ i ≤ m + 1) are integer configurations.

3

Linear Duration Properties

Let, from now on in this paper, N be a real-time automaton network as defined in
Definition 2. The linear duration properties (LDPs) are simple Duration Calculus
formulas used to express requirements of real-time systems. An LDP
R
Pkis a linear
inequality of the state-durations of the form Ψ ≤ M , where Ψ = i=1 ci Si ,
and for each i (1 ≤ i ≤ k), Si is a predicate on untimed states of N , ciR and M
are real numbers (ci is called the coefficient corresponding to Si and Si the
duration of Si ).
e1 ,d1

e2 ,d2

em ,dm

²,dm+1

Let α R= C0 −→ C1 −→ . . . −→ Cm −→ Cm+1 be an execution of N . The
duration Si of system state Si over the behaviour α is defined by
X
R
du+1 ,
Si (α) =
u∈βi

where βi = {u|(0 ≤ u ≤ m) ∧ (su is the untimed state of Cu ) ∧ (su ⇒ Si )}.
Thus, given an LDP Ψ ≤ M , the value of Ψ evaluated over α, denoted Ψ (α), is
calculated as
Ψ (α) =

k
k
m
X
X
X
X
R
ci Si (α) =
ci (
du+1 ) =
Csj dj+1 ,
i=1

where Csj =

P

i∈{i|s⇒Sj } ci ,

i=1

u∈βi

j=0

and sj (0 ≤ j ≤ m) is the untimed state of Cj .

Definition 5. An LDP Ψ ≤ M is satisfied by an execution α iff Ψ (α) ≤ M ,
and is satisfied by N , denoted N |= Ψ ≤ M , iff it is satisfied by all executions
of N .

For example, the property that the time the first automaton in Figure 1 stays
at the state A
R is longer
R than the time it stays at the state B can be expressed
by the LDP atB − atA ≤ 0 where atA and atB are predicates on untimed
states such that hA, Ci ⇒ atA , hA, Di ⇒ atA , hB, Ci ⇒ atB , hB, Di ⇒ atB .

4
4.1

The Algorithm
Some Properties of Real-Time Automaton Networks and LDPs

Let, in this section, Ψ ≤ M be an LDP. The observation leading to our algorithm
is formulated in the following lemma.
Lemma 1. For any execution α of N , there is an integer execution α0 of N
such that Ψ (α) ≤ Ψ (α0 ) .
From Lemma 1, the network N satisfies the LDP Ψ ≤ M iff all the integer
behaviours of N satisfy the LDP. In fact, we do not have to check all the integer
executions. Let C1 and C2 be configurations for which each behaviour starting
from C1 can be simulated by a behaviour starting from C2 . Let α and α0 be integer
executions with C1 and C2 as their final configurations. If Ψ (α0 ) ≥ Ψ (α) holds,
We do not need to consider the right extensions of α. In order to formalise this
idea we introduce the compatibility relation between configurations as follows.
0

Definition 6. Let C1 = hs, t, V i and C2 = hs, t , V i be configurations of N . C1 is
said to be compatible with C2 , denoted by C1 ¹ C2 , iff for 1 ≤ i ≤ n the following
holds,
(ti = t0i ) ∨ (ti ≥ RgBndsi ∧ t0i ≥ RgBndsi )∨
−
(LowBndsi ≤ ti < t0i ) ∨ (ti > t0i ∧ ∀e • (←
e = si ⇒ be = ∞)) ,
←
−
−
where RgBndsi = max({ae | e = si } ∪ {be + 1|(←
e = si ) ∧ (be < ∞)}) and
←
−
LowBnds = max({ae | e = si }).
i

−
Since for each local state s, ∀e • (←
e = s ⇒ be = ∞) means RgBnds =
LowBnds , the compatibility relation is transitive and reflexive.
Lemma 2. Let C1 , C2 be integer configurations of N . C1 ¹ C2 implies that
for arbitrary transition e (e can be ²), for arbitrary integer d and for arbitrary
e,d

e,d

configuration C20 , if C2 −→ C20 then for some configuration C10 , it holds C1 −→
C10 ∧ C10 ¹ C20 .
This lemma means that given configurations C1 and C2 , if C1 ¹ C2 , then each
behaviour starting from C2 can be simulated by a behaviour starting from C1 .
Definition 7. Integer configurations C1 and C2 are equivalent, denoted C1 ≡ C2 ,
iff (C1 ¹ C2 ) ∧ (C2 ¹ C1 ) .
It is obvious that ≡ is an equivalence relation, and furthermore, of finite
index. Indeed, let RN be {[C] | (C is a reachable integer configuration of N )},
where [C] denote the equivalence class of ≡ containing C.
Lemma 3. RN is a finite set.
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Weighted Directed Graphs
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Fig. 2. A weighted directed graph

A weighted directed graph of the real-time automaton network N corresponding to the LDP Ψ ≤ M is defined as follows. The set of nodes is RN . There is
an arc a with weight Da from a node n to a node n0 iff there exist a transie,d
tion e and configurations C ∈ n and C 0 ∈ n0 for which C −→ C 0 for some d and
e,d
Da = max{Cs d | ∃C1 , C10 • (C1 ∈ n ∧ C10 ∈ n0 ∧ C1 −→ C10 )} , where s is the untimed
state of C . From definition, Da may be ∞, and if Da < ∞, there is an integer d
such that Cs d = Da . (Figure 2 shows such a graph for the network in Figure 1)
The initial node of the graph is the node containing the initial configuration
of the network. From the definition of ≡, there is an algorithm to enumerate all
the successive nodes of any node n.
For a configuration C = hs, t, V i, let LC denote the value min({Usi − ti |1 ≤
i ≤ n}). LC is the longest time the network can stay at s once it reaches the
configuration C. From the definition of the weighted graph, we have the following
lemma.
a

a

a

1
2
m
Lemma 4. Let p = [C0 ] −→
[C1 ] −→
. . . −→
[Cm ] be an arbitrary path of
Pm
b
the graph. Let Ψ (p) denote the length of p, i.e. Ψb(p) =
i=1 Dai . Let α =

e1 ,d1

e2 ,d2

em ,dm

²,dm+1

0
0
C00 −→ C10 −→ . . . −→ Cm
−→ Cm+1
be an execution of N satisfying that
0
for 0 ≤ i ≤ m, Ci ∈ [Ci ]. Then

1. Ψ (α) ≤ Ψb(p) + max(0, Cs LCm ) .
2. If Ψb(p)+max(0, Cs LCm ) = ∞, then for any constant M , there is an execution
α0 satisfying Ψ (α0 ) > M . Else there is an execution α00 satisfying Ψ (α00 ) =
Ψb(p) + max(0, Cs LCm ) .
4.3

Algorithm

From Lemma 4, for checking whether the network N satisfies the LDP Ψ ≤ M ,
we can check whether there is a path in the graph the length of which is greater

than M . We can use the depth-first method to generate and check the paths
starting from the initial node of the graph. It performs back-tracking once it
finds that one of the following two conditions holds (let [C] be the last node of
the path) .
1. No new successive node can be generated.
2. A previously checked path p reaches [C 0 ] and C 0 ¹ C, the length of p is greater
the current length.

G := {h[C 0 ], 0i}; p :=¿ [C 0 ] À;
while T rue do
f lg := N extN ode;{append p with a new successive node}
while f lg = F alse do
begin
Delete the last element from p; {back-tracking}
if (p is empty) return T rue;
{No more paths can be generated and checked}
f lg := N extN ode;
end
C := a configuration in the last node of p;
if Ψb(p) + max(0, Cs LC ) > M , where s is the untimed state of C
then return F alse;
if there is a prefix p0 of p such that
C is compatible with the configuration in the last node of p0
and Ψb(p) > Ψb(α0 )
then return F alse;
if ∃h[C 0 ], l0 i ∈ G • (C 0 ¹ C) ∧ (l0 ≥ Ψb(p)) then
delete the last element of p;{ back-tracking}
else begin
Add the tuple h[C], Ψb(p)i to G;
Delete all the tuples h[C 0 ], l0 i from G satisfying Ψb(p) ≥ l0 ∧ C ¹ C 0 .
end;{of else}
end;{of while}

Fig. 3. The Algorithm

The algorithm for checking whether the network N satisfies the LDP Ψ ≤ M
is given in Figure 3. It uses auxiliary variables G and p. The variable G is used to
record the nodes reached by previously checked paths together with the length
of the longest paths reaching them. The variable p is used to record the currently
generated path. In this algorithm N extN ode is a procedure used to generate a
new successive node of the currently generated path in p. It returns F alse if no
such node can be generated. Otherwise, N extN ode generates a new node and
appends it to p . Besides, C is a variable ranging over the set of configurations,
f lg is a boolean variable, l is a variable of real.

Let p be the currently generated path and [C] be its last node. Let p0 be a
prefix of p and the last node of p0 is also [C]. If Ψb(p0 ) < Ψb(p), we can repeat
the segment of p from the end of p0 to the end of p for making the Ψ value
unlimitedly large. So the LDP is violated in this case. If Ψb(p0 ) ≥ Ψb(p), the tuple
h[C], Ψb(p0 )i must have been stored in G, so the algorithm performs back-tracking.
Therefore, the algorithm generates only paths with at most one circle, there are
only finite number of such paths. The algorithm terminates.
The body of the algorithm is written in a Pascal-like language, where [C 0 ]
denotes the initial node of the graph.

5

Fischer’s Mutual Exclusion Protocol: A Case Study

We have implemented the algorithm presented in the previous section in the C
language and tried the program with Fischer’s mutual exclusion protocol. To
our knowledge, Fischer’s protocol is well studied and the size of the example can
be scaled up by increasing the number of processes in the protocol.
The protocol is to guarantee mutual exclusion in a concurrent system consisting of a number of processes, using clock constraints and a shared variable.
The protocol can be modelled as a real-time automaton network with a shared
variable v. The ith process has its own identifier i and can be modelled as a
real-time automaton shown in Figure 4.

[0,∞), v=0

¾
? [0,∞),v=0 ¶³[0,20]
¶³
- Ai
- Bi
µ´
µ´v:=i
6
[0,∞)
½
v:=0

»
¶³
¶³
[21,∞),v=i
- Ci
- CSi
µ´
µ´
¼

Fig. 4. The real-time automaton of the ith process

We need to verify formally that at any moment at most one process can be
in its critical section. This requirement can be formalised as the following linear
duration property:
R
Error ≤ 0
where Error is a predicate on the untimed states, and s ⇒ Error iff there exist
j and i such that j 6= i and si = CSi ∧ sj = CSj .
Running on a SparcStation 5 with 48MB of primary memory, our program
has verified the mutual exclusion property of Fischer’s protocol for the cases
n = 2, 3, . . . , 11. The space requirements for these cases are listed in Table 1,
these requirements are represented in term of the number of nodes generated and
stored by the algorithm. It can be seen that for k ≤ 10 the space requirement

n= 2 3 4 5
6
7
8
9
10
11
nodes 18 65 220 727 2378 7737 25080 81035 260998 837949
Table 1. Space requirements on checking Fischer’s protocol using our algorithm
n= 2 3
4
5
space 16 237 3528 59715
Table 2. Space requirements on checking Fischer’s protocol using UPPAAL

for the case n = k + 1 is approximately 4 times of the one for the case n = k.
The run time requirement for the case n = 11 is about 15 minutes. The wellknown verification tool UPPAAL can only check the Fischer’s protocol with up
to 8 processes by state space exploration [8]. The performance statistics data
in Table 2 [9] shows that adding a new process makes the space requirement of
UPPAAL rise to more than 12 times of the original one. The similar results have
been reported for the tool HyTech.

6

Conclusion

In this paper, we have presented an algorithm to check the validity of a realtime automaton network with respect to a linear duration property, which is a
linear inequality of integrated state-durations. To attack the state space explosion caused by time-constraints, a compatibility relation ¹ over configurations
is introduced. We use this technique to reduce the space-complexity of the algorithm. It has been shown that in some cases like the Fischer’s mutual exclusion
protocol, this technique can reduce the space-complexity significantly.
Although the model we used in this paper is simple, we believe that this idea
can be applied to other models such as timed automata and networks of timed
automata.
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